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PEEFAOB 


rriHE present work is intended as a text-book in Algebra for all 
classes of students in our schools. It differs, however, in several 
respects from the existing text-books on the subject at present in use. 

Algebra like every other branch of Mathematics should be ^studied 
more as a subject for mental discipline than for anything else. An 
intelligent grasp of principles, therefore, is to be chiefly aimed at and 
not the mere learning by rote of a certain number of rules with some 
readiness in their application. This is the ideal I have ever kept in 
view in the preparation of this work. 

The elementary principles of the subject have been dwelt upon 
at considerable length in the earlier chapters of the book. The full 
import of negative quantities has been explained, it is believed, with 
some degree of clearness, almost at the very outset, and rules for their 
addition and subtraction have subsequently been deduced therefrom by 
a ve|^ simple mode of reasoning. • 

The proposition of each article after being clearly demonstrjated 
has been copiously illustrated by a nuVnber of, select examples, a 
launch larger number of other examples, arranged progressively, has 
then been 'added as an exercise for the student. The last article of 
each chapter consists of a number of miscellaneous examples fully 
worked out as interesting illustrations of special artifices ; those 
again are followed by similar others for exercise. 

The chapters on Formulae and Factors will, it is hoped, be 
particularly acceptable to the young learner. The subject of factori- 
sation has been treated exhaustively as far as the limits of this work 
would allow. The last chapter, on Elimination and Miscellaneous 
Artifices will, I hope, be of considerable use to the more advanced 
student. 

Entrance Examination Papers of the Calcutta University from 
1858 to* 1890 will be found at the very end. The more important 
and difficult problems from these papers are fully worked out in the 
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body of the work in illustration of the principles upon which their 
solutions depend, whilst others, • comparatively simpler, have been 
suitably introduced among the exercises, just to give the student an 
opportunity of reassuring himself, when successful in working them 
out with unaided exertion, that his knowledge has, to some extent 
at least, come up to the University standard. With the examination 
papers are .also given references to the pages where these problems 
are to be found in the body of the work. 

Instead of ending the book with a collection of miscellaneous 
examples promiscuously arranged. I have added a number of mis- 
cellaneous examples in the form of separate examination papers, 
any one of which may bo regarded as a good exercise for the student 
at a sitting of about two hours and a half. 

The entire book contains nearly 3000 examples in all, of which 
over 400 are fully worked out. Many of these examples have been 
specially devised for this work whilst for the rest I am indebted to 
several of the standard works of English Universities. 

I have attempted to make the work useful to the school student 
as a means of acquiring algebraical skill along with a sound knowledge 
of principles, and 1 have spared no pains for it. It is now for all 
experienced teachers of mathematics to judge as to how far 1 have 
been successful in my endearvour. To gentlemen interested in the 
cause of education 1 sLall be much obliged if they will kindly com 
municate to me any corrections or suggestions that they may consider 
necessary for the improvement of the work. 


Dacca : March, 1890 


K. P. BASU 
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PREFACE TO THE SECOND EDITION 

A FEW words of explanation seem to be necessary in connection 
with the publication of this edition. The first edition having been 
published rather unseasonably last year, I did not at all anticipate 
that a second edition would be in demand so soon. Accordingly the 
work of re-publication was not taken at* hand earlier than January 
last. But the book beginning to be received with increased favour 
in different educational circles with the commencement of the new 
academic session, the first edition, consisting of 2250 copies, was found 
to be exhausted before the end of the last month. Hence, in the 
interests of the students of all those schools in which the book has 
been adopted as a text-book, my publisher had no other alternative 
than to hasten the work by all possible means. In consequence of 
this, I am sorry, I have not been able to give the book as thorough 
a revision as I intended, nor to effect such improvements as have 
been kindly suggested by some friends. 


Dacca : March, 1891 


K. P. BASU 


PREFACE TO THE FIFTH EDITION 

In this edition the bulk of the work has increased by about 60 pages. 
The additions that have been made are as follows : (1) an increase 
in the number of examples of exercises in the earlier chapters of 
the book ; (2) the insertion of examples with Fractional Indices in 
the chapters on Multiplication and Division ; (3) the introduction 

of three sets of Miscellaneous Exercises in suitable places in the 
bod^ of the work ; (4) an article on the Method of finding the Cube 
Boot of a Compound Algebraical Expression ; and (5) a chapter on 
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Quadratic Equoftions, For several of these improvements I am 
indebted to the kind and repeated suggestions of friends who are 
praotical workers in the field of education. It is, therefore, hoped that 
the present edition will be found considerably more useful than its 
predecessors. 


Dacca : January, 1894 


K. P. BASU 


PEEFACE TO THE SIXTH EDITION 

In this edition the book has been thoroughly revised and answers 
to the examples in all the exercises have been carefully verified. Some 
additions and alterations have been occasionally made, but they do 
not deserve any special mention. I am indebted to several friends 
for their kindness in pointing out errors and misprints. My special 
thanks are duo to Babu Bopinbihari Ganguly, B.A., Teacher, Jubilee 
School, Dacca, and to Moulvie Abdullah Khan, Teacher, D. B. School, 
Dipajpur (Montgomery). 


Dacca : April, 1895 


K. P. BASU 
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INTRODUCTION 

1. How things are measured and represented by number. 
This will be best explained by taking up some particular instances 
familiar to the student. 

(i) If we want to know tho length of a piece of cloth we are satis* 
fied when we find how often this length contains a smaller length called 
a Guhit (the distance between the elbow and the tip of the middle finger). 

(ii) If we want to know tho distance between Dacca and Calcutta 
wo are satisfied when we are told how often this distance contains n 
smaller distance called a mile. 

(iii) If we want to know the value of a sum of money we are satis- 
fied when we are told how often this sum contains a smaller sum called 
a rupee. 

(iv) If we want to know the weight of a quantity of rice we are 
satisfied when wo find how often this weight contains a smaller weight 
called a seer. 

• 

From the above instances it is clear thait whenever we have to 
voeeasuro a thing we do so by finding how often it contains a smaller 
thing of the same kind. Tho ‘smaller thing' chosen- for this purpose is 
called the unit and iho number which shows how often this unit is con- 
tained in the thing measured is called the numerical measure (or simply, 
the measure) of the latter : thus in the first instance, the unit of length 
is a cubit ; in tho second, the unit of distance is a mile ; in the third, 
the unit of money is a rupee ; and in the fourth instance, tho unit of 
weight is a seer. Again, if we know that the piece of cloth is 10 cubits 
long, that tho distance between Dacca and Calcutta is 2^ miles, that 
the sum of money is 600 rupees, and that the w’eight of the rice is 
25 seers, then, 10 is the measure of the length of the cloth, 260 is the 
measure of the distance between Dacca and Calcutta, 5C0 is the measure 
of the sum of money, and 25 is the measure of the weight of the rice. 

A thing is said to be represented by the number which shows how 
often that thing contains the unit of its kind : thus in the above 
instances, the length of tho piece of cloth is represented by 10, the 
distance between the two places is represented by 260 ; and so on. 

1—1 
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Note 1. Such exi^ression as ‘a sum of money estimated in pounds = 30\ 
'a distance estimated in miles^25\ and the like^ respectively mean ‘the numerical 
measwe of a sum of money when a £ is the unit% is 30' f *the numerical measure of 
a distance when the unit is a mile, is 25\ £c» 

Note 2. It must he clearly understood that one and the same thing will be 
represented by different nunibers wh^n the units are different : thus talcing a foot as 
the unit, a length of 10 feet is represented by 10, hut if the unit be 2 feet, the same 
length is represented by 5. 

Example 1* If unit of length be a foot, what will be the 
measure of 6 yards and 2 feet ? 

5 yards and 2 feet, being equivalent to 17 feet, evidently contains 
the unit of length (i.e., a foot) 17 times. 

Hence, the required measure is 17. 

Example 2. If a minute and a half be represented by 30, wbat is 
the unit of time ? 

A minute and a half is equivalent to 90 seconds. 

Now, since 30 is tlie rdeasure of 90 seconds, it is clear that the 
umt of time is contained 30 times in 90 seconds. 

Hence, the tinit of time is ifcth part of 90 seconds, and is, therefore, 
o(iual to 3 seconds. 

I 

EXERCISE 1 

1. What will be the measure of 2 inaunds and 20 seers, when a 
seer is the unit of tueight ? 

2. What will be the measure of the same weight, when 10 seers is 
the umt ? 

3. If a distance of 360 miles be represented by 30, what is the 
umt of distance ? 

4. If the same distance be represented by 45, what is the unit ? 

5. If a sum of 400 rupees be represented by 16, what will be the 
measfuse of Rs. 225 ? 

6. If a length of 7 feet 4 inches be represented by 22, what will be 
the measure of 4 feet ? 

7. Wbat must be the unit of time in order that 3 hours and 
45 minutes may be represented by 5 ? 

8. If the unit of time be 15 seconds, what time will be repres^3nted 
by 60 ? 
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9. If the unit of weight be 7? lbs., what number will represent 
Pt owt. ? 

10. If 8 square feet be the unit of area, what number will repre- 
sent an area of 18 square inches, and what will represent 18 sq. yards ? 

11. If an area of 125 sq. ft. bo represented by 83, how many 
square yards are there in 3 times the unit ^ area ? 

12. What is the unit of money, if a sum of £10. 2s. 6d. be 
represented by 27 ? 

13. If 7s. 8d, be the unit of money, what will be the measure of 
£7. 13s. id. ? 

14. If Bs. 5. 11a. 2p. be the unit of money, what will be the 
measure of Bs. 51. 4a. 6p. ? 

15. If 23 seers 5 chattacks he the unit of weight, what will be the 
measure of 16 maunds 12f seers ? 

16. If Bs. 20. 10a. bo represented by 5i, what will be the measure of 
of Bs 45, supposing the new unit to bo 3 times the former ? 

17. If 273 bo the measure of 9 cwt. 3 qrs., what number will re- 
present one ton, supposing the new unit to be one-eighth of the former ? 

18. If 84 bo the measure of 39 yds. 2 ft., what number will 
represent 75 yards, supposing the new unit to bo three-seventeenths 
of the former ? 

• 

19. If 26 days 10 hours and 26 minutes be represented by 420, 
what number will represent a leap-year, supposing the new unit to bo 
47 minutes 13 seconds less than the former ? 

20. In the preceding example what would be the answer if the 
litter unit exceeded the former by 6 hours 54 minutes ,47 seconds ? 

2. Different uses of the word Quantity. 

(i) Any thing that can bo represented by number is called a 
\uantity. Thus time, weight, money, distance, Ac., which all admit 
|f numerical representation, as shown . in the preceding article, are 
[uan titles. 

(ii) Quantity is also often used in the sense of number, integral 
or fractional. 

(iii) An algebraical expression also is sometimes called a quantity, 
[ We shall refer to this again in its proper place. ] 

N, B, *Q^afUities like weight, numey, distance^ area, Jte., are often spoken of as 
concrete qaantitiea, aa distinguished from numerical quantitiee which mean 
ynly Arithmetical nambera, integral or fractional, 

[ Note. Any whole number is called an integer or am, integral number. ] 
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3. What is Algebra ? Algebra, like Arithmetic, is a science 
of numbers with this clihtinction that the numbers in Algebra are 
generally denoted by letters instead of by figures. 

Hence, whenever concrete quantities come under the domain of 
Algebra, it is only their numerical measures ( t.e., the abstract numbers 
which represent them )*with ^hich we must concern ourselves. 

Note. The name * Algebra' is derived from the title of a certain Arabiaih 
treatise *Al-jehrw*al Muqabalah*, This book was translated by early European 
scholars who first learnt of Algebra from the Arabs, But as in Arithmetic ^ so in 
Algebra, the Arabs got their first lessons from the ancient^ Hindus whose contributions 
to this science are of a fundamental character. Even some of the tecJmical termo 
which are commonly used in modern Algebra are of Hindu origin. 



CHAPTER I 

SYMBOLS : SIGNS : SUBSTITUTIONS 


4. Symbols. The letters of the alphabet a, c kc, are 

used to denote ’ numbers and the signs + , - , x , -i- , « Ac. are 

used either to denote operations to be performed upon the number to 
which they are attached or as abbreviations. Those letters and signs 
are called symbols. 

The letters as distinguished from tlio signs are called symbols of 
quantity, 

5. The Plus Sign. The sign + is read •plus and when placed 
before a number indicates that the number is to be added to what 
precedes it. Thus, a + h (which is read.a plus h) means that the number 
denoted by b is to bo added to that denoted by a ; hence, if a denote 5 
and b denote 3, a + 6 denotes 8. Again, a^^b + c means that the number 
denoted by b is to be added to that denoted by a, and to the result thus 
obtained, is to be added the number denoted by c ; hence, if a, b, c 
denote 5, 3, 2 respectively, a + 6 + c denotes 10. 

6. The Minus Sign. The sign - is road ^inus and when 
placed before a number indicates that the number is to bo subtracted 
from what precedes it. Thus, a — b ( which is read a minus 0 J means 
that the number denoted by b is to bo subtracted from that denoted by 
a\ hence, if a denote 8 and h denote 3,*(t-b denotes 5. Apain, 
<1 — 6 — ^3 moans that the number denoted by 6 is to bo subtracted from 
that denoted by a, and from the result thus obtained, the number 
denoted by c is to be subtracted ; benco, if a, b, c denote 8, 3, 1 respec- 
tively, a-b-c denotes 4. 

N,B. When any number of quantities are connected with one ayvother by the 
signs plan and minus the order of the optratimis is froiia left to right. Thus, 
a — b + c means that the number denoted by h is to be subtracted from that denoted by a 
and to the result thus obtained, is to be added the number denoted by c, 

7. The Sign Plus or Minus. The sign ± is read plus or 
minus and when placed before a number indicates that the number is 
to be either added to or subtracted from what precedes it Thus, if a 
denote 7 sfnd b denote 2, a ± 6 ( which is read a plus or minus b ) denotes 
either 9 or 5. 

8. The Sign of Difference. The sign when placed between 
two Aurabers indicates that the less of the two is to be subtracted 
from the greater. Thus, if a denote 5 and b denote ^ h denotes 3. 
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9. The Sign of Multiplication. The sign x is read into and 
when placed between two numbers indicates that the number on the 
right of it is to be multiplied by that on the left. 

Tlius, a X /> ( which is read a into b ) means that the number denoted 
by h is to be multiplied^by that .denoted by a ; hence, if a denote 6 and 
b denote 3,axb denotes 6 times 3, or 15. 

Tlio sign of multiplication is generally omitted when its portion 
is between two numbers eitiier (1) of which are denoted by letters, 
or (2) tho.A>s^ of which is denoted by a figure and the second by a letter. 
Thus, ab is used for a x 5, and 4a for 4 x a. 

Note. The reosmi why caniidt he use<i for 8x3 is clear, because in Arith- 
meiic 83 has already been un ierstood to mean 80 + 3. 

Sometimes tlie sign x is replaced by a dot, thus, a.b and 5.4 
respectively mean the same as a x 5 and 5x4. The dot so used is always 
placed as shown in the above inst-Mices in order to distinguish it from 
the decimal point which is put a little higher up ; thus, 5.4 is read.A^'’^ 
into four whereas 54 is read jive decimal f our, 

10. The Sign of Division. Tiio sign -+ is read by and when 
placed between two numbers indicates that the number on the left of it 
is to be divided by that on the rigiit. Thus, a-+5 ( which is read a by b) 
means that the number denoted bv a is to bo divided by that denoted 
by 6 ; hence, if a denote 6 and 6 denote 3, a-*-b denotes 2. Similarly, 
a+b-*-c means that the number denoted by a is to be divided by that 
denoted by b ; and the result, thus obtained, is to be divided by that 
number denoted by c. 

N,fi. When any number of quantities are aninccted together by tits signs of 
multiplication and division, the order of the operations is always from left to right. 
Thus, axb-^c means that the number denoted by b is to be multiplied by that denoted 
by a, and the result, tfius obtained, is to be divided by the number denoted by c. 
Similarly, a-rbxc means that the number denoted by a is to be divided by that denoted 
by b and the result, thus obtained., is to be multiplied by the number denoted by c. 

Note, a divided by b is also often expressed as ; thus, ^ means the same 
os a-r5. 

11. Expression ; Term. Any intelligible collection of letters, 

figures and signs of operation is called an Algebraical Expression. Such 
a collection is also semetimes called an Algebraical Quantity, or hriolAy, 
a Quantity. L Art. 2 ] 

Note. Signs like + , - , x , 4- , which indicate the operations to be performed 
upon the numbers to which they are attached, are called eigne of operation. 

The parts of an Algebraical Expression that are connected by the 
sign + or - are called its terms. 

Thus, 5a-¥ab+c^d-Qc^f+g is an algebraical expression of ^hich 
the terms are 5a, a6+cxd, 8cx/-+gr. 
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Expressions are either simple or compound. A simple expression 
is one which has no parts connected hy the sign + or which 

consists of only one term, as 3a6, and is also called a Monomial. A 
compound expression consists^ of two or more terms ; if it consist of 
two terms, as 2a-b5bcd, it is called a Binomial ; if of three terms, 
as a+bc+Sefgt a Trinomial ; and if of mors than three terms, a 
Multinomiah or a Polynomial. 

12. Functions ; Variables. Any expression involving a letter 

is called a functi<m of that letter. Thus, a:® + 5a; + 8 is a function 
of x\ + + is a function of a and b ; a® + &®+c® +2a6c is a func- 

tion of a, b and c ; and so on. 

The letters of which a function consists are called its variables. 
Thus, x^ + bxy-Vy^ is a function of which the variables are x and y. 

13. Sign of Equality. The sign *= is read ‘equals’ or ‘is equal 
to’ and when placed between two expressions indicates that they are 
equal to one another. Thus, b+c — a (which is read b plus c equals a ) 
means that the number denoted by 6 + c is equal to that denoted by a. 

EXAMPLES 

• 

N. B. (1) A distinctum must be observed between a4-&xc and a-rtc. The 
latter means that the number denoted by a is to be divided hy that denoted bj/ be, 
whereas the former means that the number denoted hy a is to be divided hy that deno- 
ted'.hy b, and the result, thus obtained, is to be multiplied ly the number denoted hy c. 
That is to say, when the sign of multiplication is omitted between any number of 
quantities the result obtained Irf/ multiplying th^ together is to be regarded as simple 
quantity. * * 

N, B. (2) In finding the value of any expression tjte values of the several 
terms which it contains must be first determined by the process mentioned in the Note 
of Art. 10 and afterwards the value of the whole expression is to he found by the 
process mentioned in the Note of Art. 2. Thus, in finding the value of the expression 
ay^b—c-^dy.e-¥fy.g wemust first of all find the values of the three terms, namely, 
a x&, c-rdxe and fxg ; then subtract the value of the second term from that of the 
first, and to the result, thus obtained, add the value of the third. 

The above principles will be sufficiently illustrated by the following 
examples : 

Example 1. If a =2, 6 = 3, 5, find the value of 6a +86+ 7c. 

5a«6xa=5x2=10 ; 

86=8x6=8x3«24; 

. 7c=7xc =7x6-35. 

Therefore , 5a + 86 + 7c = 10 + 24 + 35 = 34 + 36 = 69. 
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Example 2 I f a = 8, =» 5, c « 2, find the value of 6a - 56 + 4<j. 

6a = 6xa = 6x6 = 48; 

56 = 5x6 =- 5x5 = 25 ; 

4c « 4X0 « 4x2 = 8. 

Therefore, 6a -56 +40 =48 — 25+8 

=23+8 = 31. 

Example 3. If w=3, ?i = 7, <=9, v = 4, find the value of 
7w-»-2nx8i-»-3v. 

As the order of the operations is from left to rights we must proved 
as follows : Divide Im by 2» ; multiply 8i by the result ; and then 
divide the result thus obtained by 3 d. 

XT /T^ r7 O 7 t??/ 7x3 3 . 

Now. (1) 7«tH-2n=-2^ “2x“7“ 2 ’ 

(2) x8x9=3x4x9 ; 

f3)3x4x9+3u=^3^4^=9. 

Hence, the required value = 9. 

Example 4. If a«l, 6 = 2, o=3, ^^ = 6, ««5, /-O, find the value 
of a6c -d-*“6x a+do/ + 6-*“ax c-d-*-6c. 

•The given exj^rossion consists of 5 terms, namely, a6o, /i+6x a, de/, 
6+ a X c iind ■+“ 6o. 

Now, ' (1) a6c=ax 6x 0 = 1 X 2x 3=6 ; 

(2) d+6xa=6+2xl = 3xl = 3; 

(3) do/=d xe x/=6 X 5x 0=0 ; 

(4) 6+axc = 2+lx3=2x3=6 ; 

(5) ^^-^6o=^^-2^3-=‘1. 

Hence, the required value=6— 3+0+6 — 1=3 + 6— 1= *8. 

EXERCISE 2 

If a “8, 6 = 2. 0=4, find the numerical values of the following 
expressions ; • 

1. 6 + cxa. 

4 . a-^ch. 

7 . a-c-*-b. 


2. a-by^c. 
5. a+3x6. 
8. 6+a+c. 


3. a-*-cx6. 

6, a-*" 36. 

9. 3a-4fl+2ft. 
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10, 11. 12. fl+c-*-26. 

13. 5a-*- 2c. 14. • 6a-*- 2 x c. 

15. 46c-a-*-4x 6+c-*-26. 

16. 80-*-c X afe -1-80-*- ca X 6. 

17. 3ca-*-166-H5a-*-16x 6 — a-*-2cxc-^^>x4.» 

18. 48a-*-c-*-6x 6-f-4c“3a-*-2c-*-4x 3-*-fcx8-l-6fe**-a-*-2xc-*-3 x6. 


If 771 = 2, 7t = 3, ?}=4, ^^=0, r=7, 5 = 10, find the numerical values 
of the following expressions : 

19. 8m-3p-*-77in-f-f7X 3r + 5.5-*-2x p. 

20. .s X 6-*-5771 X 8p“*-1677.. 

21. wnr + Sqs — 3s TO + 5n + 4r + 3p 5< 6w. 

22. 3xr-t-5y s-*-7yp-&rs+m-t-3xn+7p+5m+2rx7. 


23. 

24. 

25. 


4x”-™-3xP-’”+2xP-”. 
p n m 

p + q ' 571-1*2 

3m -I- 277- _ 4p - 3*1 ^ 2p + 3m^ 
(7+p g-l-r g-l-m 


14. Factor. If any number bo equal to tlie i^roduct of two or 
more munbors, each of the latter is called a factor of the former. 

I Note. The product of two or more nmnhers is the result obtained by iiwUi- 
plying them together. ] » , 

Thus, 3, 5 and 7 are the factors of 105, ’ .' 105 = 3 x 5x7. 


Similarly, 3, a, h and x are the factors of ^ahx\ because 
Zahx = 3xax5xaj. 


15. Co-efficient. The number exi)jo3sed in figures or symbols, 
which stands before an algebraical quantity as a multiplier, is called 
its co-efficient. Thus, in Safec, 6 is the co-efficient of abc, 5a is the 
co-efficient of be and 5ab is the co-efficient of c. 

A co-efficient which is pure ly a numerical quantity is called 
a numerical co efficient ; thus, in babe, the co-efficient of abc is 
numerical. 

A co-efficient which is not wholly numerical is called a literal 
co-efficient, thus, in babe, co-efficients of be and c are literal, 

, C Note. When no arithmetical number stands before a quantity the number 1 is 
understood ; thus^ a is understood to mean la. ] 
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16 Power ; Index ; Exponent. If a quantity be multiplied 
by itself any number of times, the .product is called a power of that 
quantity. Thus, axa, axaxa, &c., are powers of a. 

ax a is called the second power or square of a and is written a® ; 

a X a X a is called the third power or cube of a and is written a® ; 

axaxflxaxflix <fcc. to n factors is called the nth power of a and is 
written a”. 

The small figure or letter placed above a quantity and to the right 
of it to express its power is called the Index or Exponent of that power. 
Thus, 2, 3, 5, m are respectively the indues or exponents of a®, a®, a®, a"*. 

[ Note, rt’ is usually read *a squared*, a* is read *a cubed\ a* is read 
*a to the fourth’, or simply, ‘a fourth* ; and so on. Thus, a" is read *a to the nth’ 
or ‘a nth*. 

The quantity a itself is called the first power of a and thus a is understood to 
mean a*. ] 

17. Dimensions and Degree of a Product. Each of the 
letters which occur as factors of an algebraical product is called a 
dimension of the product, and the number of the letters is called the 
degree of the product. Tlius, a^x^y which is equivalent to axaxa;xa;x 
ajxaixirxy, is said to bo of eight dimensions, or of the eighth degree ; 
similarly, ah^c^d^ is said to bd of twehe dimensions or of the twelfth 
degree. 

4 numerical co-efficient is not counted. Thus, bah^c^ and ah^c^ 
aro both ^aid to be of six dimensions or of the sixth degree. 

f 

When an algebraical V)»prcssion contains terms of different. dimen- 
sions, the degree of the term which is of the highest dimensions is also 
called the degree of the expression. 

18. Homogeneous Expression. An algebraical expression is 
said to be homogeneous when all its terms are of the same dimensions. 
Thus, the expression 5a®6-7a®6c + 86®c® is homogeneous, for each of 
its terms is of four dimensions. 

EXAMPLES 

Example 1. If a— 3, find the numerical value of a® - 6a . 

Wo have a®=axaxaxaxa 

= 3x3x3x3x3=243 ; 

and 5a = 5xa 

=6x3-16. 

Hence, the given expression— 243-16 = 228. 
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Example 2. If a = 4, find the numerical value of 2a® -6a®. 

We have 2a®=»2xaxa>faxaxa 
=2x4x4x4x4x4 
=2048 ; 

and 6a® = 5xaxa 

= 5x4x4=80. 

Hence, the given expression = 2048 - 80= 1968. 

Example 3. If a = 2, 6 = 3, c = 4, ^f = 5, find the numerical value 
- a“6®d 
c 

jj.. . axaxaxrr. xax6x6x6x(f 

The given expression = 

(y X C 

^2x2x2x2x2x3x3x3x6 
” 4x4' 

= 2x3x3 x3x5 = 270. 

EXERCISE 3 

If a=8, 6 = *12, c = 4, m = 7, n=6, x-% ?/*=3, find the values of : 

1. 3a;®. 2. 7a^-^h. 3. 2a;^-7w®. 

4. Scy^~axy^, 5. 5c®-*- 3a®. *6. Ihx^y^-^mn^. 

7. a*-*-c'. 8. 9a®6®c*-*-87i®a;®j/® * 

9. 2a;‘‘6-i-a®6‘. 10. 3c*V-*-a»”77^ 

11. Find the value of -65 ?/^ -h 6G?/® -21I/ + 40, when j/ = 8. 

12. Find the value of 8a;* + Gr® + 11a;® + 13a; + 29, when x = '76. 

13- Find the value of 15a® - 34a* + 7a - 4a® + 35a® -3, when a=^. 

14. Find the value of 23 + 20w-t-78w® - 199w® +26w®, when m = 2*6. 

15. Find the value of 50y'^ -51t/* + 352/-5632/® -19, when i/ = 3*4. 

16. Find the value of 64n*‘^-55n* + 32n® - 121n® + 64n® -47i® +79, 
when n = 1*375. 

Find the values of a® + 6® +c® - Zahc : 

17. When a—29, 5—24, c = 27. 

18. When a — 6*625, h = 3*625, c = 4*625. 

, 19. When a=44f, 5=61f, c=58f. 

20. When a = 1667, 5-1674,0-1669. 
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19. Roots.* Th it fpiantity whose square ( or second power ) is 
equal to any given quantity a, is cajled the square of a, and is 
denoted hy tho symbol 'ija, or more simply, by ^/a, thus, 3« 
because =9. 

That quantity wlioso cube ( or third power ) is equal to any given 
quant'tya, is called riot of a, and is denoted by the symbol 

; thus, 2« ‘V8, because 2®— 8. 

Generally, that quantity, whose ?ith power, where n is any whole 
nurab(3r, is equal to any given quantity a. is called the nth root of a, and 
is denoted by the symbol ^!ja Thus, 2 = VB2, because 2® = 32 ; 3=*t/8l, 
because 3^=81 ; and so on. 

Tho si on J is often called the Radical sign. It is said to be a 
corruption of the letter r, the first letter of the word radix. 

Note, tjiif which means the squire root of is often read simply as 'root a*. 

20. Brackets. Eich of the symbols ( ), j}* ai^d [], is called 
pair of brackets. When an algebraical expression is enclosed within 

bracket'^ it is to ba regarded ns a single quantity by itself. Thus, {a + b)x 
moans that tho number denoted by x is to be multiplied by that denot^ 
hy a + 6, wlu'reas a-irhx m .'ans that x is to ba multiplied by b and the 
product added to a. 

Hence, tho expression d’\‘{a'\-h)x must be regarded as a binomial^ 
the two terms being d and (a + />)r. Similarly, c - p/ + (a + 6)^} also must 
be regarded as a binomiaL the terms being c and + (a + whereas, 
if tho brackets bo taken olT, + a + is a multinomial consisting of 

four terras, namely, c, d, a and bx. 

Sometimes instead of enclosing an expression within a pair of 
brackets a lino called a vinculum is drawn over it. 

Thus a — 6-c and g-( 6— c) have tho same meaning. 

N. B, From the above it is easy to understand the distinction between ija+b 
or ^{,i+b) and is/a + 6; eifher of the two expressions means the square root of 
(he number denoted by a + h, whereas the last means that b is to be added to the square 
root of a. Similarly, Jab or Jiab)^ means the square root of the number denoted by 
ah, whereas tjab means the product of b and the square root of a. 

Note. The three different kinds of brackets ( ), ■{ }, [ ] are often called respec- 
tively parentheets/bracea and crotchets, 

EXAMPLES 

Example 1. If a =2, 6 = 4, c= 9, find the values of : 

Job*' s/b+5, Jcb+ s/(6+6) aDd.^2i6+ Jia. 

(i) \/ch+ ^h-i-5^ 

-3x4+2+5 

-12+2+5=19. 



SYMBOLS : Signs : substituxions 


la 




(n) Jcb+ V(6+5)- 79x4+ ^/^4+5) 

= V36+ n/9 
-6+3-9. 

(iii) V26 + ^/4o = 4 + x 2 

-^8 + 2x2 
-2 + 4=6. 

Example 2. If a— 3, 6 — 5, c=8, (i = 12, e=20, find the difforeDoe> 
between the numerical values of : 

ajc + “ d)\ and a\c + - a{e - d)|. 

The Ist expression *= 3 x {8 4- 5® - 3 x (20 - 12)| 

«3xi8 + 25-3x8l 
= 3xj8 + 25-24l 
= 3x9 = 27; 

and the 2nd expression = 3 x j8 + (5^ - 3) x (20 - 12)f 
= 3xj8 + 22x8l 
= 3xj8 + 176{ ' 

= 3x184 = 552. 

Thus, the reqd. diff. = 552 - 27 = 525. 

Examples. If w = 10, w=8, p = 2, q = 12, r = 15,»^rind the difToienoe- 
between the numerical values of the expressions * 

Wrm — 2g - n(pq - m)\ p] x (r —m - y) 

and [\rm - 2,q - n{yq - m)\ x r - m - p. 

The first expression 

-|{15x10-2x12~8x(2x12-10)[-j-2]x(15-10~2) 

= ni50-24-8xl4(+2]x3 
= [U26-112| + 2]x3 
= [14h-2]x3 = 7x3 = 21 ; 

and the second expression 

= [{15 X 10 - 2 X (12 -8)(2 X 12 - 10)}+ 2] x 16 - (10 - 2> 

-[il50-2x4x 14[+2] X 15-8 

-[jl50-112}+2]xl5-8 

-[38+21x15-8 

-19x15-8-285-8=277. 

‘ Thus, the reqd. difference =277 - 21 =266. 
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EXERCISE 4 V 

If a-7, 6-3, c = e-4, m=5, ««2, p-1, find the 

valuofl of : 

1 Vccn. 


2- Vce. 3. Vc6. 4. Ql/b*~d. 5. 4t/4«. 

7- 2V4c“.-8. 2^/4c*. 9. 10. 

3Jp+c. 12. 3jc + p. 13. Ij3(c+p). 14, 3V8(6 + 3c). 

3i'8(/j + 3c). 16. f Jm+d. 17. f Ja+d. 18. 3<i-(20-n). 

19. 3d-2(e-»). 20. 3(^Z-2e)-». 21. (3rf-2)«-». 22. {3d-2)e-n. 

23. 3ld-(2fi-n)(. 24. 3{d-2te-n). 25. 7c-(6‘>-«*). 

27. lc-{h'‘-nY. 28. 7(c-5)®-«*. 

30. V<i+3p-\-ie{p + bY. 

32. Vc + 3p + 4e(p + 6)». 

34. •Vc + 3{(i>+4)ep + &'•). 


6 . 4 Ve 
11 . 

15. 


26. (7c -6)* 

29. }7c-(6=‘-n)P. 

Vc + 3p + 4e(p +• 6)” . 

+ (3p + 4te)p -f /r’. 


31. 

33. 


35 

37. 

38. 

39. 


~\\£- ’ I t/ J, 

If * = 2. ,/-3. . = 4. a=6. c=r,, »-9. p = l. find the values of : 

n( n* A. ^i\^{ M \ 51 


% + T''+y(n-d- 2 )} - b\{c+x^ + iiy,i-d-zl 
[T. + v^\ap-z{c-a-x)\] ~ la:+j/%p-zic-aj-x]. 

.... 

21. Like and Unlike Terms. Terms or aimr.i„ 
said to be like when they do not differ^at all 

numerical co efficients ; otherwise thev are pi11a/i f’heir 

and bax-y^ are like erms Terea73^C“l.l'fH- Thus. 3aa:*j/‘ 

similarly, a6c.5axM,7a*h» and ’ 

Signs^^ Th^Tird S”i“®often u^sedTlSte" ^ 

+ and -. Thus, when we spTak of ?he 
plus or minus sign whicjrfstands before it. ^ 

Two signs are called like when thev ara hnfh a. „ i .. 
wise they are called unlike. Thus in the^xoression tm°j. -<*obher- 
the signs of the 3rd and 5th terms are fiite a7tir?h^« A 

and 4th, whereas the signs of the 2nd and 3rd term^a!, ®^,***® \®*> 2nd 
•the 4th and 6th are unlike. those^of 
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23. The Signs >. <, v and The sign > when placed 
between two quantities indicates that the quantity on the left of it is 
greater that on the right. Thjiis, a + 5 > c + means that a + 6 is 
greater than c + d. 

The sign < when placed between two quantities indicates that the 
quantity on the left of it is less than that on the right. Thus, 
a + x < 6 + 2 / means that a+a; is less than b + y. * 

The sign is used as an abbreviation for the word because ov since. 

The sign is used as an abbreviation for the word therefore ot 

hence. 


CHAPTER II 

POSITIVE AND NEGATIVE QUANTITIES 

24. Quantities of the same class, but of opposite character. 

When we speak of a quantity of money, it may bo either a gain or a 
loss, a receipt or a payment. Novr it is quite clear that whilst a. gain 
adds to our stock, a loss lessens it ; moreover, gain and los^ are so 
related that if we gain as much as wo lose the effect on pur stock is 
nothing. Hence, a quantity of money which ' forms a gain is said to 
• be opposite in character to a quantity which forms a loss. 

• 

When we speak of a distance measured from a point, it may bo in 
either of two opposite directions, either towards tlio north or towards 
the south of the point, either towards the east or towards the west of 
the point, either towards the north east or towards the south-west of 
the point ; and so on. It is also clear that distances measured towards 
the east are so related to those measured towards the west that if wo 
first walk any distance towards the east and then walk an equal distance 
towards the west there will be no change in our position with respect to 
the starting point. Hence, a distance measured in any direction is said 
to be opposite in character to that measured in the opposite direction. 

Thus, in the first illustration, in so far as a gain and a loss are both 
looked upon as portions of money, they are said to be quantities of the 
same class, but as they affect our stock in directly opposite ways (a gain 
increasing and a loss diminishing it) they are said to be of opposite 
character. In the second illustration, a distance measured towards the 
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south of the point as well as one measured towards the north may both 
be styled distance, and thus far they are said to be quantities of the same 
class ; but when we consider the direqtions in which they are measured 
they must bo regarded as opposite %n character, 

25. The Signs Plus and Minus under a new aspect. It has 

been shown in the introduction how concrete quantities are represented 
by numbers. It now refnainSrto be seen how quantities of the same 
class but of opposite character are distinguished in their numerical 
representation. 

When we consider any pair of such quantities, we prefix the. sign 
+ before the numerical measures of one, and the sign - before those of 
the other. It is quite immaterial which of the two quantities, we select 
for representation by numbers preceded by the sign +, but when 
we have once made our choice, we must stick to it throughout any 
connected series of operations. Tho following example will illustrate 
the principle . 

Income and debt are evidently quantities of opposite character. If 
then we choose to represent incomes by numbers preceded by the sign 
+ , we must represent debts by numbers preceded by the sign - , and 
vice versa. 

Hence, if in any problem we choose the sign + for incomes and the 
sign - for debts, +30, +45, +90 will respectively represent incomes of 
£30, £45 and £90 whereas *-30, -45,-90 will represent debts of £30, 
£45 and £90 respectively, a £ being the unit. But if the contrary choice 
be made +10, +25. +36 will respectively represent debts of £10, £25 
and £36 and -10, -25, - 36 will represent incomes of £10, £25 and £36 
respectively. 

Hence, generally, if ci represent a portion of any quantity, -a will 
represent an equal portion of the quantity opposite in character to it. 

Graphical Illustration : 

A D O C B 

Suppose AB is a road. If a person starting from any point 0 on it 
travels totoards B to any point C and then travels back to 0, it is evident 
that his position on the road is just the same at the end of his journey 
as at the commencement. Thus, it is clear that distances measured 
along the road from left to right are opposite in character to those 
measured from right to left. Accordingly, if distances measured from 
left to right be represented by numbers preceded by the sign + , those 
measured from right to left must be represented by numbers preceded 
by the sign — , and vice versa. 

On the other hand, if we choose the sign + for distances measured 
from right to left, distance of -3 miles from any point 0 will mean a 
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distance of 3 miles measured from O towards tJie right ; again, if a mile 
be the unit of distance, and if G and D be two points on opposite sides 
of 0 at distances of 5 miles and 4 miles respectively then the distances 
ODt OC, CD and DC will be respectively represented by +4, —5, +9 
and -9. 

From the above distances it is quite clear that the signs + and — , 
besides being used as signs of the operations of audition and subtraction, 
are also used as signs of distinction between quantities of opposite 
character. The signs when used in this sense are often called signs of 
affection. 

N. B. When no sign is prejized to a number^ the sign + is understood', thus 
a and +a have the same meaning. 

26. Positive and Negative Quantities. Numbers or symbols 
preceded by the sign + or no sign are called positive quantities. 
Whilst those preceded by the sign - are called negative quantities. 
Thus, each of the expressions 4, +6, a, +6, ■¥ c positive quantity, 
whilst each of -4, -6, -a, -6, -c is a negative quantity. 

Hence, the signs + and — are often respectively called the positive 
and negative signs. 

Note 1. In ^positive and negative quantities^ the ivord quantity is used in 
the sense of number. There is no difficulty however in understanding a negative 
number, when the explanation given in Art. 25 is remembered. 

Note 2. The absolute value of a positive or a negative ^quantity is the value 
cmisidered apart from its sign. Thus, tf a stands for 6 and h for ^ , +{ab) and -{ah) 
have the same absolute valuej namely, 15. 

N. B. It IS important to hear in mind the meltings of such expressions as 
*a gain of -£20’, ‘a rise of -8 inches*, *a distance of —6 miles to the north*, dc. 
The expressions respectively mean * a loss of .i:20*, ‘a fall of H inches* , * a distance of 
5 miles to the south* . dc. 


EXERCISE 5 

1. If £4 be the unit, what is meant by “id’s gain= -25” ? 

2. If a trader’s loss of £30 be represented by 30, what will 
represent a gain of £70 ? 

3. If an income of £60 be represented by 15, what will represent 
a debt of £100 ? 

4. If a debt of £100 be represented by 25, what will represent an 
income of £400 ? 

5. If a distance of 75 miles to the north of a point be represented 
by 15, what will represent a distance of 150 miles to the south of it ? 

1-2 
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6. If a river level rises 12 inches on any day, falls 9 inches the 
next day, and again rises 5 inches on the third, how would you represent 
the rises on successive days, taking 3 inches as the unit of length ? 

7. A man gains Rs. 30 in one year, loses Rs. 20 in the second 

year, loses Rs. 40 in the third year, and gains Rs. 60 in the fourth year ; 
how would you represent his gains in successive years, taking Rs. 2 
as the unit ? • 

8. In the preceding question, how would the man’s losses be 
represented ? 


CHARTER ill 
FOUR SIMPLE RULES 

I. Addition 

27. Definition. When two or more quantities are united 
together, the result is called their sum and the process of finding the 
result is called addition. 

Note. As negative numbers are not recognised in Arithmetict there is clearly a 
difference between the Arithmetical and the Algebraical significance of the word 
addition. Hence, when we spealc of an Algebraic sum, we mean that quantities 
added together arc not necessarily all positive. 

28. The result when one positive quantity is added ‘ to 
another. Suppose JB'JB is a road and that distance measured from 
left to right are reckoned positive whilst those measured in tho opposite 
direction, negative. 

B’ O A B 

Suppose 0, A and B are three points on the road such that OA is 
2 miles and AB is 3 miles ; then if a mile be the unit of distance and if 
A and B be situated as shown in the figure, OA and AB will^be respec- 
tively represented by +2 and +3, 

If then a man starting from O travels to A in the first hour and 
from to R in the second hour, his distance from 0 at the end of two 
hours is evidently OB and will therefore be represented by +5. 
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Hence, since ( the distance travelled in the Isfc hour ) + ( the distance 
travelled in the 2nd hour )=*( the distance travelled in two hours), we 
have ( + 2) + ( + 3) = 5. 

Hence, generally speaking, { + a) +{ + /))=+ (a + 6), or more simply, 

‘(a) + (6)=*(a + 6). 

Thus, when two positive quantities ah added together, the sum is a 
positive quantity whose absolute value is equal to the arithmetical sum 
•of the absolute values of those quantities^ 

29. The result when one negative quantity is added to 
another. Suppose in the above figure 0^4' = 2 miles and = 3 miles, 
and that A' is on the left of 0 and If on the left of A' as shown in the 
figure. Then the distances OA^ and A* If are respectively represented 
•by -2 and -3. 

If a man starting from 0 travels to A' in the first hour and from 
A' to B' in the second hour, his distance from 0 at the end of tlie second 
hour, will evidently he OB* and will tJiereforo be represented by -5. 

Hence, since ( the distance travelled in the 1st hour ) + ( the distance 
travelled in the 2nd hour ) = (the distance) travelled in two hours )t wo 
have ( — 2) + ( — 3) =* — 5. 

Hence, generally speaking, (-a) + (- 6)= -(a + 6). 

Thus, token two negative quantities are added iogi^ther, the sum is a 
negative quantity whose absolute value is equal to the arithmetical sUm of 
the absolute values of those quantities. 


, Example 1. h’ind the sum of -a, -be, -a“/^ when a = 2, 6 = 3, 

= • • 

We have a = 2, 6c=3x5 = 15, a*6 = 2'* x3 = 12. 

Hence , ( - a) + ( - 6c) + { - a® 6) « ( - 2) + ( - 15) + ( - 12) 

= -(2 + 15 + 12)= -29. 

Example 2. h’iud the value of (-3c) + (-a*d) + (6+/ + f/), when 
<a = 3, 6= -2, c = 4, d = 5,/= -6, -8. 

We have 6+/ + gf=(-2)+(-6) + (-8) 

= -(2 + 6 + 8)= -16; 

• also, 3c =12, 

and a»d=3®x 5 = 27 x 5=135. 

Hence, the given expre8sion=(-12) + (-135) + (-lC)) 

* =-(12 + 135 + 16)= -163. 
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EXERCISE 6 

1. I’ind tho siiJiJ of -2, -9 and —11. 

2. Find the sum of -6x, -y and -z, when x = 2, y = 3, z^5. 

3. Find the sum of - 7, a: and y^ and find the result of adding it 
to - 10, when = - 5 and y= r- ¥3. 

4. Find tlio value of 2a-3(fe + c), when -5, 6 — 2, c«l. 

5. Find tho value of (-a‘'*c*) + (-a^6^) + {-(c‘-^ vhen a = 2, 
;>-3. 6-4. 

6. Find the sum of c, -206® and (d + e), whena = l, 

/; = 2, 6 = 3, d= -4, e= -5. 

7. Find tho sum of -a^{b-c), — //(c-a)and — 6^(/?-a), vlien- 
a = 2, ^> = 5, 6 = 4. 

8. Find the value of + + when. 

ft=3, /;=5. 

9. Find the sum of -^®), -x‘‘^) and - -.r®), 

\vlien a; = 3, i/ = 6, 2 = 5. 

10. Find tlie sum of -c*\, -6^){, -{a^ - // x rj^j- 

and when a = 60, 6 = 4, 6 = 2. 

80. The rc^sult when a negative quantity is added to a 
positive quantity. In the figure of Art. 28 suppose a man starting, 
from 0 iravels to B in the first hour and from B to in the second 
liour ; tlien the distances travelled in the first and second hours 
will be respectively reiiVesented by +5 and -3, and therefore the 
distatice from 0 at the end of the second hour will be represented hy-* 
( + 5) + (-3). But the distance of the man from 0 at the end of the- 
second hour ( i.e., OA ) is also evidently represented by +2. Hence, we 
liave ( + 5) + (-3)= +2, that is, =+(5-3). 

Again, if tho man starting from 0 travels to B in the 1st hour and 
from B to ii' in the second hour, then the distances travelled by him- 
in the 1st and 2nd hours will be respectively represented by +5 and 
-7, and therefore Ids distance from 0 at the end of the second hour 
be represented by ( + 5) + (-7). But his distance from 0 at the end 
of the second hour ( /. 6., 0^4' ) is also represented by —2. Hence, we 
have ( + 5) + (-7) = -2, that is, = -(7-6). 

Thus, generally speaking, wo have ( + a) + ( - 6) = + (a - 6) or, - (6 - a) 
according as b is less or greater than a. In other words, if*a positive 
and a negative quantity be added together, the sign of the result 
is positive or negative according as the absolute value of the negative 
quantity is less or greater than that of the positive quantity and the 
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•absolute value of the residt is ahcays equal to the difference hekveen the 
absolute values of the quantities. 

* Cor. 1, Since, a + (- 5) = -(6 -a) when b is greater than a, yut- 
iing a=0, we have +( — 6)= —& ; that is, to add a negative quantity is 
the same as to subtract its absolute valu^, ami conversely ^ to subtract a 
positive quantity is the same as to add a negative quantity having the 
same absolute value. 

Note. ITence, there is no chficitUy in finding the value nf a-- h when b is greater 
\than a ; for a—b can always he taken to be equivalent to n+( — 6), and this latter 
is equal to — (6 — a) when h is greater than a. Thus^ 3 - 8 = 3 + ( — 8) =-■ - (8 - 3) = — 5. 

Cor. 2, From Cor. 1, it is evident that the sum of any number 
of quantities can bo expressed by writing down the quantities one after 
the other with their respective signs. Thus, a-h-i-c-d means the 
•same as a + (-/)) + c + (-dZ). 

Example 1. Find the value of a - 36 + 2c ~ Id, when a == 2, 6*4, 
.c-3,d = l. 

a-36 + 2c-7rZ«a + (-36) + 2c + (-7d) 

= 2 + (-12) + 6+(-7)«-10 + 6 + (-7) 

= -4 + (-7)=-‘ll. 

Example 2* Find the value of a^b — b'^c + c^d-d"a-hc^^ jvlien 
1, 6*2, c = 3, d = 4. • 

• • 

The given expression - ' 

. =(13x2)- (2'^ X 3) + (3‘^ X 4) - (4“ X 1) - (2 X 3"^ j 

= 2-12 + 36-16-18= -10 + 36-16-18 

= 26 - 16 - 18 » 10 - 18 = -a 

EXERCISE 7 

1. Find the sum of 117 and -114. 

2. Find the sum of 218 and -223. 

3. Find the value oi x-y-hz, when a: = 8, 2/ = 25, ^ = 13. 

4. Find the sum of 3a:, -6y, 2z, u and 14y, wliere a; = 2, //«5, 

.- = 1, 2^*5, t;=* -2. 

5. Find the value of 3m-6fi + 6q + r, when m = 4, 7i = G, r/ = 2, 
r= -8. 

6. Find the sum of -a®c, hd^, -cb^ and -a^d'\ when a = 2, 
6 = 5,^6 = 3, d = 6. 



22 


ALGEBRA MADE EASY 


[chap. 


7. Find the value of 2a;®f/-3t/®£C-5x^l/® + 5c®i/*, when sc = ?/ = 2, 

8. Find the value of a® -3a^6+3a^® -6®, when a = 3and&=5. 

9. Find the value of m® -5m^n + 10w®7i® + 

W'lien m = d and 71 = 6. 

# 

10. Find the value of' a* “Ga®/) + 16a^// - 20a®6® + 15a®fc* -6a6® 

whena = 3 and fe = 2. 

31. When any number of quantities are added together^ 
the result will be the same in whatever order the quantities may 
be taken. 

Suppose a man starting from a place travels 6 miles to the north 
and then travels back along the same path 8 miles to the south. Then his 
position at the end of the journey is 2 miles to the south of that place. 

Again, if tlie man first travels 8 miles to the south and then travels 
6 miles to the north, then also at the end of tlie journey he is still 
2 miles to the south of tlie place. 

Thus, wo have 6+ (-8) = (-8) + 6, each being equal to -2, or, more 
briefly, we have 6-8 = - 8 + 6, and a similar result in other case. 

Hence, generally, a - Z; = - Zi + a. 

Again, since 2-10 + 6= -8+6= -2, 

and also^ -10 + 6 + 2= - 4 + 2= -2, 

we have 2-10 + 6= -10+6 + 2, and a similar result in 

every other case. 

Hence, generally, a-Z) + c= -& + c + a. 

Similarly, it may be shown that 

a- Z? + c — ^Z+e— /■■a + c + c — 6 — d— / 

= -h+e-d-/+c + a 
=&c. &c. &c, 

32. When any number of quantities are added together, they 
can be divided into groups and the result expressed as the sum of 
these groups. 

We have 

3-7- 8+6 -4 + 2= -4-8+ 6- 4 + 2= -12 + 6-4 + 2 

= -6-4 + 2= -10 + 2= -8 ; 
(3-7) + (-8+6) + (-4 + 2)= -4 + (-2) + (-2)= -8 ; 

3 + (-7-8 + 6) + (-4 + 2)=3 + (-9)+(-2)=-8; 

3 + (-7-8) + (6-4) + 2=3 + (-15) + 2+2=-8. 
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Tlius. we liavo 

3-7-8 + G-4 + 2-(3-7) + (-8 + 6) + (-4 + 2) 

= 3 + (-7-8+6) + (-4 + 2) 

=3 + (-7-8) + (6-4) + 2, 
and similar results in all other cases. # 

Hence, generally, the expression (j + /) - c - </ + c -/ + r/ can be put 
in any one of the following forms : 

(1) (a + fe) + (-o-^/) + e + (-/ + f/) 

( 2 ) aHh-c)-dHe-f + g) 

(3) (a + 6-c) + (-rZ + <3“/) + (7 

(4) n + (!)-e-£Z)4-t» + f-/ + (/) 

(5) (a + 6-c-r?) + (e-/ + f;), 

<&c. &c. &c. 

Cor. I . Conversely, we liave (a + />) + ( - r; - r/) + e, + ( -/ + ( 7 ) 
= a + 5-c*-^Z + e-/+^. Hence, the following rule : 

To add together two or more algebraical expressions lorite dmon th-e 
terms in succession with their proper signs. 

Cor, 2, Since a“6 + c-ri+e-/**a + c + 6*“/^-ri-/ [ Art. 31 ] 

= (a + c+e) + (-6-rZ-/), we liave the following rule : 
When any number of quantities are to be added some of wh\ch are 
X>ositive and other ^negative, collect the positive terms in one group and 
the negative terms in another, and express 0*^ result as the* sum of these 
two groups, 

Thus,3-7 + 8-9 + 5-6«(3+8+5) + (-7-9-6)«16+(-22)= -6. 

Example 1. Simplify 5a - 36 + 2c - 4a + 26 - 7c. 

The given expression = 6a - 4a - 36 + 26 + 2c - 7c [ Art 3J ] 

= (5a-4a) + (-36 + 26) + (2c-7c) [ Art. 32 ] 

“(:t + (-6) + {-6c)=a“-6-6c. 

Example 2. Simplify 3a‘‘^6 + 56®c“6c^a-]0a*'*6-76®c+8c^a + 4a‘'^6 
-6‘‘^c+c®a. 

The given expression 

*= 3a®6 - 10a®6 + 4a®6 + 66*c - 76*c - b'^c - 6c ‘^a + 8c“a + c^a 
= (3a*6 - 10a^6 + 4a^6) + {bh^c - 76®c - h^c) + ( - Gc'^'a + 8c*a 4 - c^a) 

, = ( - 7a®6 + 4a®6) + ( — 26®c - V^c) + (2c®a + c®a) 

= ( - 3a®6) + ( - 36*c) + (3c®a) -= - 3a®6 - 36®c + 3c®a. 
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Note. In the pioce&s above, it must he noticed that when like terms are added 
iofjether, the remit \s obtained by annexing the common letters to the sum oj the 
numerical co-ejjicicnts. For instance, we find that 56^c — 76*c — 6®c= — 36’f, and 
' evidently —.3 is the sum of the co-efficients 5, —7, and —1. 

Examples. Add t&gethejc 3a — 2fo + c and — 5d + 6e— /, and find the 
numerical value of the sum, when a«2, c*=3, ^Z = 4, /3 = 7, 

We have (3a- 26 + c) + ( -5d + 6e-/) 

= 3a-2fe + r;-6rZ+6e-/-6-2 + 3-20 + 42-5 
= (6 + 3 + 42) + (-2-20-5) = 51 + (-27)-24. 

33. The ordinary rule for adding together compound expres- 
sions. Put the expressions under one another so that the different 
sets of like terms may stand in vertical columns and draw a lino below 
the last expression ; then add up each vertical column and put the 
result below it. The following examples will illustrate the method : 

Example 1- Add together 3a-5Z)4-7c-9d, -8c + 5a-3fZ + 7f>, 

4fZ + 2c — a and — 3c + 6rZ. 

The first expression = 3a — 56 + 7c - 9rZ 

The 2nd expression = 5a + 76-8c-3d [ Art, 31 1 

The 3rd exi)ression= - a +2c + 4r/ 

The 4th expression^ 26-3c + 6^/ 

^ Thosum=^ 7a + 46-2c-2r/ 

Example 2. Find the numerical value of the sum of 20a‘^6‘* 
-256^0'^ + r/'^, -22a‘'*6'*+i9/r*c'‘' — 3d" and 2a®/>'’ + 76®c^ + 2fZ'^, when 

a = 498, 6 = 3, c = 2, d, = 19. 

The ffrst expression = 20a^6’’ - 25b'^G^ + 

The 2nd expression — - + 196®c^ - 

The 3rd expression = 2a^6'’+ 76®c^ + 2d'' 

The sum = 6®c* 

= 3® X 2^ = 27x16 = 432. 

EXERCISE 8 

Simplify the following : 

1. 2a; + 3i/ -3 — 3® — 277 + 2 ’. 2. 9m® — 77i® + 5p“+87i''* — 4p‘^ — 87?i®. 

3. 8a® - 5a® 6 - 7a® + 5c® - 2a® + 6a®6 - 4c®. 

4 . 3a6c - 5c® + Gmnp® - abc + 7c® - 9m?ip® - 2c®. 

5. -7a®6-56®c® + 10a®6-36®c® + 3d/-a®6-6®c®-5d/. . . 

6. 8a’* i/ - bxyz - 17:r*77 + 20a® ty® - 2oYyz - 35®®!/® + 3®*!/ - ^xyz + 5®®?/®. 
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7. 9a®6c - Ib'^ca + bG^ah-^ZV^ca — ba^hc — c^ab, 

8. 20x®m7i - + lin^x9in - Zlx^mn - 477i‘'xm + ^^vv^nx 

“ &x^mn + 137i®x7?i - Ibm^nx + ^n^xm. 

If a = 9, 6=*10, c = 12, tZ = 5, /c=2, ??i=3, ?i==4, £C“6, 7y = 7, 2 = 8, find 
the numerical value of the sum of : ^ * 

9. “ /c + 3771 + 571 and bd — 4a; — 62/. 

10. 5771 - 27/ - lb - 8c and 3^ + a; - 10a. 

11. 3/fc^ -577^‘-*+77^^ -2a;+56-cantllO^Z-7a. 

12. - 2/c + 3771 - 471, - - 5a; + 67/ and 3^ - 5a - 35 + Sc. 

13. -km + az, bc-hyul + Vt -n^~~d^+ab and ^kn-by-lx-\rkmn, 

14. /c’*w - dnx. hy^ - chn - “ 5.? + 3a - 27n*d and 6n^ - Ihdz 

+ 2ak'^-^b‘hL 

15. 3771^5 -5a"a;-45"2', -13fc^5 + 4^'^d-7d‘‘^77., - 5c“7t + B/)‘-^7y + 9d/' 

^and 6az^ - Ib^c - 4a;''6 +8ad7i. 

Add together : 

16. a -25 + 5c and -7a + 35 -8c. "* 

17. - 3a; + 5?/ - dz, 5a ; - Sy -hit and - 2y + z. 

18. a;‘^ + 3a;“-5a; + 4, 2a3® -6a;^ +7a;-8, -3;*** + 7a;® -2a; + 9 and 5a;® +2. 

19. 3a — 25 + 7 c- 8£Z, 2c + 6^?-5a, 35 + d-lOc, c-45+a and —7d+6b, 

20. a;® + 2xy + 32/® - :c + 7y + 2, - 6x“ + /y® + 2a; - 5, - S.ry - 7?/® +'37y + 1 
.and 6a;® +a;2/ - a; - 4?/ + 2. 

If a — 5 , b<=i, x = 8, j/ = 7, find tiio numoriciil value of : 

21. (3a;“+5tf®-20a“ + 49/?“)+(17o*-27/r’-23a5'’)+(-?/® + 3//'-3a“) 
+( -236“ -47/-' +7a“ +20x‘’). 

22. a0o“ - 26**1/* + 30a:*6* + 17a®j/’)_+ (35x*i/* + 16a®{/’ - 304a® 
-28a:*6*)+( -80*7/'' -9**//* -7a;“6*) + (5a:*6® -25a®7/'' +289a®). 

23. (2a - 76''* + 9*® - 137/® + 1506-21*7/) + (5?/® + 86® + 17*?/ - 6a® 
-8a6-20*®) + (13*®-20a6 + 5a® -16*i/-107/® -26®) + (13a6 - 2*'® + 36‘® 
+ 23*7/-a®+18i/®). 

24 . (29a6* - 396*// + 49*7/a - odyab) + (^bxy + 49yab - 19a6* - li'Jxya) 
-(*(2a6* — 12*7/0 + 66*i/ + 2iyab) + {3xya + ibxy - ISabx - liyab). 

25. (18a*6® -436®*® +62*®^® -23o6*y) + {39abxy + 286®*® - 25o®6® 
- 42*®;/®) + (196®.*® + 37a^b’‘ - 26abxy + 35*®?/®) + (9a6*?/ - 29a®6® - 55*®//'® 
-46®*®). 
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II. Subtraction 

34. Definition. Any quantity ^ is said to be subtracted from 
any oUier quantity a wlien a third quantity c is found such that tlie 
sumoi h and c is equal to a. In other words, c — a — h, tolien c is 
such that 

Tlie quantity from wliich* another quantity is subtracted is called 
the minuend and the quantity subtracted is called the subtrahend. The 
result is called the difference or: the remainder. Thus, if a“h = c, ais 
the minuend, b the suW*ahend and c the remainder. 

35. To subtract a positive quantity is the same as to add a 
negative quantity having the same absolute value, and to subtract 
a negative quantity is the same as to add a positive quantity 
having the same absolute value. 

Since, 3 + 4*=7, we have 7“3= 4“7+( — 3), 

again, since 6 + (“2)*=4, we have 4-6= -2=4 + (-6). 

Hence, generally, a-h = a+(-h); lc., to subtract a positive 
quantity is the same as to add a negative quantity having the same 
absolute value. , [ See Art. 30, Cor. 1 } 

Since, (-3) +5 =2, we have 2-(-3) = 5[by definition ] = 2 + 3, 
similarly, since (-6)+(-4)= -10, 

we have (-10) — ( — 6)= —4= (- 10) + 6. 

Thus, generally, since (-^)+(a + h)=a, we have a-(-6)=a + h ; 
i.e.j to subtract a negative quantity is the same as to add a positive quan- 
tity having tfie same absolute valuer, 

Note. One quantity a is said to he greater than another quantity h when a — bts^ 
a positive qiumtity. Th\is, -4 is greater than —6 for (-4) -(-6) =-4+5 = 1. 
Similarly, -6 > — 7, — 10 >-20 ; and so on. Hence, in the series 5, 4, 3, 2, 1, 0. 
- 1 , - 2, - 3, - 4, - 5, - C, - 7, - 8, ffc., each number is less than the one before it. 

36. Illustration. Suppose AD is a railway line running from* 

A O B C D 

west to oast, and A, 0, D, G, D are stations on it such that AO^OB — 
20 miles, J3C=30 miles and CD ^10 miles. Suppose a man travels from 
0 to C in two days. 

Then evidently, (tlie distance travelled on the first day)+(the 
distance travelled on the second day )*50 miles ; and hence, By defidi- 
tion, 50 miles -( the distance travelled on the first day }>-the distance 
travelled on the second day. 

Now, (i) if on the first day the man travels from 0 to B? ^.e.^ 
travels 20 miles towards the east of 0, then on the second day he has to 
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travel from B to C, a distance of 30 miles more towards the east ; thus» 
we have ( 50 miles )-( 23 miles )=^30 miles. 

(ii) If on the first day the man travels from 0 to A, i.e,, travels a 
distance of 20 miles towards the toest, then on the second day he must 
travel from i4 to C, a distance of 70 miles toioards the east ; thus, wo 
have ( 50 miles ) - ( - 20 miles ) = 70 miles. 

(iii) Again, if on the first day the man travels from 0 to D, Le,, a 
distance of 60 miles towards the east, then on the second day he must 
travel from D to G, i.e., a distance of 10 miles toioards the west ; thus, 
we have ( 50 miles )-■( 60 miles )= -10 miles. 

Hence, taking a mile as the unit of distance, we get the following 
results : 

50 - 20 * 30' 

60-(-20)* 70 
50 - 60*-10J 

Example 1. Find the value of a-5 + c, when a *5, 5* -2, c* -3. 
a-6 + c*5-(-2) + (-3) 

*5 + 2-^*4. 

Example 2. Find the value of -a-( — t) + c, when a“-2. 6*-3, 
c* - 4. 

The given expression * - a + 6 + c 

*-(-2)+(-3) + (-4) 

*2-3-4«-5. 

» 

EXERCISE 9 " 

If a = 3, 5* -5, c= -6, d* -8, find the valued of : 

1. -a + 6-c + cZ. -2. a + (-5) + c-6f. 8. c-r7-(-6)-a. 

4 . c-(-tf) + 5-a. - 5. -(-a) + 5-(-c)-d. 

If wi* -47, 71=50, a;= -154, ?/= -234, find the values of : 

6. 7i-77i-(-ir) + 2/. 7. -(-77i)+i/-(-?i)-ir. 

8. -(-a:)+7»-2/-(-7i). 9. -(-|/)-7n-a:-(-w). 

10. -(-n)-2/-(-a?)-77i. 

3^. To prove that a-(5+c)=a-6-c, 
and a-(6-r)-a-&+c. 

> Since, (5+c) + (a-5-c)=a, 

by definition, a-(6 + c)*a-5-c. 
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Af'ain, since (^-c) + (a-6+c)=a, 

a-(6-5) = a-6 + c.* 

Cor, Thus wo arrive at the following rule for subtracting one 
algebraical expression from another : Change the sign of every term 
of the subtrahend from +*to - gr from - ^o + as the ease may he, and 
then write down those terms in sttccession after the minuend. Thus the 
result of subtracting 2a +36 -5c from a- 26 + c*a- 26 + c- 2a- 36 + 5c 
~ - a - 56 + 6c. 


Example 1. Subtract - 3a + 26 - 5c from 2a + 6 - 8c. 

The reqd. result = 2a + 6 - 8c + 3a - 26 + 5c 

= (2a + 3a) + (6 -26) + (-Bc + 5c) 

= 5a + ( — 6)+( — 3c) 

= 5a - 6 — 3c 

Example 2. Subtract 2a''^ + 3a6- 56* from -3a* + 2a6-46*. 

The reqd. result =■ - 3a* + 2a6 - 46* - 2a* - 3a6 + 56* 

= ( - 3a* - 2a*) + (2a6 - 3a6) + { - 46* + 56*) 
--5a*-a6 + 6*. 


38. The ordinary rule for subtracting one compound expres- 
sion from another. Put the subtrahend below the minuend in such 
a wayu that the different sets of like terms may stand in vertical 
columns apd draw a lino below the subtrahend ; then supposing the sign 
of every term of the subtrahend to be changed, write down the sum of 
■each vertical column underneath it. 


Example 1. Subtract 
The minuend 
The subtrahend 
The remainder 


-2x*+3aji/-2/* from a?* -2a;2/ + 3?/*. 
= a;*- 2®!/ + 3?/* 

= - 2a;* + 3a;i/ - 2 /* 

= 3a;*- 5a;2/ + 42/* 


Note. 11 must he noticed that the signs of the terms of the subtrahend are not 
•actually altered in the 'process, but they aie supposed to be altered and the operation 
of combining each pair of like terms is performed ynentalhj, 

'' When A, 6, c are all positive quantities and a is greater than .and 6 is 
greater than c, the following proof is generally given of this result in most treatises 
on Algebra : 

If wo subtract 6 from a, we get a— 6, but we thus subtract too much from a 
for wo have to subtract not b but a quantity which is less than h by c. Hence**, we 
must add c to this result ; thus, a -(b — c) = a — 6 + c. 


4 
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Example 2. Subtract from 3®^ + - 7a^. 

The minuend = 3x^ + 2^^- 7a® 

The subtrahend = Sj:®- i/®+ a^-3ab 

. . The remainder — - 2a;® + 3?/® ^ 8a® + Sab 

EXERCISE to 

V 

Subtract : 

1. a-b + c from 3a + 2& - c. 2. 2a - 56 + 4c from - a - 26 + Sc‘^ 

3. -x + y-z from 2a: + 3?/ - ^z, 

4 . 5m® “ 6?w + 3 from 7m® - 8m - 1. 

5. a;® “2/y® + 3^;® from 3a;® “ly® + 2^®. 

6. 4i/® + ^xy - 2a;® from 22/® - Sxy + a;®. 

7. - 3a® + 2a6 - 76® from a® - bah - 86®. 

8. - 26c + 6c® - Qxy from 56c - c® + 2.riy. 

9. 2a;® -42;® + 7a; + 5 from a;® -3a;® + 6 j; + 7. 

What is to be added to : 

10, a; + 2// + 2 to make zl 11. - 2a; + 5?/ - 42; to make x + y + z Y 

12. 3m® + 5m - 6 to make m® ? 

13. a® + 3a®6 + 3a6® + 6® to make a® + 6® ? 

14. a*^ -2a®6® + 6* to make a^ +6^ ? 

15. What is to be subtracted from a® -3a®6 + 3a6® - 6® 

to make a® - 6® ? 


39. Removal and Insertion of Brackets. 

ia) The laws for the removal of brackets are : 

(i) If any number of terms bo enclosed within a pair of brackets 
preceded by the sign + , the brackets may be struck out as of no value ; 

(ii) If any number of terms bo enclosed within a pair of brackets 
preceded by the sign - , the brackets may be removed provided that the 
sign of every term within the brackets be changed, namely, + to - , and 
- to +. 

The reason is obvious, for any expression, included within brafbkets 
preceded by the sign + , has to be added to, whilst one, enclosed within 
brackets preceded by the sign -, has to be subtracted from what goes- 
before. 

Thus, a — 6 + (c — d+c) = a — 6 + c — d + c, 

whilst a — 6 — (c-d + c)*=a — 6 — c + d-c. 
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(6) The laws of insertion of brackets are : 

(i) Any number of terms in an eijpression may be enclosed within 
a pair of brackets, with the sign + prefixed ; 

(ii) Any number of terms in an expression may be enclosed within 
a pair of brackets, with the sign - prefixed, if the sign of every term 
put within the brackets he altered. 

Thus, a-6+c-d+6-/=a“6-(-c + 6Z-e+/). 

Note. IVij often find braclcets within brackets as in the expression 
2a-[36-{4t;-(5d-6fl)}] ; here it is meant that the expression within the braces { )■ 
IS to be subtracted from 36 and the result thus obtained is to be subtracted from 2a ; 
whilst the expression within the braces is to be found by subtracting the expression 
luithin the parentheses ( ) from 4c. 

When an expression of this kind is to be cleared of biackels, it is best for a 
beginner to remove first the innermost pair^ then the innermost of those that remain, 
and so on ; and lastly the outermost pair. 

Example 1. Simplify a - - (c - fZ)}. 

a - - (c - d)} = a - jh - c + dj = a - 6 + c - d. 

Example 2. Simplify a-[6-{c-(d-e)}-/]. 
a - [6-"{c-(d-<?)}~/J«a-[Z)-|c-d + e)}-/] 

= a-[h-o + d-e-/]«a-Z? + c-d+e+/. 

Example 3. Simplify a + [ - 6 - - (d - e -/) - r/J - 7^]. 

.a + [-Z?-lc-(d-c -/)-{/}- 70 

s=a + [“6-Jc“((Z-e +f) - (/} - li\ 

“a + C-rh- jc-d + e“/-t/}-7i] 

=*a + [-6 -c + d-e +/+<;- 7t] 

. =»a-h-c+d--e+/+gr-/j. 

Example 4. Simplify 2a- [3a + }4&-(2a-Z?) + 5a}-76]. 

The given expression=2a-[3a+}4f>“2a + Z?+ 5a} -76] 

= 2a-[3a + {56 + 3a}-76] 

• =»2a-[3a + 56 + 3a-76] 

= 2a-[6a-26] 

= 2a-6a + 26= -4a + 26. 

Example 5. Simplify a- [-6- {c-(d-e -/)}], first removing [ ], 
tlion { }, then ( ), and last of all the vinculum. 

a-[-6-}c-(d-e-7)}] = a + 6 + |c-(d-6-/)} 

= a + 6+c — (d— e — /) 

=a+6+c-d+e-/ 

■=a+6 + c — d + e — 
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Note. The expression within [ ] consists of two terms, namely, -b and 
— {c — (d—e—f)\ ; hence, ivhen this pair of brackets, which is preceded by the sign — , 
is removed, we gel b+{c — (d-~e-f)). A similar reasoning applies to the removal of 
other brackets. It must be noticed carejully that only one pair of brackets is to be 
removed at a time. 

Example 6. Simplify - [2rt-}3f; + (2c-4(i)}]. 

We have a-\b-(c-d)\-a-\b-G + d\ 

—a-b+c-d \ 

unci 2a - \^b + {2c - Ad)\ =* 2a - {36 + 2c - 4:d\ 

=2a-36-2c + 4cZ. 

Hence, the given expression 

= fa - 6 +c* - - [2a - 36 - 2c + \d'\ 

= a - 6 + c - rZ - 2a + 36 + 2c - 
=■ “a + 26 + 3c-5fZ.' 

Example '7. Of the expression a + 6 -c + ^Z-e-/ enclose the first 
three terms within a pair of brackets and the last three in another, each 
preceded by the sign - , and then put th^ last two terms of each of these 
bracketed expressions within an inner pair of brackets preceded by the 
sign 

According to the given directions, 

a + 6- c + rZ-c-/= -{-a-6 + c}-{-(Z+c +/} 

= -i-a-(6-c)[“{-fZ“’(“e-/)}. 

EXERCISE 11 / 

Simplify : 


1. 

2a — 36 — (4a — 66) + ( — 2a +56). 




'2. 

ir + (- 2 / + 4aj)“(-2u3 + 3?/). 3. 

~(5a; 


- 3a; + y) - {2y - 6x). 

4. 

3a — {6a + (26 - a){. v 5. 

-a- 

{26 -(6a +46)}. 

«. 

2a-{56-76-2a){. ^ 7. 

3-{5 

-(6-7 

-9)}. 

8. 

-2-[-3-{-4-(-5-6)}]. 




.r 9. 

-a-[-36-{-2a-(-a-46)H. 




10. 

a-[26-{3c-(a-26-3c)H. 




11. 

3a; - [5j/ - {lO^ - (5a; -lOy - 3:8;)}]. 




. 12. 

-a-[-6-{-C“(-^-6-c)}J. 





Simplify the following expressions removing the brackets in the 
reverse order, i.e., the outermost first and the innermost last : 

13. 2a5-[6t/-{9aj-(102/--4a;HJ. 14. - 5a - [36 - {6a -(66- 7a j{]. 

15. - 7m - [3n - |8m - {An - 10m){] . 
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16. - 2a - [ - 4t - H 6 c - ( - 8 a - - 106 - 12c)fl. 

17, -3a;- [-■62/-{-7;sr-(-9j:- -rilp-lS^)}]. 

> . 18. -2a;- [-4y-{-6^-(-3a;- -5y^)]. 

19. -a?-[-3t/+}-5«-(-2a;+ -4v““6«;)H. 

20. -2a + [-56-{^8c + (,-3a- -“66+9c)}]. 

21. -a;+[-5i/-i-92;+(-3--^7ir+"il^}]. 

Simplify : 

22. {2a-(36-6c)}-[a-^26-(c-4a)l-7c]. 

23. [x-\y-(z- x)\ -{y- z)] - U - {a; - (y - a)}] . 

24. [2a-(6-c)-i36-(2a-c){-i-2a+(c-46)}] 

-[-36-(2a-4c)+{6c-(26-3a)[-i-6c + (6a-76)H. 

In the expression a 76 -c + d-m+n-a;+y -0 : 

25. Inolude the 2Qd, 3rd and 4th terms in a pair of brackets 
preceded by the sign - , and the 6 tb, 6 th and 7 th in a piir of brackets 
preceded by the sign + . 

26. Inolude all the terms after the 1 st in a pair of brackets preced- 
ed by the sign - , and of the expression thus enclosed put the last four 
terms within a pair of brackets preceded by the sign + . 

27. Enclose the first hve terms within a pair of brackets preceded 
by no sign and the last four within a pair of brackets preceded by the 
sign (I- , and then put the last three terms of each of these bracketed 

expressions within a pair of brackets preceded by the sign - . 

« 

28. Enclose every thtee terms from the first in a pair of brackets 
preceded by the sign - , and then put the last two terms of each of these 
bracketed expressions within a pair of brackets preceded by the sign - . 


HI. Multiplication 

40. Definition. One number is said to be multiplied by another^ 
when we do to the former what is done to unity to obtain the latter. 

Thus, since 4-1+1+1+1, we must have 
4xa; or 4fl?—ir+£t;+a;+a;. 


Similarly, 4x5«»5+5+5+6 « 20) 

3x 6«6+6+6 « 18 f— 

6x3“3+3+3+3+3 - 161 

3x(-5M-6)+(-6)+(-5) - -15) 

4x(- 3)-(-3)+(-3)+(-3) + (-3)« -12 L. 
5x(-4)«(-4)+(-4)+(-4)+(-4)+(-4)--20j 


... I 

... II 
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Again, since we must have 

(-4)xa;» -x-x-x-x. 

Similarly, 

(-4)x5=-6-5-6-5 . --20) 

(-3)x6« -6-6-6 =-18[ — III 

(-5)x3*-3-3-3-3-3 ’ =-15) 

Also, 

(-3)x(.5)--(-5)-(-5)-(-6) 

=5+6+6 = 15 

(-4)x(-3)=-(-3)-(-3)-(-3)-(-3) 

= 3+3 + 3+3* = 12)- ••• IV 

(-5)x(-4)=-(-4)-(-4)-(-4)-(-4)-(-4) 

=4+4 + 4+4+4 = 20 

The number multiplied is called the multiplicand and the number 
by which it is multiplied is called the multiplier ; the result is called the 
product. 

EXERCISE 12 

From the definition of mnltiplicatiod deduce the result : 

1. When 6 is multiplied by 3. 

2. When 6 is multiplied by 3. 

3. When 9.is multiplied by 4. 

4. When - 8 is multiplied by 4. 

5. When -16 is multiplied by 3. 

6. When -13 is multiplied by 6. 

7. When 8 is multiplied by -3. 

8. When 7 is multiplied by -6. 

9. When 16 is multiplied by - 3. 

10. When -9 is multiplied by -4. 

11. When - 12 is multiplied by - 6. 

12. When -16 is multiplied by -4. 

41. The Law of Signs. From the last article it is clear that if 
a and h are two whole numbers, we have 

(+ a) X ( + 6)= +(a6) ' 

(+a)x(— 6)» — (afc) 

(-d)x(+6)--(a6) 

'(-o)x(-6)« +(a6) . 

T— 3 
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Thus* the product of two whole numbers is positive or negative 
according as the multiplicand and the multiplier have like or unlike 
signs. • 

The same thing can be found when the numbers are fractional. 
For instance, since, i.e., since is obtained by subtract- 

ing a third part of uni^, twice, to multiply any number x by -f we 
must subtract a third part oUx twice. 

Hence. (-«x« -y- 

Similarly {-|)x^ 

“ A) 

•A + A“ A ; and so on. 

Hence, we can enunciate the Law of Signs in a more general way, 
thus : The sign of the product of any two quantities is positive or 
negative according as the multiplicand and the multiplier have like 
or unlike signs. Or, more briefly, thus : Like signs prodtice + , and 
unlike signs 

Cor. Since and also (•f»)x(+aj)-®“ we have 

^/x*-•±a;. Thus every alg^raical quantity has got two square roots 
which are equal in absolute value but opposite in sign. 

Example. Simplify (a*6-cd)(o*-(i®), when a- -2, 6“ -3, 
—4, 

Since, a*6-(-2)*x{-3)“4:X(-3)— -12, 

and cd—(-4)x6«“ -20. 

a*6-cd‘«-12-(-20)« -12+20-8. - U) 

Also, since ^ c'— (-4)*— 16, 

and * d*-(5)*-26. o*-d*-16-26- -9. - (B) 

Hence, from (il) and (B), we have 

(a»ff-cdXc*-d»)-8x(-9)- -72. 

EXERCISE 18 V. 

Find the value of : 

1. oft-cd, when a- -2, 6- -8, c— -8, d-6. 

2. (a5*-p*)fe-<M5p, when o-l, 6- -3, a?-4, y- -6. 

3. 3«*y-3ipy*+«y«f whena?— -1, y--2,«--7. 

4. (-a)6*-cd*+6(-o)*i wtusn a-6, 6- -7, c-4, d- -3. 

6. -a*(-o)+&*(‘^y)+4a\ when a--2, 6--3, c--l, 

ar-5. y-6. 
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6. a®(6 - c) + h\c — a) + c*(a — 6), when a»-2, 

7. x\y - a?) + y *(; 2 ; - a?) + s\x - y),^when » - - 3, y «8, s - 5. 

8. when p«»-S, ^■■-6, 

r--7. 

9. a® +6*+c*-3a5c, when a— -12, 5- -13, cr -16. 

10. Show that (a+5)*-a® +6a*5+i0a®5®+10a®5®+6a5*+5®, 
when a“3, 5* -6. 

42. To prove that ay.b^bxa, i.e., b multiplied by a gives 
the same result as a multiplied by b. 

(i) First let a and b be any two positive integers. 

Place b units in a horizontal row and write down a such rows in 
such a manner that units in similar positions in the different rows may 
be in the same vertical column ; thus : 

1 1 1 1 1 . . , • 6 times 

1 1 1 1 1 .... 5 times 

I 1 1 1 1 .... 5 times 


to a lines. 

This being done, evidently it may also be said that we have 
written down b columns, each containing a units. 

Now let us count up the total number of units thus written down.' 

Since we have got a rows each containing b units, the total number 
o{unit8»(the number in the Ist row )+( the number in the 2nd row ) 

+( the number in the 3rd row )+* ’••+( the number in the ath row ) 

—6 + 5 + 5 + to a terms-ax5. ... ... ... (1) 

Also, since we have got 5 columns each containing a units, the 
total number of units -(the number in the 1st column }+( the number in 
the 2nd column)-! the number in the 8rd column ) + •••+( the number in 
the 5th column )-a+a+a + »- to 5 term8-5x a. ... ... (2) 

Hence, from (1) and (2), we have a x 5 5 x a,* 
i.e.t b taken a times«*a taken 5 times. 

*Sinoe ab^ba^ it does not matter much whether we read a5 as a times b or 
b times a ( i.e., as b multiplied by a or a multiplied by t ) ; but unitl the proposition 
of the present arlicU has been prooed it seexUs expendient to stick to one and tbe 
same mode of hiterpxeting it. If a beginner is taught to read 7a es *7 times a* whilst 
7 X4 as *4 times V he Is but unconsciously led to think that such etpressionls as ba 
and ab mean the same, but that consequenUy nC amount of reasoning is necessary 
• to establish the above proposition. As a safeguard against this evil, I have hitherto 
throughout taken a xb to mean 'a times 5’ or *b multiplied by a*. 
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(ii) Next let a and h be two positive fractions ; suppose 

and * where w, n p, qjBkre positive integers, 
n 9 


«x{(2.)h.„] 

1 nq nq 

... (I) 


^ qn qn 

... (II) 


Butm and pare positive integers, therefore, mp’^pm, and simi* 
larly, nq^^qn. 

Hence, from (I) and (II), we have a x 6 * 5 x a.* 

Thus, it is established that for all positive values of a and h we- 


have a x 

2? & xa. ... ... 

... (4) 

Cor. /. 

From Art. 41, we have a; x ( - (ary), 


and 

(-l/)xa;*= -(i/ar) ; but xy^yx, 



a;x(~p)«(-p)xa;. 

... (B), 

Cor. 2. 

From Art. 41, (-a;)x(-p)- +xy, 


and 

(-.y)x(-aj)« +yx ; but xy^yxt 



(-a:)x(-j/)«(-y)x(-a?). 

... (0) 


Hence, from [A), (B) and (C), we conclude that for all values of 
a and 6, axfcssftxa. 


Prove that : 

1. 4x6«6x4. 
4. 4x8«“8x4. 


EXERCISE 14 

2. 6x3 = 3x6. 
5. 9x6«5x9. 


3. TxS^&xT. 


*W6 can illustrate a x 6 « & xa^when h and a are fractions as follows : 

Let us prove that f x { xj. 

I X } means that we have to divide i of any thing into 8 equal parts and take 2* 
of those parts whilst lx} means that we have to divide } of a thing into 6 equal 
parts and take 4 of those parts. 

A B 


Take a line AB 16 inohes long, then } of the line will be 12 inches, and 
evidently } of 12 inches -8 inches ; thus, } x | of the line «>8 inohes. 

Again, } of the line is 10 inohes, and f of 10 inches "8 Inohes, 

•*. i x} of the line also >>8 inches. 

Hence, we have } x x}. Similarly, any other case may he illustrated. 
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43. To prove that (ab)xc-an(bc) or. •bxiac), Le., to 
multiply c by the product of a and b is the same as to multiply c 
first by either of them and then that result by the other. 

Place b brackets in a horizontal* row each containing o units 
and write down a such rows in such a manner that the brackets in 
similar positions in the defferent rows jnay be in the same vertical 
•column, thus : 


cl 

[cl [< 


p] 

cl h 

j [c 

p] 

c] U 

U Ic 


,b times 
.b times 
,b times 


to a rows. 

This being done, it may also be said that we have written down 
b columns each containing a brackets. 

As we have got together ax 6 brackets and as each bracket 
contains o units, the total number of units — {ab) x c. ... ... (a) 

Again, since we have got b brackets in a row each containing 
c units, the number of units in atow*=bc, and as there are a rows 
altogether, therefore the total number of units = a x (6c). ... iP) 

Again, since we have got a brackets in a column each containing 
c units, the number of units in a column »ac and as there are b columns 
altogether, therefore the total number of units « 6 x (on). ... (y) 

Hence, from (<i)#(/3) and (y), we have , 

, (a6)xc-ax(6c)**6x(ac). • 

^ Cor, . From the results of the last article and this, we deduce that 
<ibG = bca^cab. For, by the present article a6c«ax,(6c), and by the last 
article ax(6c)»(6c)xa=6ca ; hence, we have abc^bca, and similarly, 
bca^cab. Thus, we are led to conclude that the value of a prodmtis 
the same in whatever order the factors may be taken,* 

Note 1. Although the factors of a product can he taken in any order it is 
always found convenient to place first the factor expressed in figures^ and to put after 
in the factors expressed in letters in the alphabetical order of those letters, Thust 
•c* xdx7x6xa* i8 toritten 7o^bc*d. 

Note 3. We are now m a position to modify a little the definition of 
Co-efficient given in Art, 16, In an aXgehraieal product one or more of the factors 
may he called the co-effldent of the remaining factors. 

For instance^ in lahcd we may call lac as the co-efflcient of hdfor labcd can be 
written as lacbd and therefore by the definition alluded to, lac is the co-efficient of bd, 

*The validity of the conclusion has been established only for three factors. A 

generiU proof, however, has not been attempted as being too tedious for the class of 
etudents for whom the book is meant. 
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44. To prove that a»«xan«*a"»+", where m and /fare any 
two positive integers. • 


N. B. From Art. 42^ we know that the quantity on either side of x may be 
regarded as the multiplier and that on the other as the multipUeand. Hence, we need 
not any lonjer observe the restriction we have hitherto placed upon the meaning of 
^ [See foot note, pages 86, 86. ] 

Since, o*-*ao, 

and a*«aoa, 

o® X a* “ {aa) x (aaa) 


-axaxaxaxo [ Art. 43] 

Again, since « aaaa, 

and o*-aaGaafl, 

X 0 ® - {aaaa) x {aaaaaaj 

«axax ax ax ax ax ax ax ax a [ Art. 43] 
-a^®«a*+®. 

Generally, since a’*-*aaaa ... tom factors, 

and a^^adaaa ... to n factors, 

o** X a® ■■ iaaaa . , , to m factors) 

x{aaaaa ... to a factors) 
**aaaaaaaoa ... to (m + n) factors 


Ccr. /. a"xa’*xa*’«'a"*+"+^ where w, n and p are positive 
integers. 

For a’“xa’‘-a*^" ; .*. a’"xa"xa**-a"*+"xa*’-a^”*+'*>+**-a*+•*+^ 
Cor, 2. (a**) -a"*, where m and n are positive integers. 

For (a**) ■■ o"* X a" X a*“ X ' • • to n factors 

to n Urm 

ma^. 


45. Applications of the principles established in the preced* 
ing articles. 

Example 1. Show that ( - a&)® ■■ . 


(-a»*-(-a6)x(.a&) 
•"(abjxiflb) 
•■axfixaxfe 
*axax5x6 
-Mx(56) 
-0*6*. 


Art. 41 1 
Art. 43 J 
Cor,, Art. 43 ] 
Art. 431 
Art. 44} 
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Bsaiiiirie2. Mxiltiply -6a^b* hj ia^b*. 

(-6a*6»)x(4a*6*)- -{(6a»6*)*x(4a*6*)f [ Art. 41 ] 

--}5xa»xj*x4xa»x6*} [Art.43] 

■ -j5x4xa*xa*x6*x6*} [ Oor., Art. 43 ] 

- - {20 X (a*o‘) X (&*6*){ * [ Art. 43 ] 

■■ - 20a*6*. [ Art. 44 ] 

E»unple 8. Simplify (-2a!*»*a)x(4a!*p’»®)x(-6!cp***‘). 

We have x (4»*y’«*) 

- - K2aj®i/*a) X (4a!®y ^**)} 

- -{2x®'S xp*x«x4x®*xy’ xa®} 

- -{2x4x*®x®*xp*xp’xax**{ 

- -{8 X (®*®*) X x (aa*)}- -Sas’y^'a*. 

Hence, the given expression 

“ ( - Sjb’p^^s*) X ( - Qaoy‘s*) - (8»’y®®s*) x {Qxy*z*) 

=8 X ®’ X xa®x6x®xy®xa® 

-•8x6x®’ x®xy^® xp®x*a®xa* 

-48 X (®’®) X x (a®a*)- 48 a!®y®*a*. 

EXERCISE 16 

Show that : 

1. (-a)x66- -6a6. (4a)x(-2&)- -8fl6. 

3. -7a!’x8«®--66a!®*. 4. (-26)x(-10o)-20o6. 

6. (-7o)x(-3a6)-21a6c. 6. 10x86-26x14. 

• 7. 16x76-6®x3». 8. (-a)®- -a®. 

9. (-a6)®- -a»6®. 10. (a*6®)®-a‘»6®. 

11. (-a®6®)®-o®6‘^ 12. (-(8)®--*®. 

18. (-4!B®p*)®-16**p®. . 

Multiply : 

14. 2®»yby -8a!®!/*. 15. -7tt®6®c by -Soto®. 

16. -5ai’^*V® by -8*®y®-®. 17. -12a!®p®a® by 13ai®p®a*. 

18. -14a!!/®a®by -10ai®p®a‘® 

Simplify : 

19. (-a!)®x(-2®v®)®x(*®p)®. 20. (-2a®)x(7a*6’)x(6a®6®). 

21 . ( - 6 ®®p*a) X ( 2 a*a!®p®) x ( - 4 if •a®»®). 

22. (-3a5*p)x(4ai/*a!)x(-»®a®i/*)x(2a*v). 
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46. Product of monomial expressions can be always found by 
the method illustrated in the last* article ; it is necessary, however, 
when dealing with more complicated cases of multiplication, that such 
products should be found mentally. Hence, the student must get 
thoroughly accustomed to this kind of mental work, for which an 
exercise is added below* 

r 

Example 1 . Write down the product of 3a;* and —5xy. 

(3a!*) X ( - 5asy) = - 15a!*i/. 

Example 2 > Write down the product of ~ and — Sab*. 

(-5a*6)x(-8a6*)-40a»6». 

EXERCISE 16 

Write down the product of : 

1. —2®* and 6 a!*. 2. 5a®6and —iah*. 

3. -3»»*«* and -7n*TO*. 4. Sx*y* and -6xy*. 

6 . — a* 6 *and — 3a*6®. 6 . 5mn* and “ 8 »n*n. 

?• —lOxyz* and —5!By*z'. 8 . 4x*y*z aad —Gxyz*. 

9. -6a!*p»a* and -8a:V«- 10 . - 6 a» 6 ®c’ and -5a»6*c*. 

11. 3x*yz* aad -S<ey*z, 12. -iahxy and —Sa*xby*. 

13. —7a*b*z* Sind —5abz. 14. 5a*®*y and — 12 a!*®*a*. 

15. -14®p*ann -5®*pa. 16. 2o6c® and -9o''t*c. 

17. -7a®®*!/ and -9®®i/a*. 18. - 8 ®®i/* 2 ® and -20!/®a*®®. 

19. 

20. -7a’’x*y*z* and - 162 *®*a*j/®. 

47. To prove that a(6+c)'''»a6+6c. 

Whatever b and c may be if a be a positive integer, we have 


a(6+c)—{6 + c)+(6+c)+(h+c)+ to a terms 

— to a terms) 

+(c+c+c + to a terms) 

— aft+ac. ... ••• ... (1) 


Hence, conversely, ; that is, if p and q be 

Co Cb Cb 

any two quantities and r a positive integer, then ^ ^ • (-4) 

^Every binomial expression can be put in the ‘form &+c. For instance, the 
exnression So;^ which can also be i^itten as (2a;*) + (-3y^) is of the form h+e, 
being regarded as 6 and - as c. .. 
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Next suppose a is a positive fractioui t.e., suppose where m 

and n are positive integers. 

Then, —(6 + c) ■■ m x [ by the definition of multiplication ] 

fh n • • 


^w(ft+p) 

n 

_ mh-¥m c 

n 

, me 
n n 


[ by (1) ] 
[ by M) ] 


( 2 ) 

n n 

Hence, from (1) and (2), for all positive values of a, we have 

a(6+c)"a6+ac. ••• ••• (3) 

Next suppose a is any negative quantity, i.e., suppose a* 
where x is any positive quantity. 

Then, ( - x),(b + c) « - [x{h + c)] 

--(cD6+a?c) [by (3)] 

thus, for any negative value of a also, we have 

a(&+c)»=a6+Sc. ... * W 

Hence, from (3) and (4), for all values of d, h and c, we have 
a(6+c)—a6+ao. 

Cor, /. Conversely, a5+ac*a(h+c). 

Similarly, xya^ + xyh^ « xy[a^ + h®). 

Cor, 2. Since 6-c-6+(-c), we have 

a(6-c)-a[6+(-c)]-a6+a{-c)-a6-ac. 

Conversely, ab — ac^a(6— c). Hence, 2aaJ—2ay**2a-(a;— y). 

Cor. 5. o(6+c+d)=»a{b+(c+d){-*ob+o(c+d)*a6 + ac + ad. 

Sjimilarly, a(6+c+d+e+/+*-)*ob+oc+fld+ae+a/ +••• 

Thus, when any multinomial expression is multiplied by a mono- 
mial, the result is the sum of the products obtained by multiplying the 
different terms of the multinomial by the monomial. 

Conversely, a6+JW/+od+(W+***“o(b+c+d+e+**’)» 
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Example !• Multiply 2a2)-3&* 6a&. 

6a6(2ai - 36*) - Ba^iab + ( - 36*H 

-6a6x2afe+6a6x(-36») 

-10a*6*-16o6*. 

< 

Example 2. Multiply !r*~3a!®+6aj*-6»+4 by -6®*. 

( “ 6®*)(** ■” 3®* + 5®* — 6® + 4) 

-(-6®*){®*+(-3®*)+6®*+(-6®)+4} 

- ( - 6®*).®* + ( “ 6®*)( - 3®* ) ( - 6®*)^®* 

+(-6®*)(-6®)+(-6**).4 

- -6®*+18®*-30®‘+36®*-24®*. 

N, B. The beginner is partieularly recommended to work otU at first each 
example in the method shown a6ov«, but after some practice he can safely do away 
with the intermediate steps and write down the result at once in the manner exempli- 
fied below. 

Ezamide 8. Write down tbe product of 

-4o*+5a®6-6a*6*-8o6“+96* and -3o*i*. 
-4a*-i-6a*6-6o*6* -806’' +95‘ 

-9a*b* 

12o“6='-18a*6''+ 180*6* + 24a»6‘ - 27o“6* 

Eaunide 4. Simplify 2®*(3® - 2) + 2®(2® + 3) - 6(® - 3). 

. We have 2®*(3®-2)— 6®®-4®*, 

' 2®(2®+3)"»4®*+6®, 

6(®-3)—6®-18. 

Therefore, tbe given expression 

“ (6®* - 4®*) + (4®* + 6®) - (6® - 18) 
-6®*-4®*+4®*+6®-6®+18-6®®+18. 

Examples. Simplify 3a(2a-d)-3a(a-6). 

Putting ® for 20-6 and y for a -6, we have 
3a(2a - 6) - 3o(a - 6) “ 3o® - 3oy “ 3o(® - y) 

• - 3o j(2o - 5) - (o - 6)} - 80(0 + 1) - 3a* + 3o. 

EXERCISE 17 

Multiply : 

1. 2®~yby“®. 2. a-264-3c by — So. 

8, 2®-3vby4®y. 4 2a*“36*“C* by o6e. * 

5. ®*y“2»y*--y* by -8®y. 6. 3o*6*-a6* -6o*+o*6by 76?. 
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^rite do\m the product of : 

7. 3o®*-4a!C*+6a® and “2a*. 8. “2»»*+3»»*w-5»»n* and 4wn. 

9. o*6c-6*ca+c*o6 and -o6c. 

10. x*-¥y*-¥z*-yz-zx-xy and xyz. 

11. -2c*d+3d»c-5cd*-4c*d* and. -6c*3*. 

12. 8a* - 6a*i + 6a*fc* - 4a6® and - 2a*6*. 

S implify : 

18. 7®*(®-2)-2®*(iE-3)-8a:*(l-2a!). 

14. ®*(y*-a*)+y*(a*-®*)+*»(®*-y»). 

16. 9®»(®®-2»®)+5p»(3®*+p*)+3y*(®»-10i/»). 

16. ®*(®“ + 2®* + 2®) - 2®®(®* + 2®* + 2®) + 2®(®® + 2®* + 2®). 

17. o®6*{a®6» -2a*l.* +2a*6)+2a*6»(a“6* -2o*6* +2a*f>) 

+ 2a*6(o*l>“ - 2a*6* + 2a*6). 

18. 2a*6*(2a*6* + 6o*6* +9o®6*) - 6a*6*(2a“6® + 6a*6* +9a*6*) 

+9o*6*(2o*6® +6o*fe* +90*6*). 

19. o*(2«“8y)+o*(3®+4tf)-o*(5®,-2y). 

20. If o“®*“y®, 6“y*-«® and c*= 2 *-®y, 
find the valnes of (i) a®+6p+c« ; (ii) cx+ay+bz. 

IV. Division 

> 

48. Definition. One quantity a is said to be divided by another 

quantity b when a third quantity c is found such that In other 

words, a+ 6 * 0 , when a— fixe. * ^ 

Thus, when we have x-^y^^z, and x-^z^y. 

When one quantity is divided by another, the former is called the 
dividend and the latter the divisor \ the result is called the quotient. 

49. Fundamental Propositions. 

(i) To prove that'a-i-6x6«-a. 

If we denote a-i-h by Xf we must have, by definition, 
xi^b^a. 

Hence, a+6x6«»a?xb«a. 

(ii) To prove that a-^b+c^a^^bc. 

We have (a+6+c) x x c x b 

-[i(a+6)+c}xc]xb 

•■(a^-b) X b [by the last result ] 

—a. 

Hence, by definitioui a+b-**c— a+bc. 
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That is, to divide any quantity eucceseively by two others is the 
same as to divide it at once by their prodMct, 

Cor, Hence, for each of them-«G+(6c). 

(Hi) To prove that -p. 

1 

Wo have g 


Hence, ax g ^ ^ | g ^ 

*axl«a ; 
Le., |ax g|x6«a. 


[ by (i) ] 
[Art. 43] 


Therefore, by definition, a-^b-ax g • 

Thus, to divide one quantity by another is the same as to multiply 
the former by the reciprocal of the latter. 

Cor, a+6xc«-axc+6. 


For a+6xc=axgVc 

*■ a X c X "g , 


[ Cor., Art. 43] 


and this latter «axo-i-6, 

50. Law of Signs. 

Since, ax(-fe)=-a&, 

by definition, (-a6)-*-(f« -& I 
and (-a5)+(-fc)*= a 1 
Again, since • ( - a) x ( - 6) « a&, 
a6+(-a)-a6 \ 


a j 


II • 
III 


and ,ab^ 

It is evident also that ab'^a^ 
and ab-^h* 

Hence, from I, II and III, we have the following law of signs in 
division : 

When the dividend and the divisor have the seme sign, the quotient 
is positive, and when they ham different signs, the quotient is negative. 
In other words, Uke signs produce + , and unlike signs - . 

51. Division of one monomial expression by another. * 

Let us examine a few particular oases : 

(i) Since 3a®ix6a®i*c«*16a*6*c, we must have • 

(15o®fe®c)+(6a«6M-3a*6. 
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Thus, if the dividend - Iba^b^c 

«3x6xa®xa*x6® x6xc, 

. and the divisor- 5a*6*c, 
we have the quotient -3a*6. 

(ii) Since ( - x ( - 3a®c*) - 6a^ 

we must have6a^*6*o®dH-(-2a^®fc*cd)*^ -3a®c®. 

Thus, if the dividend -6a^*6*c®d 

-2x3xa^®xa“ xj^xcxc* xd, 
and the divisor — -2a^®6®cd, 
we have the quotient - -3a®c*. 

(iii) Since ( - da^b^c^d) x (4b^c^) - - 2Cla^b^c^d, 

we must have (-20a®6®c®d)+(-6a®fe*c®d)-46®c^. 

Thus, if the dividend— -20a®6®c®d 

-(“6)x4xa®x6*x 6®xc®xc^xd, ™ 
and the divisor - - 6a®6®c®d, 
we have the quotient— 4i>®c\ 

Hence, from I, II and III, we are led to deduce the following rule 
for dividing one monomial expression by another : 

Take away from the dividend all those factors which make up the 
divisor and to the remaining factors prefix the sign +, or no sign, if 
the two expressions have the same sign, and the sign - , if they have 
different signs. 

Note. We fcaw o'***ra^ -(a* xa’)^a’=o* [-a**"’]. 

Similarly, a*°-ra®»a*\ and so on. Hence, generally,. 

o“-T-a"=a*””", where m and n are positive integers and mO n. 

Example 1. Divide 18m®n®p by 
The dividend 

«6x3xm® xmx»®xp. 

The divisor - - 6m®w*p. 

/. The quotient— -8w. 

Example 2. Divide -24a^&®c by -6a®&c, 

The dividend — -24a'^6*c 

-(-6)x4xa*xa*x6x6*xc. 

The divisor— -6a® 6c. 

The quotient -4a®6*» 
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Divide : 

1. 16®* by -4®. 2. -18®® by 6®®. 

3. -20a^®® by -5a®®®. 4. 36®^®y® by 12®®i/*, 

5. — 14a*5®c by — 7a*5c. 6. — by 10p*‘®5®r®. 

7. -70®^®y®£rby -^4®^®y^ 8. 64a^®6^c® by -8a®6^o*. 

6. by 27w®»®p*, 10. by -23a®&*c^. 

11 . 25®®®2/®a® by - 6 ®^®y 2 ®. 

12. -42a®*®®®y®;0® by -14a^V®y®;». 

13. a^®^ by a®^ 14. 28®®<>® by -4®*®^ 

13. 667»®o’ by -8m®®®. 16. -91a^®®6®°® by 13a®'^6®®. 


52. Division of a multinomial by a monomial. 

Prom Cor. 3, Art. 47, we have 

a(5+c+c2+e+/ + “*)=a6+ac+ad + ae ■ha/ + 

Hence, (afe+ac+ad+afi + '*0“*‘a“6+c+d+c + 

-» (ab a) + (ac a) + (ad + a) + (ae + a) + 

Thus, io divide a multinomial expression by a moTumial we have to 
divide each term of the dividend by the divisor and take the sum of those 
partial quotients for the complete quotient. 

Example 1. Divide 4 a®®®- 6a®®* + 10a®* by -2a®. 

rnL* • j I.* A 4a*®* — 6a®®® + 10a®* 

The required quotient— 

^ 4:a*®® "-6a®®* IQg ®* 

*- 20 ®*^ -2a® -2a® 

« - 2a®® + 3a®® - 5®*. 


Example 2. Divide 9®* - 4®*a - 2®*a® by 3®*. 

mi • j A- A 9®* — 4®*a — 2®*a* 9®* — 4®*a — 2®*a* 
The required quotient 

3®®-|®a-i 

Note. After a little practice Die student can safely do away with the (inter* 
■mediate) step in each ease and write doton the quotient at once. 


EXERCISE 19 

Divide : a 

U 3a*6*-2a®6» by a® ft®. 2a»6-3a6» by -oft. 

^ 6a*6®-9a*6* by 3a^b*, 4. >^12®*y®-9®*y by -3®®y. 

14®^i/*-21®*y^ by -7®V^»sJf 4m»® -12w*»*+ 16m *n by 4mn. 
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7. -3a*a!*+6a*a:*-9o*®* by -3a»!»». 

12»‘-8»*o*+20cw!* by -4aM 

9. I0»»*n*-16»»’n»-20m»n*by6»»»n*. 
yiO. 8p*g*-Sp»g‘-3p’q* by -8p*9*. 

U. -14®V+21a!‘V-28a!»»*by7«V. * 

^•-12. 16a*®®-30a’«®-46a*«* by 20a*a*. 

-60®*a»-75®"a*+80»*a* by -20®*a*. 

14. 125»»®«*p*-176j»*n*|>*-200»»*»*p* by 26»»*n*p*. 

15. ~a*b*o*x*y*z’+2a*b*o*x*y*z*-3a*b*e^x*y’z* 

by - a*b*o*x*y^z*. 

MISCELLANEOUS EXERCISES I 

1. What number will represent ai^ interval of 5 hours (i) if the 
unit of time bo half an hour ; (ii) if the unit of time be 10 hours ? 

2. If X stands for 17 and y for 25 what does x y denote ? 

3. Define “Go-efiScient". Distinguish between a nmurical 
oo-efiioient and a Uteral oo-efficient. 

What are the co-efficients of a?® in 15a?®, 2a®®, 7afe*®® and Ifyn^pqx^ ? 

4. Distinguish between Jab and Jab. Find thd value of 
Jdb^Jab, when a-9, 5-4. 

5. If a distance of half a mile to the north of a place be represen- 
ted by 40, what will represent a distance of 11 yards to the south of it ? 

6. State the result •when a negative quantity is added to a positive 
quantity. Hence deduce that + ( - 6) - - 6. 

7. Define subtraction. Hence deduce that 4-6- -2 and that 
5-(-3)-8. 

8. Arrange the following numbers in descending order of magni- 
tude : 2, 5, -3, 7, -8, -1, 9, -4. -12. 

n 

1. If a-4, 6-5, find the values of : 

(i) a5-ax5 ; (ii) 46-a& ; (iii) 74-7a ; (iv) 86-85. 
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2. Wbat does mean ? Distinguish between and n^. Find 

the value of -4a®6+6a*6* -4^* when a"7, 6*=6. 

3. What is the relation Tetwsen a and each of the following: 
?/a, i/a, i/a and Va ? 

Find the value of ^/a*-3d x S/5^c®-2e, when a«8, 6«7, c-6, 
d»5ande«L • 

4. What is meant by the absolute value of a positive or a negative 
quantity ? Illustrate this by an example. 

5. Add together 3x^y, -19aj®y and llx^y \ and find the 

numerical value of the sum, when aj«4, y «6. 

6. Write down the sum of 16®*, -8®y®, 24 ®^ 2 /®, y^ and -32fic®y ; 
and find its numerical value, when ®»4, 

7. Subtract 4a - 13h - 25c from 175 - 12c - 19a. 

8. Simplify 3® - {iy + {22! - (® - 5|/ + 32!){] - (3® - 7i/). 

Ill 

1. Express algebraically the following statements : 

(i) The result of multiplying the sum of a and 5 by c is the same 
as the result of dividing ® by the product of y and z, 

(ii) The square of the sum of ® and y is the same as the result 
of adding together the square of ®, the square of y, and twice the product 
of X and y, 

(iii) If the cube root of the result of subtracting n from m be 
divided by the product of the cube of m and n, we get a quantity which 
is le6s than the sum of the square roots of x and y. 

(iv) Since a is greater than 5, therefore three times a is greater 
than three times 5. 

2. A, B, C, D, E, F, G are a number of successive points on a 
straight line such that the distances AB, BC, CD, DE, EF, FG are 
respectively 3, 4, 6, 8, 5 and 7 inches. If DO be represented by 3, what 
numbers will represent DB, DE, DF, DA and DG respectively ? 

3. State the result when one negative quantity is added to another. 
Find the sum of -a®, -3a*5, “3od*, -5®, when a-6. 5*4. 

4. Show by a numerical example that when any number of quan- 
tities are added together, the result is the same in whatever order the 
quantities may be taken. 

^ 6- If a*16, 5*30, c*6, d»l, find the value of 
(a - 5)(6 >/a - 5) + Vte-5)(c+d). 

6. If a»i, 5“|, prove that 

-«* -«*6+«”6* “oi* +i‘. 
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7. Add together 3a**+46tr-®*+10, 2®*“6a*-15+6fcc and 
21-96c-4a*-10a?*. 

8, SimpUfy a-[6i>-fa-(3^-^)+3«-(a-26--«E 

IV 


1. If a*9i find the value of : 

(i) V49-V4a; (ii) ^/4?- ^42. 

2. Show by a numerioal example that when any number of quan- 
tities are added together, they can 1^ divided into groups and the result 
expressed as the sum of these groups.* 

3. If a«2, c-4, find the value of 

a+b-c^b+c-a^c+a-b 

4. Define an Algebraical Expression, Distinguish between a 
simple expression and a compound expression. 

Is 42ab®‘ a simple or a compound expression ? Give the names 
with illustrations of the different classes of compound expressions. 

5. If ®-2, y-3, a«6, b“5, find the value of 

+ y)* + Vte + - 2®) + \lx\]b - 

6« A certain sum is divided between A, B and 0 ; B receives 
a pounds more than A, and C receives b pounds more thabB; if A 
receives ® pounds, find an expression^'for the whole sum diiKded. 

7. Add together a*- 3flb- if b®, 2b “-|b®+c*, ab-fb®+b® and 
2ab-ib®. 

8. Beduce to its simplest form 


V 

1. What is meant by . the dimensions and degree of a product ? 
What is a Homogeneous Expression 7 Write down two trinomial 
homogeneous expressions, one of six dimensions and the other of seven. 

2. If you were asked to find the value of the expression 
axb-c+dxe+/+gli, how would you proceed ? 

3. Define /oc/or. What are the simple factors of 2ab(n'f b) ? 

/ 4. ,hi a»4 and ®«2, find the numerical value of 

* . 2a®® 6Va® 29®® . 

. # (a-®)® '"2%^+ 4®" 64«* 

1—4 
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5. Find the value of (aj®-7aj*+6a?+5)+(-3aj+a®*+4+6®*) 

+(-ll-4flj*+2a;-7aj*)+(9jc®+2+6»®-4a?), when a;«6. 

6. Prove that a-(5-c)-a-6+c. How is this generally proved 
when a, b, c are all positive •quantities and a is greater than b and b is 
greater than c ? 

7. Simplify 2® - [(3iB - %) - {(2® - 3i/) - (® + 

8. When is ope number said to be multiplied by another ? From 
the definition deduce the result when -8 is multiplied by -4. 

VI 

1. Define the power of a number, and the index of the power ; 
and illustrate them by a numerical example. 

2« If a >■16, h«10, ®a5, find the numerical value of 

/ (a - y) »j2itbx + ®“ + ^/(o - ®)(6 + y). 

3. Show that a® + 6® + c* - Babe « (a + 6 + c)(a® + 6* + c® - a6 - oc - 6c) 

(i) whena-3i.6«4, c-6; 

(ii) when a-1, 6-f, c«l. 

4. State the propositions from which the following result may be 
deduced 

a—6+c— d+s— /•(a+c+e)+(— 6— d— /), 

5. Illustrate clearly by an example that 40-(-15)»65. 

6. Find^ the numerical value of the sum of lx^-2l5tjyz+z^, 
19>/ys-3«^-12®® and 2s^+5®*+7Vy^. when ®-»17, y«16, 2-15. 

7. State the operations indicated by the expression 

5a-[46-l3c-(2d-7c)}]. 

8. h'ind the value of 

[(a® + 6® + c® + d® ){a + 6 - (o - a){ + X 

ifl*-(6*+c®)+d®}, when a-4, 6-3, c-2. d^l, 

VII 

1. Distinguish between ; 

(i) a+6o and a+6xc ; (ii) a* and 4a ; (iii) Bja and IJa ; 
(iv) ^/a+6and Ja^b\ (v) ^06 and Jab. 

2. If a— 1, 6-2, 0-3, d— 0, find the value of : 

i.\ a^6+6*c+c*d+d*a 

W (fl + 6)(o + d) - {(g - d) + (c - ' 

' (ii) V6“a® + ?/4(c-a)-1i^l(8a+66+3c -^^^ 
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8. Show that the expreaaipos 

(a+6+c)*+a* + 5®+c®, (a+i^®+{6+c)®+(o+a)®+6aJ(j and 
2a®+36®(a+c)+26®+8o*(a+ft)+2o®+3a®(5+o)+&i5e are equal to one 
another, 

(i) when a«2, 5*3, o-4 ; . * 

(ii) when a-7, 5-4, c-1. 

4. Simplify : (i) 1 - [1 - {1 - (1 - 1+5)}] ; 

^ii) 3a-(5-2c)-|a+o-(3a-5-2c)}-(2a-35+4c). 

6. Express algebraically the following statements : 

(i) That the product of the sum of the two numbers multiplied by 
their difference is equal to the difference of the squares of the numbers. 

(ii) That the square of the sum of two numbers exceeds the 
sum of their squares by twice their product. 

6. Find the value of 

17a-65-[7a-35-{4(a-5)-(2a+35)H, when a-39, 5* 52. 

7. If F*6a+45-6c, X*.-3a-95+7c, 

r*20a+75-6c. .^*13a-65+9c, 

calculate the value of F-(X+ Y)+ J?. [Mad. U. Matric., 1883.] 

\ 8* From the sum of a-45+io-id, -io+Ja-i5+d, id- J5+o-a, 
4a-fd+5-Sc and 8a-65+3o-4d subtract W^+|c“Vd. • 

yiH 

1. Prove that ax5*5xa, when a and 5 are any two positive 

integers. • 

2. If M stands for a(m+n) and N stands for bim-n), find the 

values of ~+ ^ and 

a 0 ck 0 

8. In the identity c(a+5}*oa+c5, substitute : 

(i) m+n for c and find the value of the product (m+»)(a + 5) ; 

(ii) a+5 for <? and evaluate (a 4- 5)®. 

4t Simplify : (i) x{y-z)+y{z-x)’\rz{so-y) ; 

(ii) 

^ ' yz zx xy 

5. Prove that 

^/i) a**-<-a**a**“**, where m and n are positive integers 
and n ; 

and # \(ii) a"i-5+c*a+c+5*a+5c. 
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^ 6. If a^^-yz-ex, b’^Syz-ay-zx and c^^Szx^-xy^yz, 
find the value of 

xyz 

7. Multiply }a»i»'>p'»®«p'»A*+3^®»®h'*c'‘a:*y*«* 

+ by 24a*6*c’**p*a*. 

8. Divide ffl"OA^»c*'’®«i/'<»AS+Vo^*fc* W®»V* 


OHAPTEE IV 

SIMPLE FORMULA AND THEIR APPLICATION 

• 

53. Definition. Any general result expressed in symbols is 
called a formula. In other words, a formula is the most general expres- 
sion for any theorem respecting numerical quantities. 

64, Formula •(a+6)®-'a®+2a6+6*. 

^ [ (a+6)*“(a+6Xfl^+&)“^(® + 6)+6(u + &) 

, “a® + 2flt6+fe*. ] 

That is, the square of the sum of any two quantities is equal to the 
sum of their squares phis twice their prodmt. 

Cor. (a® + 2ah + h*) - 2ab ■» (o + fc)* - 2a&. 

Example 1. Find the square of 2a;+ 3i/. 

(2x + SyY «* (2a;)® + 2(2a;)(3y) + (Sy)® « 4® ® + 12®y + 9y®, 

Example 2. . Find the square of 6® +4. 

(6®+4)»«(6®)®+2(6®). 4+4®-26®® + 40®+16a 
Examples. Find the square of 4a®+7h\ 

. (4a« + 76*)® « (4a®)* + 2(4a®X76*) + (76*)® - 16a® +66a®6* + 496®* 
Example 4. Find the square of a+6+c. 

(a+6+c)®«la+(6+o)}®, [ regarding 6+c as one tsrin ] 

■■a* + 2a(6+c)+(6+c)® 

■■ a® + 2a6 + 2ac + 6* + 26c + c* 

■I a® + 6® + 0 ® + 2a6 + 2ac + 26c. 
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Bzann^S. Find the square of af6-fc+<f. 

. i(a+6+c+d)**"K*+6)+(c+d)}*« [ regarding «+ 6 as one term 

and c+<2 as another ] 

-(a +6)® +2(a+6Xct<f)+(tf +<f)* 

(a* + 2a5 + 6*) + ^ac + od + 6c + W) + (o® + 2od + d*) 

■=• a® + 6 ® + c ® + d ® + 2a5 + 2ac + 2ad + 26o + 26d.+ 3ed . 
finuaplee. Simplify 

(a+6—o)® +2(a+6— cXa~6+c)+(a—6+c)*. 

Patting X for (a+6-c) and y for (a-6+c\ we have the given 
expression =x*+2xv+y*=(x+y)‘ 

“|(a+6“'c)+(a— 6+c)}® 

••(2a)®*-4fc®. 

Example 7. Find the value of 9a:®+30a:j/+25i/®, when x—16 
and p — -9. 

Thegiven 6xpression“(3a!)®+2(3»X5v)+{6v)*“{3®+5p)®. 

But 3a!+6p-3xl6 + 5x(-9)=45 - 45 -0, 

The given expression “0. 

EXERCISE 20 

Mad the square of each of the following expressions : 

1. x+4. t 2. 3a+^ 3. x+2!/. 

4. 2®+7y. t-- 5. 3a+46. 6. 5a+76. '■ 

■ 7. ay +36®. v 8. a®+26c. ft. 3a!®+2y®. 

• , 10. 4*®+y*. is^. a+26+3c. 12. a6+6c+ca. 

15. 2p+3q+4r. , 14. »*+y®+«®. 16. 2!C+3y+4x. 

16. /®®+y^+s*.’ 17. ®+v-l^a+36. v 18. 3a+46+c+2d, 

19. 2a+®+4y+3s. 20. (4TO+3»-j)^ +25.11^ 

Simplify : . 

21. («+y)®+2(®+yX«“y)+(®“y)®. ^ 

22. (®-tf+s)®+(y+xt-«}®+2(gr-y+«Xv+«~®)* 

28. (2a - 36 +^)® + (2a + 36 “ 4c)® + 2(2a - 86 + 4oX2a + 36 - 4c). 

24.1 (6a-76)®+2(6a-76)(96 - 4a)+(96-4d)*. ' 

2y (2®-6y-3*)®+(6y+3c-®)®+^2af-6y-3sX6lf+3*-«). 

^^ftind the value of : 

9»®+12*+4, when®--l. 27. 16®* +64® +64, whim '•2. 
28. 98h»® +40mn+ 16»®, when - 18 and »V28. 
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29. 49a*+56a6 + 162>*, when -7 and 5*13. 

80. 64a®+16ac?+c®, when a*6and c* -49. * 

81. + when and e* -67. 

82. 86p* + 132pg + 121^*, w£en p * 12 and g * - 7. 

88. If«+--4, show that w*+(-)*-14. 

vn ymj 

56. Formula (a-6)®-a»-J2a6+&*. 

[(a-6)®*(a-6XG-5)*a(o-fc)-6(o-6) 
“a*-2a5+6*. ] 

That is, Die square of the difference of any two quantities is equal 
to the sum of their squares minus imce their product. 

Note. This formula is virtually included in the formula of the last article^ 
For, (a-6)*-{a+(-6)r«a» + 2a(-6) + (-b)»«a»-2ab+6*. 

Cor, /. a* + 6*-(G*-2a5+5®)+2a5*(a-fe)® + 2a5. 

Cor. 2. Since (a+fe)**a®+2a5+5®, 
and (a — 5)* * a* — .2a5 + 6®, 
evidently we have 

(a+fe)®*(a-6)®+4afc and (a-5)®*(a+5)*-4a6. 

Example 1. Fjnd the square of 3a -45. 

‘ (3a - 45)* « (3a)* - 2(3a)(45) + (45)* 

' -9a*-24a5+165». 

c 

Example 2. Find the square of a;- 

(® - j/ - z) * -ij® - (y +*)}•- - 2a!(p +«)+ (p + s) * 

— ®* - 2»v - 2irz + y • + 2y« +*• 

“*• + y * + z* - 2a!y - 2!rz + 3yz. 

Example 3. Find the square of 2® - 3y - 4z. 

(2® - 3y - 4z)* - {2® - (3y + 4z)* 

- (2®)* - 2(2®X3p + 4z) + (3y + 4z)* 

— 4®* - 2(6®y + 8®z) + K3y)* + 2(SyX4z) + (4z)*t 
— 4®* - 12®y - 16®z + 9y • + 24yz + 16z* 

— 4®* +9y* + 16z* - 12*y - 16®z+ 24yz. 


Example 4. Find the square of a-b-e+d. • 
(o-i-c+«i)»-{(o-fc)-(o-d)}* 

- (a - fc)* - 2(0 - fcXc - <*) + (o - <*)•' 

- (o* - 2o& + fc*) - 2(ac -od - 6e + M) + (c* - 

-2a6+&* -2oc+2o(i+26o“2M+c* - 



^* + 6* + c* + d* - 2o6 - 2ac + 2od + 2&C - 2M - 
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Example 6 . Simplify * 

{ax - + c;s) * + (a® - - cz)\ - 2 (a® - 61 / + 6 z)(ax cz)* 

Putting m for (ax-by-^cz) and n for iax^^hy^ez)t we have 
the given expression ■» w* +n* -• 2 wn'“(w - w)* 

"•{{ax-hy^ cz) - {ax by -cz )f ® 

“(Sics)®— 4c*s®.* 

Example 6 . Find the value of 9a®-'48a5+645®, when a— 16 and 

6 - 6 . 

The given expression - (3a)® — 2(3a)(86) + ( 86 )® — (3a - 86 )® 
“(45-48)*“(-3)*-9. 

EXERCISE 21 

Find the square of each of the following expressions : 



«-3 

I. 

2 . 

2aj-5: 

8. 

3x-6y. 

..4. 

o®- 

by. 

' 6. 

8m -§n. 

6. 

1 

1 

7. 

p>- 

mn. 


x^y-xy^ 

9. 


10. 

3a* • 

-66®. 

11. 

^xyz^abc. 

12. 

x^yz^y^zx. 

13. 

a*®* 

-b^y*. 

14. 

a-26-2c. 

16. 

1 

1 

^^16. 

3»»- 

■4«-6q. 

17. 

a® -86® -6c®. 

18. 

x-y-a*-b. 

/19. 

f 

1 

CO 

1 

20. 

90 -iL 

21. 

120-8. 

22. 

600* 

- 2 . 

28. 

1000- 7. 




Simplify : * ^ 

24. (a+36)*-a(a+86)(a-36)+(a-8fc)*.- ^ 

26. (2a'“46+6o)*+(2fl+46+6c)*— 2(2o~4&+6cX3o+46+6c). 

26. (3a + 66 + 7c)* + (7c - 4a + 66)* - 2(3a + 66 + 7c)(7e - 4a + 66). 

27. (2®* -V* -6c*)* -2(2®* -»■ - 6c*K6c*+2®* - v*) 

+ (62* +2®*-!/*)*. 

28. (06 - 6e + oa)* + (06+ 46c +2ca)*--2(cs6- 60 +ca)(a6+ 46c +2ca). 
Find the value of : 

29. a*6*-12a6c+86o*, when a—d, 6«7 and c-6. 

80. «*y* -24®yc +1442*, when ®“7, y^9 and 2—6. 

J . 26(«+y)*+2*-102(»+i/), when *»47, y-«,-22 and 2->129. ' 

. 9e*-42c(a+6)+49(a+6)*, when a- -87. 6-67 and c-46. 

. 64(7p-5g)* -96(7i»-6g)f +36r*, when p— 28, ?-82 and r-46. 

'^84. If c- i-4,Bhowthatc*+(i)*-18. 
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68. Pormnia 

[ (ffl+6X«-6)-a(a-6)+6(«-6) 

That is, (he prodmet of the atm ani difference of any two quaatitiee 
is equal to the difference of their squares. 

Note. Conversely^ o* - 6* *■ (a + 6)(a— 6). Hence, we can always find the factors 
of m expression, which is of the form a* ~ h* 

[ When one e^ession is the product of two or mare expressions each of the latter 
M called a factor of the former .] 

Example 1. Multiply 3a;+6y by 3a;-5y. 

(3«+6y)(to-6y)-(3a?)»-(6y)*-9a?*--26[/®. 

Example 2. Multiply a+fe-c by a-6+c, 

{a+6— o)(a-6+c)*»{a+(i— 

- (fc® - 26c + (?*) - a® - 6® + - c® . 

Examples. Multiply a5®+a;y+|/® by (»®-®i/+l/®. 

(«* + fljy + i/®)(aj* - ajy + 1^®) - f(«® + y^) + xy\\(x ^ + y ®) - xy\ 

^ “(»®+y®)*-(a?y)* 

• -jc* +2a;®y® + “a;®y® - a;* +aj®y® + y*. 

Example 4.^ Simplify (a ® + ah -Kt®)® - (a® - a& + 6®)®. 

The given expression— ((a®+a6+6®)+(a®-a64-6®)f 

, X |(a® + aft + 6®) - (a® - aft + 6®)f 

-(2a® + 26®)x2a6 

V - 2(a® + 6®) X 2a6 ■■ 4a6(a® + 6®). 

Examples. Find the value of (9726854)® -(9726849)®. 

The given expression - (9726864 +9726849)(9726864 -9726849) 
-19463703 x 6-97268616. 

Example 6. Resolve into factors (a + 6)® - (c - cf)®. 

The given expression - j(a+ 6) +(c-(i)H(<»+ 6) -(o-i)j 
— (a + ft 4- 0 — d)(n + 6 — c + d) . 

Example 7. Resolve into factors 16a*-81a?\ 

The giyen expresaion-(4a®)®-(9a?®)® 

, -(4a®+9x®X4a®-9x®). 

Again, 4a* - 9aj® - (2a)® -(Sa?)® - (2a + 3a?)(2a - 3ar), 

'Hence, the given expr.-(4a®+9a?®)(2a + 3®)(2a-3a;). 
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EXERCISE 22 


Afultiply together ; 

iC+S and 09-3. 

3. a) +20 and a; -2a. 
OOT+n* and am-n*. 
aj*-2y» anda;*+2va. 
aj + 1, a! — 1 and as* + 1. 
a+5+o and o+5— o. 


4. 

6. 

8. 

to. 

12 . 


7. 

9. 

13. m*+ww+n* and w*-mn+n®. 

SU^ a:*+2flj|/+2i/* and aj*-3af2/+2i/*. 
yJJBl? ax-by+cz and ax + by--cz, 
-~ax+by+cz and ax-hby-hcz. 
b^m--c^n^a^p and b*m-^e^n--a^p, 
a»-8&®+27(;« and a«+8ft«-27c». 
a*®* - 20 ® +2 and a®a!* + 2aa?+2. 
a^aj^-a*rc* + l and a^«*+a®fl5® + 1. 
w*+ >/2.wn+n® and m*- V2.wn+n*. 
V2fl! + 1, aj®+ J^x^rX and ®*-l. 


5a;-Kl3and6a;-13. 
ax4-by and ax-by, 
xy-hyz and xy-yz. 

and xy^ri^ 
a* + fc®, a® - 6® and a* + b^. 
a^b^ro and a--b~o. 




17. 

18. 
19. 


?s«t 




simplify : 

'w>28. ■(a+6-c)*-(a-6+o)*. • 24. (a-25+3o)l-(a+26-3c)®. 

■26. (a!*+a!y+y*)*“(®*~®y+tf*)*- 
■ 26. («+i/-a+5)*-(aj-y+a-5)*. 

:27. (2a+36-5c+7<i)*-(2a-36+6c-7d)*. 


Find the value of : 

28. 2346x2346-2343x2343. - 29. (63497)* -(63487)* 

30. 498667 x 496667 - 498662 x 498662. 

Resolve into factors : 

/31. 26a!* -36. 82. 9a*-16(j*. . 88. 16»»*-49»»». 

34. 4ip*-8l9*. 85. a*a!*-646*. 36. 36ai*-121y*, 

37. 49 - 64d*. 144c* -26d*. *.^89. (a+6)»-o». 

40.| (a+26)*-26c* 41. 4ai*-(3a-46)*. 42. a*-(26-3c)®. 

48i a*-81ft*. \4<r (a!-y)*-(a-i)*. 45. 81ai*-e26p*. 

<4a+76)*-(3a-86)». 47. (3a!+6y)*-(2a!-7y)*. 

'My (a+26-3o)*-(a+6-c)*. 49. (2»»+3n-6p)*-(2»+3p)®. 

v80. (8*-4v+7a)*-(2a!-3y+6«)*. 
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67. Formula *(<i+6)*-a*+5a*ft+3c5*+5*, 

• or, •a*-¥b*-^3ab{a’¥b). 

[ (a +.5)* -(a+5Xo+ 6)* “(o+feKa* +2o6+6*) 
«=a((a*+2a5+6*)+5(o“+2a6+i*) 
“<i*+3o'*5+8o6* + 5* ; 

and this lattor-a*+3o6((»+‘5)+6®-o* + 6«+8a5(a+6).J 
Cor, a* + 6« - {a» + 6* + 8a6(a + 6)} - 3a6(ffl + b) 

-(a+6)*-3o6{o+5). 

Example 1. Find the onbe of 3a + 65. 

(3a + 66)« - (3a)» + 3(3o)®{66) + 3{3a)(6i)* + (65)* 

" 27a* + 3(9a.*)(66) + 3(3aX255“) + 1255* 

-27a* + 136a*6+ 226a5* + 1255*, 

ExamiAe 2. Simplify 

(« - f)* + (ic +»)* + 3(® - y)*(a!+ y) + 3(® + y)\x - yf. 

[0. U, Entr. Paper, 1876.] 
Putting a for x—y and' 5 for x+y, we have 

the given expression — a* + 5* + 8o*5 + 35*a 
-a*+3a*5+8a5*+5*, 

and -(a+5)»-{(!r-»)+(a!+p)}*-(2a!)*-8!r*. 

Example 8. If a+5— 6 and a5^6,find the value of a*+5*. 

We have a* + 5* - (a + 5)* - 3a5(a + 5), 

and by the given condition 

-6*-3 x 6 x 6-126 - 90- 36. 

Examples If a!+^— p, show that®® + |ij*— p*- 3 p. 

Since, o» + 5*-(a+5)*-8a5(a+5), 

Hence, the leqd. value— p* -3p. 

Example 6. Find the onbe of p + g + r. 

(p+g+r)*-{(p + g) + ,|« 

- (p + g)* + 3(p + g)*r + 3(p + g)r* + r* 
-(p*+3p*g+3pg*+g*)+3(p*+2pg+g*)r+3(p+g)r* ,r^ 

- p* + g* + r» + 8p*g + 3pg* + 3p*r + 8pr* + 3g*r + Sgr* + 6pgr, 
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Example 6 .- Find the- value of «*+ 9 !E*y'# 2 T®v*+ 27 y*, when 
and p— - 2 . 

The given expreBBion>“a!*+ 8 a!*i[ 3 y)+ 8 !B{ 3 y)*+( 3 p)*“(®+ 8 y)* 


EXERCISE 23 


Find the cube of : 


1. »-l-3. 

6. **-l-2y. 
2*4-31/+ 


2 . 2 *+l. 
6 . xy+yz. 
. viO. **+!/*. 


8. 3a+5. 

sJH^a*b+o*d. 


4 . 4*+3y. 

8. o-+6+2c. 


Simplify : 

41. (3»» + 6»)* + 3(3»» +6n)*(2»?i — 6n) + 3(3»» + 6»X2m - 6»)* + (2w - 6n)*. 
12. (3*^l8y)*+(9y-2*)*+3(*+!/)(3*-8i/X9y-2*). 

18. (3a - 75)» + (106 - 3a)» + 96(3a - 75X106 - 8a). 

14. (6* - 2)* + (3 - 4*)® + 3(* + 1X6* - 2X3 - £e). 

16. (3 - 7*)® + (8® - D® + 8(8* - iX8 - 7*)(* + 2). 

16. (a - 6 + c)® + (a + 6 - o)® + 6a|a* - (6 - c)*l. 


f, 


via 

W If a+ show that + “18 


Find the value of a® + 6 ® : 

'17. When a+ 6"6 and a6‘“7. 


.8 ^hen a+6'“7 and a 6 » 8 . 


4^0. If *+ ^ “itfind the value of + 


Find the value of : 

21. «®+6«*+12«+8, when*- f2. 

22. »®+12»®+48»+64, when*- -5 

28;. 8a®+36a®6+64a6®+276®, whena“ -3 and 6 - 2 . 

.24. »®+18**+108*+351, when*-“ll. 

26. If »+y- 6 , ehow that «®+y®+16*y— 126. 

26. If a*+5®-c®, show that o* + 6 ®+ 3 a® 6 ®c®-c®. 

27. If p+g— 2, ehow thatp®+ 3 ®+ 6 pg— 8 . 

68. Formula (a-6)*—«*-5a“6+5a6*-8*, 

I or, — tf*— h*“Jffl6(<i-6). 

^ [ (o- 6 )®-(o- 6 )(o- 6 )®-(a- 6 )(a»- 2 a 6 + 6 ®) 

- o(o® - 2 o 6 + 6®)-5{o® - 2 a 6 + 6 ®) 
-o®-3o®6+Sa6®-6®; 

and this latter-o®-3o6(a-6)-6®‘vo®-6®-3o6(a-6). ) 
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Cor. a* - 6* ■« {a* - 6* - dab(a - fcH + 3a&(a - b) 

“(a-ft)* 4-3a6(a-6). 

Example 1. Find the sabe of 3x-4^. 

(3® - 4ir)» -(3®)* - 3(3®)*(4y) + 3(3®X4tf)» - (4y)* 

-a7«» -3(9®*X4tf)+3(3®)(16tf*) -64j/» 

■•27®® -108®*y +144®j/* 

Example 2. Find the cube of a- &-c. 

.(a-*-c)»-f(a-6)-cP 

-(a - 6)» - 8(0 - b)*e + 8(a - 6)o* -c» 

- (a* - 3a®6 + 3a6* - 6®) - 3{o® - 2a6 + b*)e -J- 8(a - 6)o* - o® 

- a® - 6® - 0® - 3o*h + 3o6* - 3o®c + 800® - 36® c - 3 Jo* + 6060. 

Examide 8. Find the value of 27®® -64®* +86® -64, when **»2>. 
The given expresBion-"{3®)® -3(9®®).2+3(3®).4-8-66 
-(3®-2j®-66. 

Henoe, the reqd. value •(7 -2)® -66 •■125 - 66 “69. 


' EXERCISE 24 

Find the* ouJ>e of : • 

®— 2. 2. 2®— 1. 3. 2— 3a. 4. 3— 4a. 

5. 2a-86. 6. ,6m-4». 7. 2®-6». 8. 2a-6-c. 

9. 2b-3v-^. JOT p®-q»-r*. 

Simplify : *• 

11. (a + 26)® - 3(0 + 26)»(o - 26) + 3(o + 26Xo - 26)® - (a - 26)®. 

12. (3®-8i/)® -(2*-7y)® -3(3®-8yX3®“7y)(®-v). 

18. '(6®-8)®-(3®-8)®-6®(6x-8X8®-8). 

Find the value of : 

''I4. TO®-12»»*»+48»»»*-64»®, when m“12 and n“3. 

l^-27o®-135o®+ 2260 -126, when o-4. 

JIfi, 8 - 9a + 27a® -27a®, when 0“3. 

^7. 216-144®+108»® -27»®, when ®“3. 

18. Ifta- ^ “3, find tiBe value of 
If 0- ^ “6, find the value 
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. 20i If «-F“S, show that a!®~i/**9!By“27. 

21. If p-'2g»4, Bhowthatp^-Sg'-Slpg^&l. 

22. If 2a-3h-6. show that 8af-27&'>>g0ah-125. 

69. Fomida (o+6)(a“-ah-tft*)“«*+6*.‘ 

[ (o + 6Ka* -ab+b*)-a(a>-ab+b*)+Ha*-db+ 6*) 

- (a» - a»6 + ah*) + (o*6 - ah* + 6») 

-a* + h».] 

Note. CoHeen»ly,a*+b***[a+b)(a*~ab+b*). ffenee, w» can always re»oU» 
an expression into /actors when it is of the form a* + 5*. 

Sample 1. Multiply ' ®* - ®* + 1 by ®* + 1. 

Patting a for a* and h for 1, we have 

iB* -a* + l-(a!*)* - a:*.l + 1* = a* - ah + h*. 

Henoe, (®“ + 1)(«* - ® * + 1) - (a + h)(a* -• ah + h*) 

-a»+h* 

•<«*)» + 1 *-®*+!. 

Example 2. Multiply 9®*-12®+16by 3®+4. 

Putting a for 3® and h for 4, we have 

9®* - 12®+ 16 =(3»)* -{3®).4H;4* 

“a®-oh+h*. 

Henoe, (3® + 4X9®* - 12® + 16)^* (a + hXo* - ah + h*) 

-a’+h*-(3®)®+4» 

-27®* +64. , 

Examples. Multiply 16a*-20ah+26h* by 4a+5h. 

Putting ® for 4a and y for 6h, we have 

16a* - 20ah + 26h* - {4a)* - (4aX6h) + (6h)* 

-»*“®p+y*. 

Henoe. (4a + 6hX16a* - 90ah + 26h*) 

— (®+pX»*“*y+p*) 

- ®* + y • — (4a)* + (6h)* 

-64a*+126h*. 

^Example 4. Besolve a’h'+^* intofaotors. 

a*h* +8o*— (ah)* +(2c)* 

-(ah+2c)}(ah)» -(ohX2o)+(2o)*fr 
-(ah+2cXa*h* - 2ohc+4fl*). 
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EXERCISE 26 

Multiply : 

1. **-»+! by ®+l. 2. l-2*+4a!* by l+2«. • 

8. 26p*~6p+l by Sp+J.. 4. 49<**'”28a6+16b* by 7a+46. 

5. 64a/®~24!ry+9y* by 8as+3ff 6. a*6®— 4®6c+16c* by ti6+4o. 

- 7. a»«»-6ate+286* by a*+56>,^8. 25a*-46a6+816* by 6o+96. 

Resolve into factors : 

9. o»+l. 10. a*+8. 11. 8e*+l. 12. 27a* +8. 

18. 8»»»+64. wHT 64i»»+ 125. 16. 8®»+216y». 

16. 27a»+343y». 17. 216a*«*+v*. 18. 27a*b*+64*»y*. 

19. 729a»6*c»+1000a!*i/*a». 1331a*5*aj*+729c«y*a*. 

80. Formula (a-6)(a*+a6+b*)-a*-6*. 

[ (a ~ b)(a* + ab + 6*) “ a(o* + ab + b*) “ b{o* + ob + b*) 

- (o» + o*b + ab*) - (a*b + ob» + b») 

-a»-b»..] 

W 

Mote. Comeneiy,a*—b*‘*(a—b)(a*+ab+b*).' Hence, we can alwaige retclve 
onto faetore an ea^ession which is of the form o' — 6* . 

Example 1. Multtply 4a*b* + 2ob* + 1 by 2ob* - 1. 

. (2ab*-l)(4o*b*+2ab*+l) 

• -(2ab*-l)ft2ob*)*+(2ab*).l+l*} 

-(2ab»)*-l»-8o»b*-l. 

Example 2. Resolve 64a:*— a*y* into factors. 
64«*-o»y*-(4a:*)»-(ay»)» 

-(4a:» -oy»)«4a:*)* +(4a:*Xay*)+(ay»)*[ 

—(4a!* - oy*Kl6a!* + 4oa!*y * + a*y*). 


EXERCISE 26 

Multiply : 

1. l+2a!+4fl!* by l-2a!. 2. a!®+8a!+9bya:-3. 

8. 16o*+4o+l by 4o-L 4. a!*+2a!*y«+4y*a* by a!®-2y*. 
6. 9n»* +6i»ng +4»*6* by 3«»- 2»g. 

Resolve into factors : 

6. 126o*-L 7. 343a!»-8y*. 8. 216A!* - 1261*. 

9. l-519fc*. 10. 729i»*-64o*»*. 
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61. Formula (x+a>(JC+6)-Jc“+(a+Waf+afr. 

[ {x+a)(x^’b)^x{x+b)+a{,x+b) 

-»*+(«+i>)»+o6.] 

Note. It «3 etuy to tee that the eibtme formula indude* the folbnuing mutt* : 

(1) (a!-^a)(®-6)-a5’ -(a+6)3J+<»& 

(3) (x-a){x-^b)^x* + {b-a)x-ab 
(8) (®+a)(*— 6) “*’ + (<* 

For imlance, (»-a)(®-W**{«+(-<*)Ka5+(-W} 

-*«+{(-a) + (-6)}®+{(-a)x(-6)y 
»■ ®* — (^1+ 6)® + 

Similarly, tibe truth of the other results can he proved, which is left as an 
exercise for the student* 

Hence, we can express the formula more clearly as follows ; 

(«+a)(a+ 6) =*»* + ( algebraic turn of a and 6 )»+( product of a and b ). 

Example 1. Write down the product of oj + 3 and ® + 4. 

Since 3+4-» 7 1 • the required product 

and 3X4= 12 J’ -a!*+7®+12. 

Example 2. Write down the product of »— 7 and »+4.’ 

Since -7+4- - 3 1 the required product 

and (-7)x4--28r ^®*-3»-28., 

K»iiinp |^i^ 8. Write down thejjroduct of x+5 and ®-9f 
-Since 6-9-- 4 1. . . the required pbduot 

and 6x(-9j--46r -®*-4®-46. 

P.»AinpU 4. Write down the product of ® -2 and ®+7. 

Since -2+7- 6 1. the required product 

and (-2)x7--14] -®*+6®-14. 

Example 5. Write down the product of »-6 and »-8. 

Since -6-8- -13 I the required pr^uot 

and(-6)x(-8)- 40 t -®*-13®+40. 

EXERCISE 27 
Write down the product of • 

1/ ®+l and»+2. 2. ®+2 and«+9.‘ 8. *-6 and*+6. 

®-3 and *-11. 5. a-llando+16. 6. i»-7 andwi+19. 
V. p+13andp-ll. 8. p+12andp-17. 9. *-4 and *+9. 
10. ®-5 and®-10. 11. ®-12and»+6. 12. fc-13andls+2. 
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18* a + 5 and a> 4* 14. 14. 
16. a? + 7 and 07+12. 17. 
19. m +5 and m - 16. 20. 
22. w - 7 and m + 13. *23. 
25. 07-16 and a: +10. 


m-14andm+6. . 16. a;-6 and 07-18. 
a-3anda-ll. 18. o?+4 and a?-13. 
aj-8andaj-10. 21. a+6anda-12. 
a;- 10 and a? -16. 21. aj+6 and a?-18. 


CHAPTER V 
SIMPLE EQUATIONS 

62. Definition. Any two i expressions connected by the sign 
of equality constitute an equationy and leach of the expressions thus 
connected is called a side or member of the equation. 

The term equation, however, is hardly used in this extended sense. 
When one expressio];;i is put equal to another the eauality may hold 
fol^all values of the letters involved, as in (a+&Xa-fe)— or 
for some pairticular values of the letters only, as in 4a;»8, ( which is true 
only when The latter class of equations alone are called equations 

(more correctly. Equations of Condition ), whilst any equation of the 
former class is called an Identity ( or an Identical Equation }. 

Thus, (a;+l)+(2a;+3)—3a7+4 is an Identity^ 

whereas (!r + l)+(a7+3)»»8®+2 is ah Equation ; 
the former being true for all values of a;, and the latter, only when 07^2. 

The letter, to which a particular value or values must be given in 
order that an equation may be true, is called the unknown quantity. 
It is usually represented by one of the last letters of the alphabet 
y, ss, &0. 


Any particular value of the unknown quantity, for which an 
equation is true, is said to satisfy the equation, and is called a root 
or a solution of the equation. 

To solve an equation is to find its root or roots. ^ 

An^equation containing only one unknown quantity, is saidVo ba 
an equation of the first degree or a simple equation, when the unknl^wh 
quantity occurs only in the first power. 
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98. Axioiiis. The prooe^s of solving an eQoation is primarily 
based upon the following axioms : 

(1) If to eqnals the same gnantity. or egnal gnantities, be a^ed, 

the sums are equal. 

(2) If from equals the same quantity, or equal qnantitieSg be 

taken, the remainders are equal. 

(3) If equals be multiplied by the same quantity, or by equal 

quantities, the products are equal. 

(4) If equals be divided by the same quantity, or by equal quan- 

tities, the quotients are equal. 

Cor. /. iEVom axioms (1) and (2), we deduce an important principle 
which is of great use in solving equations, and which may be enunciated 
as follows : 

Any term may be tranapoaed from one aid^ of an equation to the other by 
•Imply changing its sign. 

For, let 

then adding a to both sides, we must have 

aj-a+a«fc+c+a, [Axiom (1) ] 

or, aj-»6+c+a; 

again, subtracting c from both sides, we have 

a5--o-c«=6 j-o-c [ Axiom (2) ] 

Thus, - a, removed from the left side, appeals as + a on the right, 
and +c, removed from the right side, appears as -c on the left. 

Similarly, if fic-a*=6-o+<l, we have x-o-h+o-d-fO. 

Such removal of terms is called Transposition. 

Cor. 2. The sign of every term of an eqwUion may be ehcmged 
without destroying the equality. * 

For, let «-a*6+o; 

then (a?-'a)x(-l)-(6+c)x(-l), * [Axiom (8)] 

or, -a5+a-»-6-c. 

64. , Simple Examples. We shall now work out some exam- 

ples illMstratiog the general method of solving a simple equation by the 
application of the foregoing principles. The unknown quantity will 
always be denoted by x, 

1—5 
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Example 1. Solve 18a; » 64. 

N, B, The qwstian may he otherwise pul aefolUms : 'If 18a;= 51, what is the 
value of X 7' 

Since, 18® “Si, 

dividing both ^des 18, we get 

18 ®„M 

18 18’ * "• 

Thus, the required value of ® is 3. 

Sxainple2. Solve 3®+5=®+19. 

NeB. The question may be otherwise put as follows : 'If 3x+5sa;+19, 
what is the value of x ?’ 

Sinoe, 305+6—05+19, 

by transposition, we must have 

3a;-a;=19-6, or, 2o5-14, 
and therefore ( dividing both sides by 2 ), 

05—7. [Axiom (4) J 

Thus, the required value of x is 7. 

Example 3. Solve the equation - llo5 + 2(3 - a;) - 32. 

Removing the hraokets, we get 
-lla;+6-2a;-32, 
or, -13a;+6=32, 

or, - 13® - 32 - 6, [by transposition ] 

or, ‘ -1305—26. 

Multiplying both sides by -1, 

(-l)x(-13a;)-(-l)x26. 
or, 13®- -26, 

. dividing both sides by 13, 

®--ft, ue., -2. 

Thus, the required value of ® is -2. 


Example 4. Solve (®+2X3®+4)-6®-10+(3®+2)(®+l). 
The left eide-3®*+10®+8-6® 

— 3®®+4®+8 ; 

and the right side-10+3®* +6®+2 
— 3®*+8®+12. 

3®* + 4® +8- 8®* + 6® + 12. 


Henoe< 
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Removing 3a?^ from both sidesi we have 

4aj+8«^5aj+12. [ Axiom (2) ] 

Hence, by transposition, 

4a:-5ir-12-8; 
or, -ic«4, 

and -4. [ Oor. 2, last article ] 

Thus, the required value of x is -4. 

Note. The Uudent can easily see far himself that when x has this vaiue^ 
each side of given equation becomes equal to 40. 

EUsample 5. Given g +5“ ^ J a?. 

SincB, g +6= I + 4 • 

multiplyiag both sides by 12 (which is the L.G.M. of the denominators? ), 
we have 

12(1 + 5 ) - 12(1 + I"). [ Axiom (3) ] 

or, 2a5+60=4a; + 3a:“7x. 

Hence, by transposition, 

2a5-7iC=“ -60, or, -5aj=-60, ' 
and therefore ( dividing both sides by -5 ), a;*»12. 

Thus, the required root is 12. 

EXERCISE 28 

Solve the following equations : 

1. 4®"16. 2. 3a?«-16. 8. 7a?«-28. 

4 . -5a!=25. 6. f--l. 6. 

7. 3a!+6(2-a:)=-16. -- ' 8. 6(l-a!).+3(2 -»)- -29. 

9. 4(9-«)+2(3-2!r)=80. 10. 7(3-2®)+6(«-l)»34. 

11. lx 4- 3 -2a; +5. 12. 3a;-l-2-a;+6. 

IS. 6a:-6-2®+3. 14. 16a: -9- 11a: -26. 

15. 4(a:-3)-2(a:-6). 16. 2(.a:-16)-6(a:-ll)+4. 

17. 49-3a:-5a:+36. 18. 3(®-2)+7(2a:-3)-6(l-2a:)-59. 

19. i3a:-4(63:-8)+17-0. 20. 14(®-4)+3(a:+5)-6(7-2a:)+4. 

8(2® -7) -9(3® -14)'- 16. 22. 3® -13(2® -13) -4* -20. 
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28. 49+13(6®+27}-8(6+a!)-3«. , 

24. 16-5(7»-2)-13(®-2)+4(13-«). 

25. 8®+6(*+7)+9(2*+23)-3(«+6)-a 

26 . («-7X4*-29)-(i-6Xar-17)+l. 

27. (3»+2X2®-6)-(4-3*)(l-2®)-10. 

28. (3*+6X6®-7)-(3*+2)(9»-13)-(3®+l)(3*-l). 

29. (*+2X2*+5)-2C®+1)*+13. 

80. (» + 1X4* - 7) - (* - IX® + 5) - 8(® + 2) » + 6. 

81. I +6- I +7. 82. |-|.^-|+7. 




X ,x 
3'^ 4 
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CHAPTEB VI 

PROBLiyvIS LEADING TO SIMPLE EQUATIONS 

66. ‘Symbolical Expression. The chief difficulty in solving 
an algebraical problem lies in expressing correctly the condition of the 
problem by means of symbols. The student should, therefore, be 
first of all introduced to this art before the solution of any problem is 
presented to him. The follo\ving examples will serve as illustrations. 

Example 1. If a man earns x rupees per montbi bow many four» 
anna pieces will he earn in half a month ? 

Since, 1 rupees 4 four-anna pieces, 

X rupees » 4a; four-anna pieces. 

Clearly therefore the^man earns 4a; four-anna pieces per month. 

Hence, the number of four-anna pieces earned in half a month 
of 4a; “2a;, 

Example 2. If an insect creeps up a pole x inches per minute, how 
many feet will it rise in v hours ? 

Since, 1 inch “ ^^th of a foot. 

X inches“^th of a foot* 
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Henoe, in 1 minute the iniKot creeps up ^th ft. ; 

in 60 minutes,, ,» ,« „ |gxG0ft. 

Thus, in 1 hour the insect creeps up 6x ft. 

Therefore, in y hours it rises {5x^y) ft. 

Thus, the required number of feet»5xv- 

Example 8. If a man travels at the rate of x miles per hour, in 
what time will he finish a journey of 10 miles ? 

Since, x mile is travelled in 1 hour, 

1 mile „ „ „ ^ th of an hour . 

10 miles are „ ,, hours. 

Example 4. The digits of a number beginning from the left are 
z and y. How would you represent the number ? 

If the digits be 4 and 5, the number»10x 4+5 ; 

if the digits be 6 and 7, the number -lOx 5 + 7 ; 

if the digits be 8 and 4, the number ">10 x 8+4 ; 
and so on. « 

Hence, it is quite clear that when x and y stand for the ^digits, the 
number is to be represented by lOxfy. ^ 

EXERCISE 29 

1. The sum of two numbers is 15 ; if one of the numbers be x, 
what is the other ? 

2. The difference of two numbers is 20 ; if x be the greater, what 
IS the ether ? 

, 3. The difference of two numbers is 25 ; if a? be the smaller, what 
is the greater ? 

4. What is the excess of 25 over y ? 

5. What is the defect of 2x from y ? 

6. If X be one factor of 21, what is the other factor ? 

y7. What number is less than 100 by 3x ? 

^8. What number taken from 4r gives 3y as a remainder ? 

*If a man travels x hours at the rate of y miles an hour, how 
many miles does he travel ? 

. ^ 10. If a man travels at the rate of y miles per hour, in what time 
will he finish a journey of x miles ? 
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\Al. A man is a years of age, how bid will he be 20 years hence ? 
How old was he 3 years ago ? 

12. In X days a man travels 60 miles ; what is his rate per day ? 

13. If a train travels SO miles in x honrs, how many feet does it 
travel in one second ? 

14. If I spend x annas a week, how many rupees do I save out of a 
yearly income of 6x rupees ? 

15. Write down 6 consecutive numbers of which x is the middle 

one. 

16. Write down the sum of 3 consecutive numbers of which the 
middle one isir. 

17. What is the odd number next after 2m+l ? 

18. What is the even number next before 2x ? 

19. If X men take 10 days to do a work, in what time will y men 
do it? 

20. A room is a yards long and b feet wide ; what is the measure 
of the area of the door in square 4eet ? 

21. In the last question find the number of square units in the 
area when the unit of length is 4 feet ? 

22. How many miles can a person walk in 20 minutes, if he walks 
X miles in y hours ?< 

2^. In what time will a person walk 16 miles, if he walks x miles 
in a hourk ? ^ ^ 

24. What is the present age of a man who was (x-6) years old 
20 years ago ? What will be his age 80 years hence ? 

25. If the digits of a number beginning from the right are x and y, 
what is the number ? 

26. If X, y, z be the digits of a number beginning from the left, 
what is the number ? 

27. In the preceding question, if the digits be inverted, how would 
you represent the new number ? 

66. Easy Problems. We shall now work out some problems 
which will fairly introduce the beginner to the subject of the present 
chapter. The unknown quantity will invariably be represented by x. 

Example 1. A and B together start a business with a joint- 
capital of Es. 640. If A*s share in the capital be double that of E, 
find the share of each in the joint-fund. 

Let X represent B*b share. 

Then, A’s share in the capital is 2x. 

So, the joint-fund * a? + 2a?, t c. « 8a;. 
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But, the joint-fund is Es. 640, 

3a;»B8. 640, or, a;«Es. 180, 
t.e,, B’a share is Bs. 18Q, 
and il's share is Bs. 360. 

Bzampla 2. Divide 34 into two parts whose difiFerence is 8. 

Let X denote the larger part. 

Then, 34 -a; denotes the smaller part 
Hence, by the question, 

flj-(34-rc)-8, or, 2a;-34'“8; 

2aj“42, 05=21. 

Thus, the larger part is 21 and the smaller part is 13. 

Example 3. What number is that of which the thtrd part exceeds 
the fifth part by 4 ? 

Let X represent the required number. 

Then, by the given condition, 

g-|-4: 6*-3a!«60, 

or, 2a;-60 , '30. 

Example 4. In 10 years A will be twice as old as Bf was 10 years 
ago. Find their present ages if A iS now[9 years older than B. 

Let the present age of B be denoted by x. 

Then, the present age of i4 is a; +9 
After 10 years A*b age«aj+9+10«x + 19. 

Before 10 „ B*s „ —a? -10. 

. by the given condition, 

a? +19 ■■2(05 -10), or, 05+19—2a5-2O, 
by transposition, 2a5- a: ■■20 +19, or, 05=39, 
t.e., the present agej^f B=39 years, 

II II II 11 •» 

EXERCISE 30 

1. A straight line, whose length is 9 feet, is divided into two 
portions, one being double of the other. Find the length oif each portion. 

. 2. A bag contains as many rupees in it as there are eight-anna 
piec^. Find the number of eight-anna pieces if there be Bs. SO in all. 

^^3. Find two numbers whose sum is 60, and whose dififer^oe i» 30 
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4. Find a number such that it is equal 
fromM. 

^ 5. Find a number which being multiplied 
be greater than half the nufiiber by 


[OHAP. ViJ 
to five times its defect 

by 8, the product will 


^^4. What number is that from which if you subtract 40, the 
dinerence will be one-third of the original number ? 

7. What number is that of which the excess over 35 is less by 23 
than its defect from 67 ? 


8. Four times the excess of a number over 16 is equal to the defect 
of the number from 416 ; find the number. 

9. Find 3 consecutive numbers whose sum will be 129. 

10. Find a number which when multiplied by 7 is as much above 
132 as it was originally below it. 

'sAi. Divide 90 into two parts such that three times one of the parts 
together with four times the other may be equal to 335. 

The sum of two numbers is 39 and one-fifth of one of them la 
equal to one-eighth of the other. Find them. 

18. Find a number whose part exceeds its ninth part by 5. 

14, Find a number whose eixth part exceeds its eighth part by 3. 

Divide 21 into two parts, ao that ten times one of them may 
exceed nine times the other by 1. 

16. A house and a garden cost £850 and the price of the garden 
Aths of the price of the house ; find the price of each. 

17. Divide £420 among two persons, so that for every shilling one 
receives, the other may receive half a crown. 

18. A and B, two shepherds, owning a flock of sheep, agree to 
divide its value. A takes 72 sheep, while B takes 92 sheep arid pays 
A £35. Find the value of a sheep. 

19. The ages of two men differ by 10 years, and 15 years ago the 
elder was just twice as old as the younger ; find the ages of the men. 

20. A father’s age is three times that of his son, and in 10 yean 
it will be twice as great ; how old are they ? 



CHAPTER VII 

GRAPHS : PLOTTING OF POINTS 


67. Introduction. We have shown in Chapters II and III how 
^rtain algebraio ideas and rules may be easily understood by graphical 
illustrations. In fact, graphical representation of anything, wherever 
it is possible, greatly helps to realise the nature of the thing represented. 
In the present chapter we propose to consider how algebraic quantities 
can be represented by points as a preliminary to geometrical represen- 
tations of algebraic identities and equations which will be considered 
ater on. Such geometrical representations are called Graphs. 

68. Instruments required. The student should first of all provide 
imself with the following instruments and acquire skill in manipulating 

them with accuracy and neatness. 

(a) A hard Pencil. 

Note. It muf^t be well-sharpened so that the lines dravm may be very fine. 

(b) A pair of Compasses (also called Dividers). 



(c) Two Set-squares. 
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(d) A graduated Flat Ruler (of moderate length) shewing 
tenths of an Inch. 
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(e) A Diagonal Scale, giving hundredths of an inch. 



Badmple 1* Through the point A draw a straight line parallel to BC. 



Place the Set-square DEF in sueh a way that the edge £>E may 
fall along BO. Then slip the other Set-square GEK into the position 
shewn in the diagram, so that HQ may pass by A, Now trace a line 
along HO, which will evidently be parallel to fiC. 

Ezamide 2. Through the point A in the straight line BO draw a 
straight line perpendicular on BO. 
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First trace a line DJB?, parallel to BC~ Then place the Set-square 
OHK in such a way that HK may fall along DE, and QH may pass oyA, 
Now trace a line along HG, which will evidently be perpendicular to BO. 



Example 3. Find the lengths of the straight lines AB and CD. 

-B 

(1) By means of the pair of Compasses and the Diagonal Scale we 
find that the length of AB is equal to the distance between the two 
points marked on the line 4-4 in the diagram. Hence, the required 
lengths 2*24 inches. 

(2) The length of CD is found to be equal to* the distance between 
the two points marked on the line 9-9 in the diagram. Hence, the 
required length =1*69 inches. ^ 

EXERCISE 31 

1. Produce the straight line AB to double its length. 

A d 

2. On a given straight line AB a point D is taken supposing it to be 
the middle point. By means of a pair of Compasses however it is lound 
that if D is a trifle shorter than BD. How is the mistake to be corrected ? 



3. ABC is a triangle and P is a point on AO, as in the above 
diagram. Tlfrough D draw, towards AB, a straight line parallel to OB. 
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^ 4. In the same diagram, through di^w, away from AB, a 
straight line parallel to BC. 

5. In the diagram of example 3, through B draw a straight line 
parallel to if C7. 

6. From the vertices of a given triangle draw perpendiculars to its 
opposite sides. 

7. In example 3, measure the lengths of the sides of the triangle, 
and also measure the lengths of AD and DC. 

69. Squared Paper. A specimen of a sheet of squared paper is 
given below. 



We have two sets of parallel straight lines on the paper. One set 
being parallel to the length, and the other parallel to the breadth of the 
paper, it is clear that every line of the first set is perpendicular to every 
line of the second. The distance between every two consecutive parallels 
is one-tenth of an inch, whilst every two consecutive thick parallels are 
half an inch apart. The whole paper is thus divided into a large number 
of small squares which are equal to one another, each side of each 
square being one-tenth of an inch in length. The paper is also divided 
into a number of thick -bordered squares, each side of each such square 
being half an inch in length. It is clear also that twenty-five of the 
small squares are contained in each of the thick-bordered squares.'^ 

Kete 1. Lines parallel to AB may he regarded as eaet^and^weei lineSt and 
those parallel to AD, as north-and-eouth lines. They may also be considered as 
hariaontal and vertical lines respeotively. 
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Note 2. For thB sake of eontienience the length of a Me of a emaU souare enm 
be denoted by the symbol a. 

Note 8. The paper may also he ruled so that the length of a Me of a small 
^uare is only one tenth of a oenlimetre (i.e., a millimetre) instead of one-ten*.h of an 
inch. In that case the distance between every two consecutive tmck paralleia is 
evidently half a centimetre or 5 miliimtres. {One centimetre is approximately eguat 
to *39 qf an inch). 

Example 1. P, Q, B, 8 are four stations such that Q is 7 miles 
OMt of P, B is 11 miles south of P, and 8 is 13 miles north of Q. Knd 
the distance between B and 8. 



Taking the length of a side of a small sQuare a) to represent 
one mile, we have P, Q, B, 8 as in the above figure, where P0»7a. 
PP-llaand QS-13a. 

^ radius describe an arc of a circle 

cutting the east-and^west line through P at T, 

' Now as BP* 25a, we have BS also ■« 25a. Hence, the required 
distance » 25 miles. 

2. An upright post is 8 feet high. A string of length 
8f feet has one end attached to the top of the post and is Wd tight 
with tqe other end in contact with the ground. How far is this end 
from the foot of the post ? 

• Let da 3 times the length of a side of a small square) represent 
one foot. Then 8 feet will bo represented by 24a and 8t feet by 26a. 
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Let AB represent the post, so that AB^^a. Take a point C on 
the horizontal line through B such that BC^^^d, 



With B as centre and BO as radius describe an arc of acircle 
-cutting; the horizontal line through A at D. Join BD ; then BD 
represents the string. » 

Now, ilD is equal to lOa, which is 9a + a. Hence, the required 


distance *”31 feet. 


EXERCISE 32 


1. is 51 units of length east of 0, and P- is 4 units of length 
north of A, How far is P from 0 ? 

2. B is 3 feet west of 0, and Q is 7^ feet south of B. How far is 
Q from 0 ? 

3. (7 is 2 yards north of 0, and P is 61^ yards west of C. How far 
is B from 0 ? 

4. D is 21 inches south of 0, and 8 is 2*8 inches east of P. How 
far is S from 0 ? 

6. A is 2*7 feet east of 0. P is north of A and 4*6 feet from 0. 
How far is P from A ? 

6. G is 2*4 feet south of B. 0 is east of B and 2*5 feet from Q. 
How far is B from 0 ? 
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7. Bis i^.yards east of A. C is | yard north of d, and D is 
2 yards north of B. How far ib D from 0 ? 

8. J3 is 25 feet north of A. P is 40 feet west of A, and Q is 
20 feet east of B, How far is Q from P ? 

9* Two vertical posts, 14 feet and feet high, are 18f feet apart. 
Find the distance between the tops of the posts. 

10. A ladder 30 feet long has its foot at a distance of 10 feet from 
a vertical wall. How far up the wall does it reach ? (The diagonal 
scale may be used if necessary). 

70. It in a plane, a point and two straight lines passing 
through it at right angles to each other be given, the position of 
any point in the plane can be easily defined. 

In the plane of the paper as shewn in the diagram given below, 
let XOX' and YOY be the two given straight lines at right angles to 
each other. If P be any point in the plane, how to know its position ? 



We may regard XOX' as the east-and-west line, and YOY' as the 
narth-and-sotUh line. Draw PM parallel to YOY meeting XOX' at M. 
Evidently then M is due east of 0, and P, due north of M. Hence, 
if OM and MP be known, we know the position of P at once. 

Taking the length of a side of a small square as the unit of length, 
we have OAf- 9 units of length and KP- 12 units of length. Hence, 
the .position of P may be briefly defined as follows i 
9 nniU east, 12 nnits north. 
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Note 1. ‘ JfQ he a point whose position ia^ defined to he 6 units east, 8 units 
north, to find Q all that we have to do is to take a point 6 units due east of 0 and 
thence proceed 8 units northwards. 

Note 2. If B he a point whose position is defined to be 7 units west, 4 units 
south, to find B all that we hhve to do is to take a point 7 units due west of 0 and 
thence proceed 4 units southwards^ 

EXERCISE SS 

[ Squared Paper is to be used in every case ] 

1. Find the points whose positions are defined as follows : 

(1) 6 units east, 7 units north. (2) 8 units west, 5 units north. 

(3) 10 units west, 12 units south. (4) 15 units east, 6 units south. 

(5) 8 units west, 13 units north. (6) 14 units east, 15 units south. 

2. It is clear from Chapter II (Positive and Negative Quantities) 
that *6 units west* is the same as ‘ *6 units east*, and *8 units south' is 
the same as ' -8 units north*. Hence, find the points whose positions 
are defined as follows : 

(1) 7 units east, -8 units north. 

(2) - 10 imits east, 6 units north. 

(3) -9 units east, -13 units north. 

3. u In defining £he position of a point the words 'east* and 'north' 
may be on^itced if it is accepted as a rule that the distance measured 
towards the ec^st should invariably he mentioned first. On this conven- 
tion, find the points whose positions are defined as follows : 

(1) 8 units, 9 units. (2) 6 units, -11 units. 

(3) - 12 units, 15 units. (4) - 10 units, - 14 units. 

4. We may define the position of a point still more briefly if the 
word 'units’ be omitted. Find, then, the points whose positions are 
defined as follows : 

(1)6,4. (2)13,8. (8) -7,6. 

(4) 8, -6. (5) -10, -13. (6) -9, -15. 

71. Definitions. The student is referred to the diagram of the 
last article. The given lines XOX' and with reference to which 

the positions of all points in the plane are defined, are called the axes 
of co-ordinates ; and the point 0, where these lines intersect, is called 
the origin. 

The straight line XOX' is called the axis of X and the straight 
line TO¥\ the axis of 

The lengths OM and MP which define the position of the point P 
are called its co-ordinates, Oilf being called the abscissa (or A^co- 
ordinate) and MP, the ordinate (or jn-co-ordinate). 
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‘The point (a?, y)\ or siBgiply ‘(a?,!/)* means ‘the point whose 
abscissa »a; units of length, and ordinate*-]^ units of length/ 

Note t. When we vgeak of the *a: and y* of a point, we mean its abacisaa and 
ordinate. 

Note 2. The dbedsea w positive or negative aecording as 21 is on the right or : 
on the left of 0. The ordinate is positive or negative according as P is above or below ' 
X02L • 

Note 8. ' To plot a point* is to find the position of a point when its eo-ordi> 
nates are given. 

Example 1. In the diagram given below write down the co-ordi- 
nates of the points Pi, Ps, Pa, 

The figure explains itself. Take the length of a side of a small 
square as the unit of length. 
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(1) OM± —8 units and Mx is on the right of 0 ; JfiPi »10 units and . 
Pi is abovifi the line XOX\ Hence, the co-ordinates of Pi are 8 and 10. 

(2) units and Mg is on the left of 0 ; units and 

Pa is ahofoe the line X0X\ Hence, the co-ordinates of Pg are -6 
and 13. 


1—6 
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(3) O-flfa* 10 units and Mz is on the left of 0 ; MsPs*!! units 
and Ps is below the line XOX\ Hence* ^the co-ordinates of Pa are - 10 
and -11. 

(4) 0iif4””16 units and is on the right of 0 ; M^P 4,^10 units 
and Pa is below the line XOX'. Hence» the co-ordinates of Pa are 15 
and 10. 

Example 2. Plot the points (- 1, 0), (0,1), (1,2) and (2, 3), and 
show that they all lie in a straight line. 

Let 5 times the side of a small square represent the unit of length, 
and let Pi, Pa, Pa, Pa respectively denote the four given points. 
Then the positions of the points will be as shewn in the figure given 
below. 



' Now we find that a Plat Buler may be so placed that its edge will 
pass through all the four:! points. Hence, they all lie in the same ^ 
straight line. 
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Example I Plot the points (3. 5) and (8, 12), and find the distance 
between them. 



Let a side of a small square represent the unit of length, and let 
P and Q respectively denote the two given points. Then the positions 
of the points will be as shewn in the figure. 

With centre P and radius PQ draw a circle cutting the east-west 
line through P at JS. • 

The distance required - PQ *= PB « 8*6 units. [ from t|^e figure ] 

Example 4. Plot the points P{0, 4), Q(5, -4) and *2i(8i 2) and 
find the area of the triangle PQB. ' 
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Let a side of a small square be th^unit of length. Then the posi- 
tions of the points, P, Q, B ytill be as shewn in the diagram. Count 
the number of small squares falling wholly inside the triangle PQB. 
Of the remaining squares through which the sides pass, find the number 
of only those, half or more than half of which are within the triangle 
and reject the others. Since each small square represents a unit of area, 
the total number of small squares thus counted will give the area of the 
triangle pretty accurately. 

Counting by the above method, the number of small squares in the 
triangle PQB ••21. 

Hence, the required area —27 units of area. 

Example 5 . Plot the points /(3, 2), £(12| 2), 0(11, 8} and 2}(2, 8). 
Find the area of the quadrilateral ABOD and read the co-ordinates of 
the point of intersection ot AG and BD. 



Take a side of a small square as the unit of length. Then the posi- 
tions of the points, A, B^ G and D will be as shown in the diagram. 

Counting by the method of Example 3, the number of small squares 
in the quadrilateral ilPCP— 54. 

Hence, the area required -54 units of area. 

Also, from the diagram, the co-ordinates of E, the point of inter- 
section of AG and BD are 7 and 6. 

EXERCISE 34 

1. In the diagram given below, what are the co-ordinates of the 
points Pi, P 2 , Ps, (i) when the unit of length is represented by a 
side of a small square, (ii) when the unit of length is represented by 
6 times the side of a small square ? 
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2. In the following diagram what will be the co-ordinates of the 
points if the unit of length be represented by three times the side of a 
small square ? 



!■■■■■■■■■■■ □■■■■■■■■■■■■■■■■ 

!■■■■■■■■■■■■■«!■■■■■■■■■■■■■■ 

mmmmmmmmmmmmmfMmmmmmmmmmmmmmm 

■VCVMHHIlHmimBIHaBaBB 

■■rjaaBBBaaBaiiHaHHi 

s:s5bs:b:ss:ssssksi 

BilHBBBBBBBIBBBBBBBI 

>!^BBBBBBBBBBBBBBlSjBBBBBBBBBBBBBBBBj 

iBBBBBBaBBBBBBBBBBBBBBBBBBBBBBBBB 

BBBBBBBBBli»BBBBBBBBBBBBBBBBBBBB1 

BBBBBBBBBflBBBBflBBrBBBBB&liBBBBBBBI 

B:gSSSBBSS88BBSBBBS8B8| 
[|8BBB[888B[[B8B8888888S 

BBBBBBBaBBBBBBBBBBBBBBBBI 



3. Plot the points (-4, ~4), (7, 7), (13, 13), and satisfy yourself 
that they lie in a straight line passing through the origin. 

4. ^ Plot the points (-8, 4) and (10, -6), and satisfy yourself that 
the straight line joining them passes through the origin. 

* 5. Plot the points (8, 5) and (^4, ~11), and find the distance 

between them. 

6. ^lot the points (-*7,9) and (^12, 21), and find the distance 
between them. 

7* Plot the points (—11, 13) and (3, —35), and ^nd the distance 
between them. 
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8. Join the points (0, 0) and (5, 5)» and produce the straight line 
both ways. Find the ordinate of the point on this straight line whose 
abscissa is 11, and the abscissa of the point whose ordinate is -13. 

9. Join the points (0, 7) and (12, 0), and produce the straight line 
both ways. Find the ordinate of the point on the straight line whose 
abscissa is -18, and the abscissa of ti:^ point whose ordinate is -14. 

10. Join the points (- 4, 0) and (0, -8), and produce the straight 
line both ways. Find the ordinate of the point on the straight line 
whose abscissa is - 10, and the abscissa of the point whose ordinate 
is -24. 

11. Plot the points .4(3, 2), jB(3, 7) and G(8, 5), and find the area 
of the triangle ABO. 

12. Plot the points P( - 2, 5), Q(6, 5) and i?(8, 9), and find the area 
of the triangle PQB- 

13. Plot the points D(5, 2), j5r(6, 8) and F(7, 12), and find the area 
of the triangle DBF, 

14. Find the area of the quadrilateral whose vertices are (11, 2), 
(3, 2), (3, 7) and (11, 7). Obtain the co-ordinates of the pcHnt of intersec- 
tion of its diagonals. 

16. Find the area of the quadrilateral whose vertices are (i) (16, 6), 
(2, 3). (11, 14).^ and (6, 11),^ (ii) (3. 6), (6, 4), (17, 16) and (9, 18);, 
(iii) (-12. 5), (-12, -10). (16. -10) and (16, 6) ; (iv) (0. 1), (10. 8), 
(2, 13)andi(-2,8). , 

16. ' Construct a triangle whose base is 12 centimetres and the two 
other sides are 5 and 13 centimetres resjiectively. Find the area of the 
triangle, the altitude and the angle opposite to the longest side. 

17. Construct a triangle whose base is 6 centimetres and the two 
other sides are 3 and 5*centimetres respectively. Measure the altitude 
as accurately as possible. 

18. Plot the following series of points : 

(i) (6. 0), (6. 3), (6, 4). (6, 6), (6, 8) and (6. 10) ; 

(ii) { - 2. 7), (3. 7), (6, 7). (7, 7), (8. 7) and (10, 7). 

Show that they lie on two straight lines respectively parallel to 
the axis of y and the axis of x. Find the co-ordinates of their point of 
intersection. 

^19. Plot the points (3, 4), (4, 3), (6. 0), (-4, -3), (4, -3). Find 
their distances form the origin and show that they lie on a eirele with 
the origin as centre. 

20. Plot the points A(6, 2), B(9, 2), 0(5, 8), D(9, 8) and 11(7, 12). 
Find the area of the figure ABDEO and the co-ordinates of the^ point of 
intersection of AD and BO. 
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I 

1. Prom the identity (a+6)® = a^+2a6t6®, deduce the square of 
by putting a; for a and -y-zioth, 

2. Establish the following formulas : 

(i) + 

(ii) 4a6«(a + 6)^-(a-6)®. 

3. Prove that 

{y-z){v+z-x)‘¥{z-x){z’¥x-y)+(x-y)(x+y-z)^0. .. 

4. Prove that 

(a - hta + 1X6 + D - a{b + 1)® + 6(a + 1)® - (a - 6)(a + 6 + 2a6)- 

5. If a»=a;+w, c«a+m, show that 

a^ + b^+c^'-bc-ca-ab^x^+y^'¥z'^-yz-zx--xy* 

6. If a » a + 6 + c, prove that 

(as + bc){b& + ac)(cs + ah) « (6 + c)®(c + a)*(a + 6) 

7. Divide (m + ?i)® - 27p® by m + n - 3p. 

8. Find the quotient when the dividend is (9£C®-17a;%+13y®)* 
the remainder is 49i/^(2®+6i/)* and the divisor is 3a5® -®i/ + l^ . 

9. If ic+ ~ ~ and i/+ - find the value of x^y^+^^~s- 

y 6 X X y 

10. Show that 

{x-y + zY -^{x+y - zY •\-%x{x-y + z){x'¥y - z)^Qx^ . ^ 

II 

Solve the followitig equations : 

1. 3(aj — 3) — 2(aj -2)+a? — l«*a?+3 + 2ix+2) + 3(a? + 1). 

2. (a:-3Xa?-6)«(a?-2Xa:-7). . 

3. 2(a?+lXic + 3)+8— (2ir + lXaj+5). 

Find the value of x^ when 

4. *(a+6X6“®)“6(a-a;). 

m nX’-p ^ npa?" w ^ p mg-n ^ 2p ^ 2m ^ 2n . 
wn wp pwi wn ^ pw 


5 . 
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2®+? 9®-8 «-ll 
7 “ 11~ 2 ■ 



o _ «-2 _k 3 «+10 ®-2 « 2®-l . 8®-2 . 4«-3 

8. ®— ^-6^ g-+“4- »• + 

10. |(*-l)-|(2!t-3)+i(l-2®)-iV(4®-6). 


1 

12 


III 

1. Find the number to which, if 29 be added» the sum will exceed 
four times the number by 8. 

2. Find a number whose 7th part exceeds the 9th part by 4. 

8. A man saves one-tenth of his monthly income and spends one- 
third of the remainder in buying petty things. At the end of the month, 
he has Bs. 300 in his pocket after meeting all the current expenses which 
amounted to two-fifths of the total income. Find his income per month. 

4. A merchant invests two-fifths of his capital in sugar business, 
one- third in jute and half of the remainder in cloth and has £300 cash. 
Find bis capital and the money invested in each business. 

5. A is twice as old as B and four years older than 0. The sum 
of the ages of A, B and 0 is 96 years. Find the age of each. 

6. f Two sums of meney are together equal to £64. 125., and there 

are as many pounds in the one as there are shillings in the other. Find 
the sums. . c 


7. Plot the following points on a squared paper and verify that 
they are the angular .points of a rectangle. Show that the length of 
each of the diagonals is 6 : 

- . (li, 2), (-li, 2), (-li, -2) and (U, -2). 

8. 0 is a fixed station* A is 20 miles north of 0. £ is t miles 
east of A. 0 is 17 miles south of £. Show that the distance between 0 
and 0 is 6 miles. 

^ 9. If, in the above example, A be 12 miles west of 0 and P be 
6 miles north of A ; and B be 12 miles east of 0 and Q be 6 miles south 
of B, show that the distance between P and Q is 26 miles. 

10. Plot the following points on a squared paper and verify that 
they lie on a straight line through the origin : 

(-6, -10), (1.2) and (3. 6). 



CHAPTER VIU 

HARDER ADDITION AND SUBTRACTION 
I. Addition 

72. In Chapter III, we have explained the following laws of 
addition of algebraic quantities and expressions : 

(1) If any number of quantities are added together, the result 
will be the same in whatever order the quantities may be taken. Thus, 

a+6+o-6+<3+a-c+a+fe, etc. [ Art. 81 ] 

This is called the Commutative Law of Addition. 

(2) When any number of quantities are added together, they can 

be divided into groups and the result expressed as the sum of those 
groups. Thus, * 

a + i+(;*o+(64‘c)*(a+&)+c“fc+(c+flt), etc. [ Art. 32 ] 

This is called the Associative Law of Addition. 

(3) When any number of like terms with mrnerical co-efficients 

are added, their sum is a Uke term whose co-efiQcient is equal to the 
sum of the co-efEioients of the terms added* • [ Art. 32 ] 

Thus, the sum of 6®, -2®, 7®, *6® is 16®, since 5+(-2)+7+6-16. 

This process is known as collecting terms. 

The ordinary rule for adding together compound expressions with 
Like and unlike terms has also been explained in Art. 33. 

We have so far applied these rules to simple cases and now propose 
to consider more difficult problems. 

78. Compound expressions with fractional co-efficients. 

If compound expressions with fractional co-efficients are to be added, 
first simplify each expression if necessary and then put the expressions 
under one another so that like terms stand in the same vertical colunm, 
and draw a line below the last expression, then add up each vertical 
column and put the result below it. Simplify the co-efficients in the 
result by Arithmetical Rules. 

Tl^e following examples will illustrate the process : 

Example 1. Add together : 
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The 1st expression *» 

The 2nd expression « Ja; - + ^z + 12a 

The 3rd expression- -§a;+ -2b 

The sum- 2 ic+j 5 i/+ 2;8: + 12a-26 

[ In the sum, 

the co-efficient of ic-i+I-S-^^S^^-f-2, 
the co-efficient of i/ - J - tu + f “ ^ * A* 

the co-efficient of a? - -^+ V+f — — ^-2, 
the co-efficient of a-0+12+0-12, 
the co-efficient of fe=0+0-2- -2. ] 

Note. NoticB that places of like terms in *a* are vacant in the 1st and 3rd 
expressions. For convenience t the co-efficients of 'a' in these places may be taken to be 
zero. Similarly, the co^effidents of the like terms in* b* may be taken as zero in the 
1st and 2nd expressions. 

Example 2. Find the. sum of 

1 

Simplifying each of the expressions by collecting terms and 
proceeding as abovei the sum follows. Thus, 

The 1st exp. -(S -i) a? + (-f +A)t/+(- 5 ? 3 + i)z 

-(1 +i) + + i)«- ix 

The2ndexp “(A-f) « + (-i1r+S) l/ + (-| + i)z 

• *=(i -1) a; + (-J +1) + i)z*‘-"ix+iy 

The3rdexp.-(| +#) +A)« 

“(i x+{-i +i) i/ + (-i + 


The sum- - 

[ In the sum, 

the co-efficient of 

the co-efficient of iz-O+i+O-i. ] 


Example 8. 

3 1 5 ,.i| 


Find the numerical value of the sum of 






and *-»-7a® + y®®, when®-98, y-79, a-6 and 6“4. . 
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In this problem» the nuzherical value can be obtained easily frosa 
the sum of the expressions, 

The Ist expression -= + xtI/* - 20 a® + 

The 2nd expression - - ^ 17a® - 

The 3rd expression- 3a® + # 6 ® 

The 4th expression « ^05® - 3 ^ 1 /® + 7a® - -^ 6 ® * 

The sum- a®- ft® 

-5®+4®-5 x 6 + 4 x 4 x 4- 26 + 64-891 

[In the result, 

the co-efficient of a;®- 0 , 

the co-efficient of i/®=A +0 -A- 
the co-efficient of a®- -20+17-3+7—24-23-1, 
the co-efficient offc®-^--^+i - 

74. Compound expression Vith literal eo-efticients. Co- 
efficients which are not wholly numerical are called literal. Thus,, 
the co-efficients of aj in ax, 6 fea;, (c+d-e)®,.,. being a, 66 , (c+d-e),..^ 
respectively are literal. 

The terms a®, 66 ®, (c+d-e)® if considered in respect of ®r 

differ in their literal co-efficients only and are also called like when thua 
considered. " . * 

If ax and 6 ® be two like terms in ®, 

their sum - a® + 6 ® - (a + 6 )®. , 

Hence, the sum of two like terms is a like term whose co-efficient 
is the sum of the co-effcients of the two terms. By Art. 47, Cor. 3, thia 
rule for addition will be true even when the number of terms is greater 
than two. 

Thus, the rule for addition of like terms is same for all 00 -efficienta 
numerical as well'as literal. 

It, therefore, follows that the rule for adding compound expressiona 
is same for both of these co-efficients. 

The following examples will illustrate the above rule. 

fixample 1. Add together : 

* ( 6 +c)®+(c+a)y +(a+ 6 )je;, ax-^by+ce and x+y+z^ 

Arranging the expressions so that like terms may stand in the 
scune vertical column and adding up each such column, the sum followa. 
Thus, 
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The iBt exp.-(6+c)flj+(c+a)2/+(a+b)« 

The 3nd exp.-ax +by +cb 

The 3rd exp. - x + y + z 

The 8um-(a + 6+c + l)x+(a+6+c+l)i/+(a+6+c + l)B 
[ In the result. 

the oo-effioient of X"(6+c)+a+l-a + &+c+l, 
the co-effioient of y-(o+a) + 6+l— a + fe+o+l, 
the co-effioient of (a+6)+c+l— a+6+c+l. ] 

Example 2. Add together : (6 - c)x + (c - a)y + (a - 6)s, (b - o)y 
+(a-6)x+(o-a)s and (6-c)s+(c“a)x+(a-6)y. 

The expressions contain like terms in respeot of x, y and z. Hence, 
arranging like terms in the same vertical column and proceeding as 
beforci the result follows. Thus, 

The 1st expression — (6 - c)x + (c - a)y + (a - b)z 
The 2nd expression — (a - h)x + (fe - c)y + (c - a)z 
The 3rd expression *■ (c-a)x+ (a -6)y + (6 -c);? 

The sum -0. 

[ In the sum, 

*-the co-efficient of x — (i - c) + (c - a) + (a - fc) 

— &-c+c-a+d-&-0. 

Similarly,^ the co-efficients of y and z are zero.] 

Example 8. Find .the sum of (ox - by) + (bx - cz), {ay -bx)+ {by - cz) 
andl(cz - ax) + {cz - by). 

Each of these three expressions contains like terms in respeot of 
y and z. Arranging each expression in terms of x, y and z and 
proceeding as in previous examples, the sum is obtained. Thus, 

The let exp.- ax+6x-6y-cs« (a+6)x- cz 

The 2nd exp.- -&x+ay + 6y-cz— -6x+(a+6)i/- cz 
The 3rd exp.— -ax-6y + 2cz — -ox- by+2oz 

■ .*. The sum- {a^b)y 

[ In the sum, 

the oo-effioient of x— (a+6)-6-a— a+fc-6-a— 0, 
the oo-effioient of y— -6+(a+6)-6— -6+a+6-6— a-,6, 
the oo-effioient of z— -c-c+2c— 0. ] 

Note 1. When comjpcttnd expreseion with hraekeie are to he added to like 
toompound expreeeiona it is more convenient to retain hracketa aa in Example 9, 
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Note 2. The expresaiona to hejoMed should be aimplifled by collecting termo 
if necessaary as in Example 8, 

Bxample 4. Find the sum of 

(a* + b^)x + (6® + c*)2/ + (c® + a^)z, (i® + c®)m + (c® + a®)n, 

(c® + a®)i} + (a® + 6®)g and (a® + 6®)/ + (6® + c*)&» 

The expreBsioDB contain like terms in respect of (6®+c*), (c*+a®) 
and (a® + 2)®). Hence, arranging like terms in the same vertical column^ 
and proceeding as before, 

The 1st expression “ fl;(a® + 6®) + 1/(6® +c®)+«(c®+ a®) 

The 2nd expression ■» m(6*+o®)+n(c®+a®) • 

The 3rd expression ■■ g(a® + 6®) +p(c® + a*) 

The 4feh expression— /(a® + 6®) +A<6®+c*) 

. ’ . The sum - (a? + g +j){a ®+6*)+(i/+m+ fc)(6® + c*) + (« + n + p)(c® + a®) 

[ In the result, 

the co-efficient of (a® + 6®>-®+0+g+i->®+g+y. 

Similarly, the co-efficients of (6®+c®) and (c®+a®) are (y+w+fc) 
and (2i+n+p) respectively. ] 


EXERCISE 35 

Add together : * 

• » 

1. 2®®-6®y+y*,4y*-7a!®-6a!+2y,3®»-5+»“6y* aQd3-4y+3a;r 

2. abc+a*b-b‘o*, . 5a’b-12b‘e‘ -Sabo, 86*c*-4o*6+2a&c and 
2a*6+6fc*c*. 

8. 3j»np+2»»*«*+6m*n*, 7 to»p— 10m“»*+6TO*n*— 

2i»*n*-6»»np+3m*n® and -7m*n*+TO*»*-4»»*n*. 

4. 12o®6*a!-296*®*a+37a!*a*6+46a*6®®*, 266*a!*a-16a*6*** 

-18a*6*»-6»®o*fc,32a*6*a>*-23*®o®6+20o“6"®-286*«®a and -9x‘a^b 

- 14o*6** - 60a*6*»* + 326*0! *o. 

6. -16o*6*o*+7c*a*6*-246*c®o*+27o*6*o*, 19o*a®6®-15a*6*o* 
+23a®5*c*-86®o®o*, 296®c®o*+lla*6*o*“9o*6®c*-16c®a®6* and 

- 3o*6®o* - 10c*a®6* + 36*o®a® - 18a*6®o*. 

6.* 26a®6®-86®c®-23o®(»®+19a»6®c*. 16c®a®-14o®6*c®-19a®6® 

t 126 ®c®,' 27a*6*o* + 18«®6®+17o»a®-206®c», 296®<!®-6a*6®c®-21a»6* 
— 13c®a® and 106®c®+8a®6®+4o®a®“27a®6®c®. 
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7. 5a®-186»-63c''-25a6c, 38c®-37a®-7afcc+296®, 26o&c-17c* 
+U6*+43«», 136®-18«6c+4a«+21c»and -14a»+12c»+21a&c-346». , 


8 . 


2 3 ■^'6’ 4 6 5 


*• 5 ^ 7 ^ 11 7 *11^ 5 11^ 6 ^ 7 

in 4a!®y , 4y*g . 7^ . 62*® . 7®“!/ , Bsr®® . 4®*y . 2y®a 

15 + ir-^-iT* ly + 17 +16 if + T5 + IF 


n 7a»6^96*c . Iloa*^13o6» 

IF+lf + -2r +"3^’ 


86^0 . 10c®a . 12a®5 . ITte® 
21 19 35 


and 


22«6* -Idte* , lOca* , lloc® 

36 35 21 ' 

12. ^’+ |w+ -^6*d. |co6“ + ^a5c® +^a*d, J 6co» 

+^c*d+ |ca6® and ~a*d+ p‘d+^^c^d. 


x-2j/ , 2y-Bz , 3z-4x , 2x-3y . 3y--iz ^z-2x 

g- + ^2 f 2 - 


3x-6y ^6x-7z , 2z-3x 
15 “*■ 6 


2c-3a ^ 3a-45 ^ 45-2c 
ca a6 5o 

^-36 ^ 35-4o 4o-2a 
ab be ca 

1A 5g-3ay . 2bi/-4flg 3bz--ax cx--iby . 3cy-6bz , 4cg"ba; 
ab ab ab * be be be 

■ aa?-2ey ^ iay~-3 cz ^ 5 az-cx 
ca ca ca 

oy^ax ^ az-by ^ hx-cz ay-bx bz^cy cx-az 

** ea®y aby^f bezx * aba?y bey;? cazx 

by-ex cz ax . ax -^-bz ^ 
bexy cayz abzx 


12 


5aj-4i/ , J/-22 , 2z-3x 
12 ^ 2 ^ ' 

2aj-3y , 3y-52f . bz-7x 

14. 

5a;“7j/ , 2y«-3;? , 32f-6a? 

35 6 ‘ 15 ’ 

4 k 2b-3e , 3e-4a . 4a-2b 

15. — n — *■ — rr— + 


be 


ca 


ab 


and 


and 


and 


and 


and 


If a* 5, b- 4, 05—8, y** 7, find the numerioal value of : 

18. (46a* + 38b* - 87ab«* - 106y*) + (47aba?® + 86y * - 66a^ - 88b*) 
+(67y* + 75b* + 23a* + 63ab®*) + (-33b*+8y* - 27ab»® - 39d*)+(26a* 
-46y*-22b*.+6ab»»}. 
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19 . (36®y*+207a6*-98ft»* - 62i;a* - 8Sa6®*y) + (686a!* + 102ya* 

-66a!y*-87a6*+63«6a!V) + (26a6a:®tf-76a6*- 26tfa* + 486ai*+63a!i/*) 
+(28ya*-29a!y*-65a6a!*i/+45a6*+266ai*) + (-89a6*- 43ya*+69a6a!*y 
+6a!y*-396ai*). , 

20. (67a*6a! + 256*a:i/ - 143a:*|/a + B7y*ab - 283a*6“a!*) + (6Sx*ya 
-92y*db-e3a*bx + 73a®6’a!*-866*a!ji) +(36y*a6+1326*ajtf + 82a*6*a!* 
+36a!*i/a + 96a*bx) + (-80a®6®ai® - 78a*6a!+27y*a6-17ai*ya-526*a?v) 
+ (61a:*ya - Wb^xy + 148ffl®6®ai® — ly^ab — 12a*6a!). 

Add together : 

21. (a®+6®)(m+»)+(a»-6»)(p+«)+c®i. (a»-6®X»»+»)+(a®+6») 

x(p+g)+c®»», no® + J(a® + 6®)+fc(o®“6*). 

22. (a!+i/)*a+(v+2)*6+(2+a!)®c, (a!-y)*a+(y-2)*6+(2-a!)*o and 
2(a!® -i/®)tf+2(i^® -2“)6+2(2* -ai*)c. 

23. a6(a-6), 6c(6-c), ca{c-a) and a®(c-6) + 6*(a-c)+c®(6-a). 

Supply the following omissions : 

24. a®+6®+c®-o6-ac-6c=} }-{{6-o)®+(c-a)»+(a-6)®K 

26. (6+c)a!®+(c+a)y®+(a+5)2*={ > 

• » 

n. Subtraction 

75. In Art. 35* we have explained that to* subtract a is the same 
as to add -a. Thus, a?-a— aJ+(-a). Similarly, to subtract an 
expression is to add it with its sign changed. The ordinary rule for 
subtracting one compound expression from another has already been 
explained in Art. 38, and has so far been applied to simple cases only. 
We shall now consider harder examples on subtraction. 

Example 1 . Subtract axi-by+ cz from (5 + o)y + (c + a)z + (u + b)x. 

Arranging like terms in x, y and z and applying the rule explained 
in Art. 38* tne difference required is obtained^ Thus, 

The minuend “(a+fe)a?+(6+o)y+(c+a);5 

The subtrahe nd— bx+ by-h cz 

/. The difference — te+ cy+ az 

[ In the remainder, 

the co-efficient of ®— (a+6)-a«a+6-a-6. 

Similarly* the co-efficients of y and z are c and b respectively. ] 
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Esample 2. Subtract (& - cYyz + (c -v dfzx + (a - Vjl^xy 

from (J + c)^yz + (c + ci)^zx + (a + hfxy* 
The minuend « (6 + cfyz + (c + aYzx + (a + Vfxy 
The subtrahend - (6 - cYyz + (c - a^zx + (a - hfxy 

The remainder « ibayz^ icazx-^ iabxy 
[ Ip the remainder, 

the oo-effioient of y;8f“(6+c)*“(6“o)® 

-h*+26c+c®-(&®-26c+c*) 

“ & * + 26c + c® “ 6 “ + 26c - c * ■* 46c. 

Similarly, the oo-efficients of zx and xy are 4ca and 4a6 respectively.] 

Esample 8. Supply the omission in the following : 

(2a+36)a5+(36+4c)y+(4c+2a)2?-“(a+6)«+(6+c)y+(c+a)«+j }, 

Evidently, the omission can be obtained by subtracting (a + 6)fl;+ 
(6+c)y +(c + a )2 from (2a+36)a5+(36+4c)y+(4c+2a)a. Proceeding as in 
examples 1 and 2 above, the result of subtraction can be easily found 
to b0(a+26)a;+(26 + 3c)y + (3c+a)^. 

Example 4. Subtract 2‘6ax - 3‘76y *- 8*3^;? from 3iax + 2iby + SISjet. 
The minuend — 3iaaj+ 2iby+ Q^z 
( Thesubtrahend- 2 ' 5 aa;- 3 ’t 62 / -8*3S2r 

‘The remainder " fa»+ ^by+-^z 
[ In the remainder, 

the co-efficient of aa;-«3f-2*6-^-|-*-^i^«4, 

the co-efficient of 6i/«»24-(-3’7)=»2t+37-^+^—¥i 

the co-efficient of «-6SS-(-8*32)-6|8+8'3S«W+W 

Note. As in addition, fractional co-effloienta in the remainder must he aimpli^ 
fled by Rules of Arithmetic. 

When compound expressions with brackets are to be subtracted it ia more convents 
ent to retain the brackets, as in Examples 1~3. 

EXERCISE 36 

Subtract : 

1. - 7®* +6a5*y -8a®y® - 13® +9y* 

from 3® “ - 6x^y + 2®®i/® - 7®®y ® + 6p^. 

2. 3m®n® - 10n®®m + 14® - 20m®w*® - 27n*®*m 

from 6w®n® - 17n®®w + 26®®tnn - 13w*n*® - 19n®®®«w, 
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3. 37a® +43a?*y» -;64a®i/® «67a>*+84ay® -93y® 

from 48£C® - 31®®^/ - 7a*y® - 39a*y® -41a®y* +64ay^ - 53y®. 

4 . - 2yzbc^ +4yz^bc - 2aa^ - %y^zbc + 3a *a® 

from 3aa* -5a®£C® +62/;?6c^- ly^zbC’^Qyz^bc, 

6. 19a®j8f®2/ - 15a®i/®« +27 + - 12a*y - 19a2/®j!f® 

from 26 - 16®®!/®;? “ VJxy^z^ + 21®®;?®!/ - 6x^y^z^ +8®y;?*. 

6. 43® ®y^;?* - 2Bx^y^z*^ + 25x^y^z^ - 66®®!/*;?® +26®®y ®«* + B6x^y^z^ 
from 29®*y®2f® - 37®®^*;?® +54®®!/®;?* - 45®®!/®;?* “ Blx^y^z^ +89®®y*af®. 

7. -29®*^®;?® + 76x’^y*‘z^ + 13®®!/®^* + 63®*!/*«® - 94®®!/®«* 
-86®*!/®;?® from 41®®!/*2:®-87®®!/®^f* - 28®*y®;?® + 63®*!/®;?® “* d6x^y^z^ 
+ 37®®y*£r®. 

8. What must be added to 3®® -5®!/ + 6!/® +7!/2? in order that the 
sum may be -x^-y^-yz ? 

9. What must be added to -6®® + 13®®!/®-a®5®+66®!/® + 7®ya6 
in order that the sum may be ®®+®®!/® + a®6®-26®!/®-lto^a6 ? 

10. What must be added to 5®*-6®®y+7®®i/®-8®y®-19y* in 
order that the sum may be 3®*+5®®i/®-12i/* ? 

11. What must be added to -6®®-3®*!/ + 6®®y® + 17®®y®+13®!/* 
-2l!/® in order that the sum may be -7®® -4®®!/® + J3®®y® +29y® ? 

12. What must be subtracted from 2a® +5a6— 65® in order that the 

remainder may be a® + 25® ? . , 

13. What must-be subtracted from 5®* - Bxy + 4!/® -8 ® - lOy + 15 in 
order that the remainder may be ®®+2®y+3y® +4®.+6y + 6 ? 

14. What must be subtracted from 3a® - 4a® 5 + 5a5® - 85® in order 
that the remainder may be a® - 2a5® +75® ? 

16. What must be subtracted from -8®®i/+4®®y®-ll®!/®+12®® 
-13!/ + 27 in order that the remainder may be 4®®y-3®®y®-ll®y® 
+ 20®®-3()i/+66? 

16. Erom what expression must 3a®- 7a5- 85c +95® be subtracted 
in order that the remainder may be 2a* + 3a5+35c + 25® ? 

17. Erom what expression must -3®®+5!/®-r7®!/+8®-9 be sub- 
tracted in order that the remainder may be ®®-8!/® + 2®y-ll®+7 ? ' 

18. Erom what expression must -7a®- 85®c-13ac® + 35® be sub- 
tracted in-order that the remainder may be 4a® -35®c+7ac® -85® ? 

19. Erom what expression must 21®® -37®!/® +42!/® -18®® + 19®!/ 
-39 be subtracted in order that the remainder may be -26®® + 16®p® 
-87!/® + 7®®-43 ®i/+24? 

1—7 
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Subtract : ^ 

' 20. A®+fjT+ W* from + 

21. -’SOoiB+ify+’ltwa from -Ao®+fy+'6»»ir. 

22. ri7a*ca!^2'31c*%-63-18c*« 

from 32’39c®6y+2‘37<»“ca!—62’73c®a. 

23. +ii6^c”iS+2'3Za!+3'6»»y+ 

from 3 3lx+^a^b^y-1inz-^b’^c^z-2'&mv-iia^c^x. 

24. Supply the omission in the following : 

(i) 3’2*+6‘3y+6‘4«-( )“2a!+3y+fe ; 

(ii) 17a!+23y+W2"62a!-r7y+^s-( ); 

(iii) 1-^+16-621®+16 to*+14p 

-( )-(2-&a+3-621»+4»»*+16p). 

Subtract : 

25. bc{h’-‘c) + caic-a)+ab{a-b) from bc{b+c)+ca{c + a)+ab{a'^b). 

26. a\b - c) + 6®(c - a) + c*(a‘- b) from bc{b - c) + ca{c -* a) + ab{a - b), 

27. (6-c)*+(c-a)®+(a~fe)^ from 2(a® + 6*+c® 

28. (l+a+a*)a; + (l + 6+i*)y+(l+c+o®)2J 

from (l+a)®aj+(l + 5)®|/+{l+c)V 

29. ^ A man earned ( aa; + by +C 2 i) rupees per month for a year and 
spent (lOax-^ldcz) rupees during the same year. How many rupees will 
he be left Vith at the end of the year ? 

80. If out of (60aj+71i/ + 18s) sheep, (13a5+12y) and (15i/+8s) be 
sold and (3s + 23a;) die, find the number of sheep left. 


OHAPTEB IX 
HARDER MULTIPLICATION 

76. We have explained the following rules of multiplication of 
Algebraic quantities in Chapter III. 

(1) ax 6—6 X a, [Art. 42] 

a6c"«6ca-ca6, etc. [ Art. 43 ] t 

i.e., the value of aproduot is the same in whatever order the factors 
may be taken. 

Th|s is called the Commutative Law of multiplication. 
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(2) (aJ)xc-ax(6c)»6x(a(j)»ax6x(?, [Art. 43] 
i.e,, the factors of a product may be grouped in any way. 

This principle is known as AssoeiAtive Law of multiplication. 

(3) a(6 + c) = a6 + ac. [ Art. 47 ] » 

This is known as Distributive Law of multiplication. 

(4) a”* xa”*»a”*+*, where m and n are positive integers. 

This is known as Index Law of multiplication. 

We now proceed to consider products of compound expressions and 
harder examples on multiplication. 

77. To prove that (a^b)ic-¥d)^ac-^ad-{‘bc-^bd. 

Putting X for c+d, wo have 

{a + feXc + d) =“ (a + 6)a5 « a?(a + 5) 

•»xa+xb [Art. 47] 

"•ax + bx 

■■ a^c + d) + b{c *l®d) 

=*ac+ad+6c+id. 

Cor, Since a-fc»a+(-6) and c-d«c+(-d), 
(a-6)(c-d)-{a+(-6)Hc+{-dX 

■■ac+a(— d)+( — 6)c+( — 6)(— d) » 

*= oc “ ad ^bc-ir * 

o , 

78. To prove that ) 

■■ + /I +P+ • • •) + 6(/w+ +P+ + • • •) 

+ ^(iil + /I +P+ + • •*) + rf(/w + /I +P+ 

Putting X for m + n+p+g+**% we have 
(fl + 6+(5+d+***)(wi+n+p+g+**') 

*■ (a + 6 + c + d + • • •)£P 
^ax+bx+cx+dx+'** 

=*«(?» + n+p+5 + *-)+fc{»»+w+P +3' + ”’) 

+ c(?n + 71 + p + Of + •••)+ d(7n + + p + ^ + •••)+ Ac. 

Thus, to multiply one multinomial expression by another we have 
. to multiply every term of the one by every term of the other and take 
the algebraic sum of these partial prc^ucts. 

Example 1. Multiply 2a+3& by 4a-f-5&. 

(4a+66)(2a+36)-(4aX2a)+(4aX36)+(66X2a)+(66)(36) 

«8a* + 12a6 + lOaft + 166* -8a* + 22a6 + 166*. 
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Example 2. Multiply Sa; - 7i/ by 22 ; — 5^. 

(2® - 5y){3x - 7y) - (2x){3x) + {2a?)'( - Ty) + ( - 62 /)( 3 aj) + ( - 5y)( - 7y) 
«6a;''-14a;y-16iy+36y® 

. « 6x® “ 29xj/ + 35y 
' EXERCISE 37 

Multiply : 

1. 2a + 36 by a + 6. 2. 2m-3w by m-w. 

3. a + fc+c by a + b+c, 4. a-b + c by a-b + c, 

5. a-b-c by a-b-c. 6. o-26-Sc by 2a~b-c. 

7. 2a;-3y-4;2f by x-y-z, 8. -5»4-2a-3i) by -aj-a + &. 

9. a;® + y*+ 2 ® by x^y-z, 10. xy-^'Vz-^-zx by xy-yz-zx. 

79. Arrangement of an expression according to descending 
or ascending powers of some letter. 

When the different terms ot an expression contain different powers 
of any letter* if we arrange the *l:erms in such a way that the term 
con taining the highest power of that letter is put first on the left, the 
term containing the next highest power is put next ; and so on ; and the 
term which either contains the lowest power of that letter* or does not 
contain that letter^ at all is put last* then we are said to arrange 
the expression according to descending powers of the letter considered. 
If the or jer of the terms be reversed, the arrangement 'is said to be 
according to .ascending powers ol the letter. Thus* the expression 
a®a;® + 3a^icy-5a®a;®y*+4a®a;*y*-'2ox®y*+a?*y® as it stands may be 
considered as arranged either according to descending powers of a, or 
according to ascending powers of y* but if it is arranged as -ba^x^y^ 
+a;®y® + 4a®a;^y® + a®a;^-2ax*y^+3a*icy, it is arranged according to 
descending powers of x, 

80. When one expression is to be multiplied by another arrange 
both the multiplicand and the multiplier according to descending or 
ascending powers of some letter common to them, and proceed as 
exemplified below. 

Example 1. Multiply a®- 6®- a6 by 
Multiplicand ■■ a® - a6 - 6® 

Multiplier “a*+a6-5® 

Product by a® —a^ - a®6® 

Product by +a6 ■" +a®6~ a^b^-ab^ ^ 

Product by -6* - a®6*+a6® + 6* 

Complete product *<■ a* +6^ 
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Note. The process shown abov&^iny be described as follows : 

The multiplier has been placed under the multiplicand after having arranged 
them both according to descending powers of as and a line has been drawn below the 
multiplier. The successive products of the mulHplicand by the different terms of the 
multiplier beginning from the left have been placed in different horizontal rows in such 
a manner that each set of liJce terms may be in the same vertical column. A line 
having been now drawn below the lowest of the roioSt the complete product has been , 
found by writing down the sum of each vertical column immediately below it. 

Example 2. Multiply 2a® - 3a;® - 5ax by - 3a;® + 2a® + 6aa?. 

Arranging the multiplicand and the multiplier according to 
ascending powers of a;, we have 

Multiplicand « 2a® - 6aa; - 3a;® 

Multiplier = 2a® + bax - 3a;® 

4a*"10a®a;- 6a®a;® 

+ 10a®a;-Q5a®a;*-15aa;® 

- 6a®a:® + 16aa;®+9x^ 

Product *= 4a^ -37a®a;® +9a;‘*’ 

Example 3. Multiply 2a®fc-5a&®-a* + 3a®6’ . 

by 2a^-3a»6+4afe®-5a®6®. 

Arranging the multiplicand and the multiplier [Recording to 
descending powers of a, we have 

Multiplicand - -a* + 2a®^+3a®6® -5a6® 

Multiplier ■"2a*-3a®6~6a*f>®+4af)® 

-2a®+4a"6+6a®6®-10^^ 

+3a^6-6a®6®- 9a®6® + 16a*6* 

+5a®6® - 10a® 6® - 16a*h*+25a®6® 

- 4a® 6® + 8a^&* +12a® »®-20a®&® 

Product « - 2a® + b + 6a®6® - 33a® 6® + 8a*6* + 37a®6® - 20a®6® 

Note. In this example the multiplicand and the multiplier are each homo- 
geneous and of the 4th degree, whilst the product also 4s homogeneous and of the 8th 
degree. Similarly, it may be seen that whenever the expressions to be multiplied 
together are homogeneous, the product also is homogeneous, and the degree of the 
produa is equal to the sum of the degrees of the expressions. This law is of great 
importance in testing the accuracy of a muUiplicatum when the multiplicand and the 
multiplier are both homogeneous, for in this case if the product obtained does not turn 
out to be homogeneous, we are sure there hoe been an erior somewhere. 
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Esample 4. Multiply wa?® - wa? -p by - 1. 

Multiplicand ■» wa?* — na; — p 
Multiplier “a?*+pa;-l 

wa?*- waj®-pa?® 

+pwa;® -pnx^ -p*aj 
-wa;® + 7ta?+p 

Product - mx^ - (n -pm)aj® - (p +pn + m)a:® + (» -p *)a? +p 
Example 5. Multiply V-gx® + ^b^x^y + S'Scxi/® + I’OSp ® 

by 2te®+3‘6?nxi/+r6ny®. 

[ jV< B. To prodtict of expressions in which hoik vulgar fractions and 

decimal fractions occur as co-efficients^ it is convenient to reduce all the eo-effldents to 
fractions of the same kind (either all vulgar or all decimal) and apply the rule of 
muliiplieatum. 

In this example, as when reduced to a decimal fraction, will involve a very 
large number of decimal places, we reditce all the co-efficients of the multiplicand as 
also of the multiplier to vulgar fractions, 

Maltiplioand ■■ + Iciry * + fjjr “y ® 

Multiplier «=21®*+ima!v+f»P* 

*¥al**+H6*l**y+ 7olx^y*+ligHx*y^ 

+iiamx*y+nb^”ix\*+^(mx^y^+^^^^mxy* 

+ f^anx^y^ + ^b*nx*y * + ^nxy*' + ■«p* 

Prod uot “ ^alx* + 1 + aam)x*y +(7cl+ff6®»u+ }^on)aj®y * 

+ iihy^l + + W6®«)®®y * + (Wff *»» + ^n)xy* + Uo'ny*. 

Example 6. Multiply together o®-a6+6*, o®+o6+6* and 

o*-a®6®+5*. 

(i) a®-a6+6® 

ffl*4-0 & + l)® 

o*-o*6+o®6® 

+o»h-o®l»® + a6» 

+o®6"-o6» + 6* 

a* +a®6® +6*: 

(ii) o*+a*6®+6* 

fl*-o*&* + l)* • 

a®+a*6*+o*6* 

-a*b*-a*b*-a*f 

+o*6*4-o»l)®+b® 

o® ” +0*6® +6® 

Thus, the required product “0*+a*6* + 6®. 
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Note. When the number of •factors in a product is more than two, the 
product is called the continued product of those factors. . 

The factors should he arranged in a suitable order so as to lessen the trouble of 
multiplication in such products. • 

81. Detached Go-ettieients. If both the multiplier and the 
multiplicand contain powers of the same algebraic quantity or be homo- 
geneous expressions of the same quantities, the labour of multiplication 
may be lessened by detaching the co-efficients and placing them in 
proper relative positions. If any power he missing, zero must he inserted 
as its co-efficient. 

The following examples will illustrate the process. 

Example 1 . Multiply au® - 4aj + 4 by ® - 2. 

a;®-4a5+4 

X —2 

1 -4 +4 
-2 +,8-8 

.'. The product-a;®-6aj® + 12a!J-8. 

Example 2. Multiply 3a;® - 2a; + 4 by a; -f 6. 

3a;®+0.a;®-2a;+4 

a;+5 

3 + 0 - 2 + 4 
+ 16 + 0 -10+20 

. ■ . The product = 3a;* + 16a;® - 2a;® - 6a; + 20. 

EXERCISE 38 

Multiply 

1. 256® + 30a6+9a® by 3<i-66. 2. 2a-36 + 4c by 2a + 36-4c. 

8. a;®-a;+2 by a;®+a;+2. 4. a*-2a6 + 6® by a®+2ah + 6®. 

5< a;*+a;® + l by a;*-a;® + 1. 6. i/®-a;®i/®+a;® by a;®+a5®i/*+y®. 

7. ?f*-w®n® +n* by m® + n®. 8. p®q®+p*+q* by -q® +p®. 

9. a®+6a6*-6a®6 by 66®+a®+6a6. 

10. »a;®-3a;® + 3a;-l by a;*+3a; + L 

It 2aa;® + a*+3a®a;®+aj*+2a®a; by a®+a?*-2aa;. 

12. a®+3a»fc+6^+3a6® by 3a6»-fc®+(i®-3a*6. 
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Apply the method of detached co-efficients to find the product 
of : 

76. 2a*+3a;+9 and 3a;+6. 77. fl5®-2a:-16 and 

78. 3a;®+5a+6 and a;* + 3a;+2. 79. a® + pa;+r by p®+g. 

80. ix^+^x^+6 by |aj®+aj+2. 


OHAPTEE X 
HARDER DIVISION 

82. The principal rules for division explained in Chapter 
may be stated as follov^s ; 

(i) a+6=ax | ; 

(ii) a+i-*-c«a-*-6c ; 

* (iii) a-*-fcxc«axij-i-6 ; 

and (iv) a”'-*- «= a"*'**, where m and n are positive integers 

and m > n. 

The rule (iv) is called the Index Rule for division. 

The Law of Signs and the rule for division of a monomial or 
a multinomial expression by a monomial have been explained in 
Arts. fiO-52. We now propose to consider division of one multinomial 
expression by another. 

88. Division of one multinomial expression by another. 

Let us consider a particular example. 

We have (2a® + 3a6 + 46®)(a + 3b) 

- 2a®(a + 36)+ 3a6(a + 36) + 46®(a + 36) 
-2a®+9a®6+13a6» + 126®. 

Hence» (2a® +9a®6+ 13a6* + 126®)-*“(a+36) 

-2a®+3a6+46®. 
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Now, let us review thi» lesult and see in what way, given the- 
dividend and the divisor, we can discover the quotient. The pointa 
noted are : 

(i) The dividend and the divisor both stand arranged according to* 
descending powers of a common letter, namely, a. 

(ii) The term of the quotient,* namely, 2a®«2a®+a, the* 

let term of the dividend )+( the Ist term of the divisor ). 

(iii) If we subtract 2a^(a+36) from the dividend, the remainder is 

3a‘h + ldah‘ + 12&^, and the second term of the quotient, namely,. 
3ab^Sa^b-*-a, the 1st term of this remainder )+( the 1st term of 

the divisor ). 

(iv) If we subtract 3ab(a+ib) from the above remainder, the new 
remainder is 4ah^ + 12h^, and the third term of the quotient, namely, 

i.e.,“(tho 1st term of this remainder )-•-( the 1st term of 

the divisor ). 

(v) If wo subtract 46®(a+36) from the preceding remainder^ 
nothing remains and the division is complete. 

The process noted above can be shown as follows : 

a + 3b\2a^ + 9a^b + 13a6® + 126«/2a® + 3a6 + 46® 

/2a®+6a*6 \ 

3a®6+i3a6® + 126® 

3a®6+ 9a6® 

4'o6® + 126® 

4o6® + 126® 

Hence, we deduce the following rule : , 

Arrange both the dividend and the divisor according to the 
descending powers of some common letter and place them in a line as in 
the process of Division in Arithmetic. 

Divide the first term of the dividend by the first term of the divisor 
and write down the result as the first term of the quotient. Multiply the 
divisor by the quantity thus found and subtract the product from the 
dividend. 

Regard the remainder as a new dividend and see if it is arranged 
according to the descending powers of the common letter. Divide its first 
term by the first term of the divisor and write down the result as the next 
term of the quotient. Multiply the divisor by this term and subtract the 
product from the now dividend. 

Then go on similarly with the sticoessive remainders until there is 
no remainder. 

Note. That the rule staJted above gives us a correct remit is evident. For the 
different quantities, that are one by one subtracted from the dividend, being the partial 
product of the divisor by successive terms of the quotient, their sum is equal to the 
product of the davisor by the whole quotient ; and ^s thds sum is elearljf equal to Hm 
d^idend, the dividend is equal to the product of the divisor by the quotient, and thia 
ii what it should be. 
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Bxample 1. Divide a?* - 4®®+ 12® -»9 by a?* -So; + 3. 

Both the dividend and the divisor, as they are, are arranged 
according to descending powers of x. Hence, we may proceed at once 
as follows : 

®*-2® + 3\®* ' -4®* + 12®-9/®®+2®-3 

lx*_-2x^ + 3ii^ \ 

2®^-4®^+ 6® 

-3®*+ 6®-9 
-3®*+ 6®-9 

Thus, the required quotient ** ®® + 2® - 3. 

Note. In the dividend it must be noticed that the term containing a;* is wanting 
and hence the second term which contains has been put a little apart from the first 
as if leaving unoccupied the place of the absent term. This point should he attended 
tOi although not strictly reguired^ for the purpose of having like terms placed 
under one another ; for instance^ in the above example if the second term of the 
dividend stood close to the firsts — 2aj* would come under —4®*, and. 3®^ under 12®, 
emd this might confuse the beginner or otherwise lessen the neatness of the process. 

Example 2. Divide 16®^ + 36®® + 81 by 4® ® + 6® + 9. 

4®® + 6® +9 \16®* +36®® +81/ 4®® -6® + 9 

/ 16 ®* + + 36 :^® \ 

■ -24®® +81 

- 24®® -36®® - 54® 

3ito®+54®+81 

3to*+54®;j^8l 

Thus, the required quotient « 4®® -6® +9. 

Examples. Divide ®®-4®*-2®®+3®®+8®-12 by ®*-4. 

N. B, It is not essential to arrange the dividend and the divisor according to 
deeeending powers of some letter commmi to them ; the arrangements may as wsll he 
according to ascending powers of that letter. The only thing indispensable is that 
both the expressions should he arranged in the same order^ he it descending 
or ascending. For instance, let us work out the present example by arranging the 
expressions in the ascending order of the powers of x, 

-4+®® \-12+8®+3®®-2®®-4®*+®®/ 3-2®+®^ 

1 -12 +3®® \ 

8® -2®® -4®*+®® 

fee -2® ® 

^ -4®®+®® 

-4®®+®® 

Thus, the required quotient *3 -2®+®®. 
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Example 4, Divide a*c® - 6*c® by aft + ae - ftc. 

The dividend, when arranged according to descending powers of a, 
becomes (ft® - c®)a® + 2ftc®a - ft®c®. 

The divisor, when so arranged, becomes ^ft + c)a “ ftc. 

Thus, the dividend has become a trinomial and the divisor a 
binomial 

(6+c)a-6c \(6®-c®)a®+2ftc®.a-ft®c®/ (ft-c)a+ftc 
)(ft®-c®)a®-(ft®c-ftc®)a I 
(ft®c + ftc®li-ft®c® 

(ft® c + ftc®)a- ft®c ® 

Thus, the required quotient = aft - ao + ftc. 

Example 5. Divide a® + ft ® - c® + 3aftc by a + ft - o. 

The dividend and the divisor, arranged according to descending 
powers of a, become respectively a® + 3ftc.a + (ft®-*c®) and a+(ft-c). 

Thus, the dividend has become a trinomial and the divisor a 
binomial 

a+(ft-c) \a® +3ftc,a+(ft2-c®)/a®-(ft“c)a+(ft® + ftc+c*) 

)a® +(ft-c) a® [ 

- (ft - cja® + 3ftc.a + (ft® - c®) 

-(ft-c)a®-(6-c)®.a 

(6® + ftc+c®)a+(ft®-c®) 

(ft® + ftc+c®)a+(ft®-c®) 

Thus, the required quotient — a®^+ ft® + c® - aft + oc + ftc. 

Example 6. Divide (6 - c)a® + (c - a)ft ® + (a - ft)c® by a® - aft - ac + ftc. 

Let us arrange the dividend and the divisor according to descending 
powers of a. * • 

The dividend * (ft - c)a® - ft ®a + c®a + ft ®c - ftc® 

- (ft - c)a® - (ft® - c®)a + ftc(ft® - c® ). 

The divisor « a* -(ft + c)a + ftc. 

Thus, the dividend has become a trinomial and the divisor also a 
trinomial 

a®-(ft+c)a+ftc \(ft-c)a®-(ft®-c®)a +ftc(ft®-c®)/ (ft-c)a+(ft®-c®) 

/(ft-c)a®-(ft®-c®)a® + ftc(ft-c)a \ 

' (ft® - c® )a® - (ft® + ft®c - ftc® - c® )a + ftc(ft® - c® ) 

(ft® - c®)a® - (ft ® + ft®c - ftc® - c®)a + ftc(ft® - c®) 

Thus, the required quotient aft - oc + 6® - c®. 

Note. It must be noted that the expressions which are 'enclosed withm brackets 
08 eo-ejfidents of different powers of a are all arranged according to descending powers 
of 6 . Such arrangements add to the neatness of the process and lessen the chance of 
confusion. 
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EXERCISE 89- 

Divide : 

1. a5*-9j!+14 by *-7. 2* 3®* -17® +10 by 3® -2. 

8. 12®* -8® -32 by 4® -8. 4. 55®* -67® -14 by 11® +2. 

6. 2a®-7a6+66* by a-26. 6. ®*+®®y*+y* by ®*+*y+y*« 

7. 4®*-9a* by 2®+3o. 8. ®* + o®by® + o. 

9. a* - a*6 - 7a6» + 36® by a - 36. 

10. i®®+f8®®+V®+18 by i®*+f®+6. 

11. I®® -V®* +1«® - A by i®» - A® + A. 

12. *a»y*-AaV6+^/,ay6*-.A»6*by 

43. la*wi*+-W‘^®w*w+*f^amn® + 126n® by 3a®w*+V^w+42n“. 

14. by + 

15. by + 

16. ifmn® +im®w® by iwn+4m® +^w®. 

17. by 

18.. If rc+i/+jy« -3a, find the quotient when 

<2a;-y-2f)(2i/-;5-ajK2«-»-y) is divided by a^-¥a{x’¥y) + xy. 
Divide : " 

19. iKa - yY + ( 2 / - zY + {z- a?)®] by (a? - y)(y - z), 

•20. a;®-^2a®»®+a® bya!®-2aa;+a®. 

21. 2a;®y®+y®+aj® by 2a?y+a;®+y®. 

22. a® +(a+h+c)x®+(a&+ac+6c)aj+ahc bjr a5+c. 

28. a;®+(6-c-a)a;® + (ca-a6-6c)aj+a6c by a?* + (6- a)a?-a6. 

‘24. a® +a®6 + a®c - ahc - b*c - he* b y a® - 6c. 

25. a®(6+c)-6®(c+a)+c®(a+6)+a6c by a-6+c. 

26. a®(6+c) + 6®(a-c)+c®(a-6)+a6c by a + 6+c. 

27. a;®-2aa:®+(a®-a5-6®)aj+a*6+a6® by x-a-^b, 

28. ' a® + 6®+c®-3a6c by a+6+c. 

29. 05®+!/® -1+3®!/ by ®+!/-l. 

20. ®®^-8y®-27j8f®- 1805^5? by x^^y-Zz^ 

31. ®®-!/*+j 2 f® + 3a5i/« by ®-!/+ 0 . 

22. 8a:®-27i/®-ar®-18a5y« by 4a?*+9y*+«®+6®y+2®^f-3y0. 

.38. a®(6 - c) + 5*(c - a) +c®(a - 6) by a - 6. 
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34. {x^-hx+cx)a-hc[x*{‘dj’^{x-b‘\rc)x^ by (a?+a)(a;-6). 

35. c{ah - a?®) + (a - b){x - c)x + cc(x^ - aft) by (x - 6)(a? - o). 

36. a®(6 - c) + a) + {5®(a - 6) by afc + fee - ao - fc®. 

37. a®(6®-c®)+fe®(c®-a®)+c«(a®-6®) by a®&-6c®-ao®+a®c. 

38. a?y® + %® 2 i-icy®; 8 ?+a; 2 /«®-a;®^“ 2 y 0 ®+£c®«-a? 2 f® by y+jar-a?. 

89. 6(a?® + a®).+ aa;(a;® - a®) + a^(x + a) by (a + b)(x + a). 

40. (<i-6)®c®+(a-6)c®-(c®^fl®)6®+{c-a)b» by (a-6)c®-(c-a)6®. 

[ Arrange the given expressions according to descending powers of c. ] 

41. (ax + 6y)® + (ax - 6y)® - (ay - te)® + (ay + 6aj)® 

by (a + 6)®a?® - 3a6(®® - 1 /®). 

[0. U. Entr., 1888.] 

[ Simplify the dividend and the divisor and then arrange the two expressions 
according to descending powers of s. ] 

42. aj(l + i/®)(l + 2 ?®) + 1 /( 1 + 2 f®)(l + a?®) + 2 f(l + a?®)(l + ^®) + 4xyz 

^ by 1+xy+yz + zx. 

[0. U. Entr., 1878.] 

[ Arrange the expressions according to descending powers of x. ] 

43. (4!c*-3a*!r)®+(4v“-3a*y)*-a* by®”+v*-a®. 

* [B. U. Entr^, 1884.] 

Assuming the formula to be true for all, values of 

m and n, show that : • , 

44. o“-l. [a°=a*-"-a’"+a’»-l.] 

46. [a-“-o®-’‘-a®-t-a"=l+o».] * 

46. 47. 

Divide : 

48. a®i/^ by 49. by a"®6^c*. 

50. 15xyz by A 51. 9a?^^16p^ by 3aj^+4y^. 

52. a+b by A + 6^. 58. a^ + afb^+b^ by a^+a^b^+b'^, 

54. 4aj^-37a;^A+9A by 2a:^+6®^A-3i/'^. 55. a-6® by A-6^. 

56. 4a-^''+12a’^6’U9a-®6-®-256-® by 2a-®+3a"t6'^-56-®. 

57. 9aj"^-26aj*^l/"^+70aj“^y'^r49y“^ by 3aj''^+5aj’‘^y“^-7yA 

58. a®-6® by 59. x+y+z-3x^yK^ IjyA+A+A 
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84. Inexact Division. It may sa happen that the dividend is 
not exactly divisible by the divisor. For instance, if in example 2, 
Art. 83, the dividend were 16®* +36®* +6® +86, the second remainder 
would be 36®® +60®+86, and hence the final remainder 6®+6. As 6®+5 
cannot be divided by 4®*+.to+9, the division in this case would be 
incomplete and the result might be expressed as in Arithmetic, thus : 


1 6®*+86®*+6®+86 

4®*+6®+9 


“4®®-6®+9 


6®+6 

^4®® +6® +9’ 


The right-hand side is called the complete quotient. The portion of 
the dividend which is thus left as a residue not divisible by the divisor is 
spoken of as the remainder in division. Hence, if D denote the dividend, 
d the divisor, Q the quotient, and B the remainder, we have the follow- 
ing invariable relation between these symbols D=d^Q+B. 

85. Detached Co*effieients. If both the dividend and the 
divisor contain powers of the same algebraic quantity or be homogeneous 
expressions of the same algebraic quantities, the labour of long division 
can be much saved by detaching the co-efficients and placing them in 
proper relative positions. 

The process is illustrated by the following examples : 


Examine 1. Divide 6®* + 13®® +39®® +37® +45 by 3®* +2® +9. 
3+2+91 6+13+ 89 + 37 + 45 / 2 + 3 +6 

I 6+ 4+18 

■ + 9+21+37 
, + 9+ 6+27 

* 16+10+46 

15+10+45 


The required quotient is 2®® +3®+5. 

By the ordinary Method : 

3®®+2®+9\ 6®* + 13®® +39®® +37® +46 / 2®®+3®+5 
/ 6®*+ 4®®+18®® ( 

■jte»+21®®+37® 

9®®+ 6® ® +27® 

16®® +10® +46 
I6®®+10®+45 


. The required quotient is 2®® +8®+6. 

Bxamide 2. Divide ®® -27 by ®*+3®+9. 

term or in the divisor be absent, the 

term mvomng that power is to be suppUed With a zero oo-efflnmt. 

1+3+9 1 1+0+0-27 / 1-3 


1+3+9 


-3-9-27" 

-3-9-27 




The required quotient is ®-3. 
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EXERCISE 40 

Apply the method of detached co-effioients to find the quotient of 
the following : 

1. + 13mn^ - by 2m - 3n. 

2. a* - 3a«6 + 3a6® - by 

3. 2a?* - 3a?®i/ - 3a?y ® - * by a?® + 1/®. 

4. 2a* - 36a®a5® - 16aa;® by 2a® +8aa?. 

5. 3+2a?+4a?®+6a;®-4a?*+2LD® by l+2a?®. 

6. a?* - 4a?® + 12a? -9 by a?®+2a?-3. 

7. 4a* - 9a®fi® + 24a6* - 166* by 2a® - Sab + 46®. 

8. a* + 4a ®x® + 16a?* by a® + 2aa? + 4a?®. 

9. a* + 46* by a® + 2a6 + 26®. 

10. 2»®-7a?*-2a?® + 18a?®-3a?-8bya?®^2i?® + l. 

11. a:*-81bya?-3. 12. a®-32bya-2. 

13. 3-9a?+2a?® + 6a?®-7a?* + 2a?® by l-3a?+a?®. 

14. 82a?® + 40 - 45a?® + 18a?* - 67a? by.6a?® + 8 ~ 7a?. 

15. 64-0?® by 2-a?. 16. l+a?®-2a?® by a?® + l-2a?, 

17. 13a6®+2a®6®+6a*-a®6+46* by 4a6+6® + 3a®. 

1 8. a®6 - 156* - 8a®6® + a* + 19a6® by a® + 36® - 2a6. 

19. a?® “ a® by a?® - 2a?®a + 2a?a® - a®. • 

20. 8a®6® + 36® + a®-9a®6®-2a6*-a*6by 2a6-36®+a®. . 

21. t/®+«*"2a?®2/® by a?® + y®-2a?2/. • 

Find the complete quotient of : 

22 a?® + 11a? + 35 23 

a?+5 * a?-J^^ 

24. Find the remainder when a?®+pa?® + ^a? + r is divided' by 
a?®+pa?+5. 

25. Divide 1 + 2a? + 4a;® by 3 - a?, retaining four terms in the quotient. 
86. A few important results. 

The student already knows that 

a?® - a® — (a? - a)(a? + a), 
and a?® - a® - (a? - a)(a?® + a;a + a®). 

Sence, a?*-a* [ which»a?®(a?-a)+a(a?®-a®) ] 

« (a? - a){a;® + a(a?* + ara + a® )} 

- (a? - a){a;® + a;®a + a;a® + a® ), 


1—8 
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Hence, [ which-“fl5^(a?-a)+a(a5^-a^) J 

= (a? - a)lx* + a(a;® + a®a + a:a® + a®)} 

« (a? - a)(aj* + a;®a + a:®a® + a;a® + a% 

Similarly, it may be shown that a; -a is a factor a;® -a®, of 
a;’“a^ of aj®-a® ; and so on; hence, generally, a; -a is a factor of 
^here is any whole number. 

We conclude, therefore, that for all positive integral values of n, 
ar’* - a’* is divisible by a; - a. 

Again, since, a;” + a’*'**(a;’*-a^) + 2a^, of which a;” -a” is divisible by 
x-a and 2a” is not, . a;” + a” is woi divisible by a; - a. 

Thus, when w is a positive integer, 

a: - a afteai/s divides - a”, 1 /.x 

but wevc/* divides a;” + a”. J *" ^ ^ 

Cor. /. £C + a divides a;” — a” 07ily when is an cv67i integer. 

For, when n is even, (-a)”= a”, I and a;”-a”“a;”-(~a)”, 1 

when n is odd, (-a)”= - a”, t and x”- a” *=«”+•( -a)” ; / 

also, ar+a««a;-(-a). 

Now, from (il), wo know that a; -(-a) divides a;”- (-a)”, but not 
a;”+(— a)”. Hence, a? + a divides a;” — a” when is even, but not 
when y, is odd, 2 .e,,^ + a divides sc”— a” on??/ when w is an evcjt integer. 

Cor\ 2, x + a divides aj'^ + a” only when n is an edd integer. 

For, when w is odd, (-a)”«-a”, and aj" + a”«a;” -(-a)", 1 

when w is even, (-a)"~ a”, and rc^ + a’^^a^^ + j -a)” ; J 

• also, £C + a=a;-(-a). 

Now, from (^), we know that .r-( -a) divides a;'*-(-a)^ but noG 
ic^ + C-a)”. Hence, x + a divides aj”+a” when n is odd, bub not when n 
is even, i.e.^x + a divides a;” + a” only when 7i is an odd integer. 

Thus, we have obtained the following results + : 
a;-a divides ®”-a” a^i4;aj/s, 1 

a5”+a” never. } » 

2 C + a divides a;” — a” ofily when n is eve^i, \ 
a;”+a” only w^hen n is odd. j 

t This follows from repeated applications of the laws of signs in multiplication ; 
thus, hence, (-a)® = (-a)x(-a)»*=(-a)xa*« -a* ; hence, (-a)^ 

= (-a)x(-a)*«(-a)(-a)*«a^ hence, (-a)®»(-a)(-a)^«(-a) xa**® -a® ; 
and so on. That is, any power of -a is positive or negative according ds the index 
of that power is an even or an odd integer 

t These results have been formally proved in Chapter XXI II. 
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EXERCISE 41 

actual division that the following expressions are 
divisible by x+a : 

1. »®+a*. 2. x*-o*. 3. x*+a*. 

4. »*-«*. 6. x’ + a’. 6. a:®-o®. 

. Verify by actual division that the following expressions are not 
divisible by x+a : 


7. 

X® 

-a®. 

8. 

x*+a*. 

9 . 

x®-a*. 

10. 

X® 

+a®. 

11. 

x’-a’. 

12. 

x®+a®. 

Write 

do^Yn the quotient of 

: 



13. 

X*‘ 

-Ibya;-!. . 

14. 

by a; + ^. 

15. 

X* - 1 by X - 1 . 

16. 

a;* 

+ 2 /* by x + p. 

17. 

£C®-1 by a?-l. 

18. 

x®"-!/® by x + y. 

19. 

a;’ 

- 1 by a? - 1. 

20. 

x’^ + by aj + y. 




CHAPTER XI 

FORMULAE AND THEIR GRAPHICAL REPRESENTATION 

87. The different formulse established in Chapter IV are stated 
below to facilitate any reference to them. A complete knowledge of 
these special products is essential for performing many algebraical 
operations with neatness and accuracy. It is, therefore, desired that 
the student should commit them to memory so that the necessity even 
for occasional references may be altogether done away with. 

(i) (a+5)®-o®+2a6 + 5“. 

(ii) 2a6+6®, 

(iii) (a+6)(o-6)-=a*-6®. 

(iv) (a + bY - a* + 3a*6 + 3a6* + 5® = a® + + 3afe(a + b). 

(v) (a - 6)® - a® - 3a*6 + 3a6® - 6®-o®-5® - 3a6(o - b). 

(vi) o® + 5® “ (a + bYjoY - a5 + 6®) = (a + 5)® - 3a5(a + b). 

(vii) o® “ 6® - (a - 6X«* + a6 + 6 ®) - (o - 6)* + 3a5(a - b). 

(viii) ^ic+aX»+5)'"J:*+(a+5)i:+a5. 

(ix) (x-oX«+fc)“x*+(6-o)x-a5. 

• (x) {x-aX»-5)-*®-(a+6)x+a5. 
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88. Application of Formube. 

1. Find the product of 999 x 999 and 9988 x 10012. 

We have 999x999-999* 

•-(lOOO-D* 

- 1000 *- 2 xl 000 xl+l» [ FormulaXii) ] 

-1000000 - 2000+1 
-998001. 

Also. 9988x10012-10012 x 9988 

-(10000+12X10000-12) 

- 10000* - 12* [ Formula (iii) ] 

-100000000-U4 

-99999866. 

Siample 2. Find the value of 2931* + 1069* + 12000 x 2931 x 1069. 

Putting a for 2931 and b for 1069, 

the ^ven expression— a* +6* +12000a6 
— a®+6®+3a6(a+6) 

[ since, 0+6-2931+1069 - 4000] 
j " — (o+6)* [ Formula (iv) ] 

, -(4000)* 

-4000 x 4000 x 4000 
-64000000000. 

IMtt. Thg sMIent 18 referred to the examplea loorked out in Chapter IV for 
furthe/r iSOeu^rai/kme. 

89* Algebraic quantities expressed as the difference of two 
sqpareae 

We have a* + 2ab + fc* * (a + Vf • 

and a* - 2ab + 6® « (a - &)*. 

Subtracting. 4a6*'(a+fc)*-(a-6)®, 

or,a5-i(a+ 6)* -i(a- 6)*- (^)’ - . 

Hence, the product of any two factors 

» square of ( ^ x the sum of the factors ) 

- square of ( i x the difference of the factor^ }• 
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Examine 1. Express \x+y-\-^z%x-¥y) as the differanesof two 
squares. 

_ |2a;+2|/ +2g j * _ +2g- a;-g | ■ 

-(iC+y+«)*-a*. 

Example 2. Express (aj+lXSx+SXiV+S) as the differenee of two 
squares. 

The given expression 

-■ {(* + 1X2® + 3)Ka! + 6) - (2** + 5® + 3X® + 6) 

_ ^(2®» +S®+8)-( g-f8)^« 

— (a* + 3® + 4)* - (** + 2® - 1)*. 

Example 8. Express (®H-aX®+&iX®4-3aX®+4a) as thediffeienee 
of two squares. 

The given expression 

+ aX® "h 4<*)}{(® + 2aX® + 3a)] 

— (® ® + 5a® + 4a®X®® + 5a® + 6a*) 

. |(®* +8a ® +4a*) +(®* +5a®+6a *)j* 

_ ^(®*+ 5a®+6a*)- (®*4-Sag-l-4a*)j * 

» (®* + 5a® + 5a®)* - (a*)®. 

Example 4. Express (®+2aX®+4a)(®+6a)(®+8a)-l*7a® as the 
difference of two squares. 

The given expression 

X® + 2aX® + 8a)}{(® + 4a)(® + 6a)] + 7o* 

-(®® + 10a® +16a®X®*+10a«+24a®)+7o* 

B *t'10a ®'i‘16a®)+(®*+10a®+24o*)j * 


_ | (g®->-10a®+24o*)-(®*+10ag-l-16a*lj * 


-(®® + lOo* +20a®)® - (4a*)* + 7a* 

- (®* + lOo® + 20a®)® - 16a* + 7a* 

- (*® + lOo® + 20a®)® - (3a®)®. 
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EXERCISE 42 

[ The foUovnng examples are to he worked out with the help 
of the formulee of Art, 87. ] 

Find the squares ot the following : 

1. 5x+9y. , 2. 16a-m 3. a:+100. 4. j^+500. 

5. 0+999. 6. » + 10001. 7. 988. 8. 1012. 

9. 100-6. 10. 99-6. 

Find the cubes of the following : 

11. 2ic+6. 12. 105. 18. 99-6. 14. 600-6. 

15. Show that (o + 6)* + (o — fe)®=2(o® + 6®). 

Hence, find the value of o® + 6®, when 
(i) O-5004, 6*=4996 ; (ii) a-1012, 6=988. 

16. Show that (o + 6)® - (o - 6)® = 4o6. 

Hence, express the following,as the difference of two squares : 

(i) 4{a: + 2y){2z + y) ; (ii) (6!r + 10y)(4a! + 6y) ; (iii) (r + 98)(a! + 102) ; 
(iv) 506 x 495: (v) (2a: + 100-4)(2j:+99-6). 

Find the following products : 

17., (o+a:)(o-a*Xo®+a!®). 18. (2a+3)(2a-3X4o*+9). 

19. (((® - 06 + 6®)(o® + 06 + 6*)(o* - o®6® + 6*). 

20. 98x102x10004. • 21. 96x104x10016. 

22. (2o+a:X4o* + 4oa;+a:®). 

23. (o-2)(a+2)(a>® + 4a+4Xa®-'4o+4). 

24. (a! + 4Xa:®-4a: + 16). 26. (2y-3)(4i/® + 6y + 9). 

26. (®+2Xa!* + 2ir+4)(x-2)(a!®-2a:+4). 

27. (2a:+105)(2a:+16). 28. (6a:-25)(6a;+43). 29. (6a:-26)(6a;-43). 
Simplify the following : 

30. (2o+®+y)*+2(2o+a:+yX8a-®-y)+(8o-a!-y)*. 

31. (17o + 20® + 19y)* - 2(19® + 18y + 17o)(20® + 19y + 17o) 

+ (19®+18y+17a)®. 

32. (16o+® + y)*+(4a-®-y)®+3(16o+®+y)®(4o-®-y) 

+3(16a + ® + yX4a - ® - y)®. 

33. (121o + ® + y)® - (116a + ® + y)* - 15a(121a + ® + yXll6<x + f + y). 

34. (5a-8®)»+(6o+8®)®+33a(6a-8®X6o+8®). 

35. (2®+3y-16«)®+3(3®-3y+16s)®(2®+3y-162) 

+ (3® - 3y + 16«)® + 3(3® - 3y + I62X2® + 3y - 16 a)® - 120®*. ' 
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Resolve into factors : 

36. a:*+5a:+6. 37. 5y*+65!/ + 200. 

38. a* + 46*. 39. (a! + }/)® + 15(a! + F) + 36. 

.40. (6a +86 +2)* -(4a +6)*. 41. 8a!'+125v®. 

42. (8a+13!r)*-64. 43. (15a + 36)® -4. 44. 5a;» - 5®®!^ - SOary®. 

Find the value of : 

45. (1 6a + 26)® - 2(13a + 26)(16a + 26) + (13a + 26)®, 

\vl\en a =>5 and 6 “ 7891. 

46. (91x+5!/)®-3(91ic+5!/)®(87a!+5y) 

+ 3(91x + 5?/)(87ic + 5j/)®-(87a;+6i/)®, when X“2 and i/“83. 

47. (689963)® -2 x 589963 x 589863 +(589863)®. 

48. 90 002 X 89-998. 49. 9238* -9233*. 

50. 49856 X 49856 x 49866 - 3 x 49856 x 49855 - 49855 x 49855 x 49855. 

61. Factorize (x+ 2)(2£c+lX5a:+2)-3x* by expressing it as the 
difference of two squares. 

52. Show that (ax + 6)f6x + a){a6x* - (a* + 6®)x + a6{ can be expressed 
as the difference of two squares. 

53. Express (.5x+l)(2x+5)(3x+5X4.c+3) as the difference of two 
squares. 

54. Express (7x + 3a) (7x + 5a)(7x + 9a)(7x + 11a) + 61a* as the sum of 

two squares. * 

90. Graphical Representation ot Algebraic Formalse. Some 
of the formulas are illustrated below by their geometrical representa- 
tions on squared paper. 

(1) To demonstrate graphically, the identity 
(a+6+c+d+a)A!“cA+6A+cft+rfA!+eft. 

Let OX and OF bo the co-ordinate axes, 0 being the origin. 
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OP^»k, Complete the rectangle OPUE,- ‘Through A, B, C, D,E draw 
AQ, BB, CS, DT, EU parallels to OP so as to meet PU in Q, B, S, T, U 
respectively, so that the figures OPQA, AQBB^ BBSC^ GSTD^ DTUE 
are each a rectahgle. 

Now, rect. PjB7-roct. PA +rect. QP + rect. BO+rect. SD 

+rect. TE. ••• (1) 

But rect. PB-OB.OP«(Oil+ilB + BC+ GD^DE). OP 
*(a+6+c+eZ+c).fe ; 
and rect. PA^^OA. OP 
^alt ; 

rect. QB^AB.AQ^^AB.OP 

rect. BG-BG.BB^BG.OP 
^clc j 

rect. SD^OD.GS^-CD.OP 
^dlc ^ 

rect. TE"^DE.DT^^DE.OP 
“cfc ; 

^ From(l), fyi+b+C'¥d+e)k=*‘ak-k‘bk-¥ck^dk+ek. 

'(2) To demonstrate graphically, the identity 
‘ '(a+W«-a*+2a&+6*. 

Let OX and OF be the co-ordinate axes, and 0 be the origin. 

Let A and B be two points taken on OX, such that OA-a and 

6 ; also, let £ and P be two points on OF, such that 0£» a and 
£P«“6. Then, OS«OP*a+6. Complete the square OPBB. Let AQ 
he drawn through A parallel to OF to meet PB in Q ; also let LMN be 
^drawn through L parallel to OX to meet AQ in M and BB in N, 

Then, fig. OB** fig. OJf+fig. i4N+fig. BQ+fig, MB. (1) 

Now, fig. OB -OB. OP 

-OB.OB [ / OP- OB] 

-OB*-(a+&)*; 
fig. 0Jlf-0il.0£-0il.04 
-a* ; 

fig. AN^AM.AB^OL.AB 

^ab ; 
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fig. 

~PQ.LP~ab ; 

tg.MB’^MN.MQ^QB.LP . 



From (1), (o+6)* «a*+a6+o6+i® 

■a*+2o&+6*. 

(3) To demonstrate graphically, the identity 
(a-h)»-a»-2a6+6» 

Let OX and OT be the co-ordinate axes, and 0, the origin. 

Take two points .d and B on OX, snob that 04 ■•o and OB —6. 
'Complete the square OPQA, on 04. Through B, draw BB parallel to 
OF to mqet PQ in B ; out off a length PL from PO, equal to b. Through 
L, draw LMN parallel to OX to meet BB and AQ in M and N respec- 
tively. Produce P(3 to r, making Qr-*PB(“fc). Complete the square 
■QTSN, on QT. 


122 


ALGEBRA MADE EAST 


[chap, 


Since, 

AIko, since, 

and 


OA'=a and OB—b. 
BA’^a — b. 
OP-OA^a, 
PL-^b : 

OL^a-b : 
AB-OL. 



Now, fig. BN- fig. OQ+fig. NT-Gg. 02? -fig. BS. (!) 

But, fig. BN‘>BA.BM’-BA.OL 
‘’BA.BA=BA^ 

-(a- 6)*; 

fig. 0Q’‘0A.0P-‘0A.0A 
-04“ -a*, 
fig. NT— sq. on QT 
— sq. on Pi? 

»6“; 
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fig. OB - OP.OB ^OA.OB 
•=ab ; 

fig. ES-fig. i^JV'+fig. QS 
«fig. 

*=fig. PN [ fig. QS“fig. PM, each 
^PQ.PL being equal to 6®. ] 

^ab, 

/. From (1), (a-'by^a^ + b^-ab-ab, +fe® - 2 a&. 

(4) To demonstrate graphically, the identity 

a^^b^^{a--b)(a+b). 

Let OX and OF be the co-ordinate axes, and 0, the origin. 



Take two points, A and B on OX, such that OA^a and OB^b \ 
also, take two points, P and L, on OY, such that OP-a and OL^h, 

^ Complete the squares OPQA and OLMB, Produce BM to meet 
PQ in P and LJkf to meet AQ in N ; also produce to T, making 
NT^NA{ “6 ) ; and complete the rectangle NTSQ, 

Thug, root. PN-*rect, QT, 

also, PL = OP - OL •=»a--b, 

and AB’^OA-^OB^a’^bf 

PL*^AB, 
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Now, fig. Pil “fig. PL “fig. PjN+fig. BN 
-fig. P27+fig. QT 

-fig. PT. (1) 

But, fig. P-i-sq. on OA 

-a* ; 

fig. BIf— sq. on OB 
- 6 »; 

fig. PT^-P8.PL 

--{PQ-^QSIPL 

•-(PQ+NT).PL 

. From (1), - ft® — (a “ 6)(a + 6). 

(5) To demonstrate graphically, the identity 
(a+ 6)(c+ rf) - ac+ &£r-i- ad+ M. 

Let OX and OY be the oo-ordinate axes, and 0, the origin. 



On OX, take two points, A and P, making 04— a and 4P— 6 ; 
also, on OY take two points, P and L, making OL^c and LP^d, 

Complete the rectangles OPBB and OLNB. 

Through 4, draw 4JlfQ parallel to OF to meet LN in M and PB 

in Q. 
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Now, fig. OB-fig. 0^+fig.4N+fig.ie+fig..M^B. •" (1) 

But, fig. OB~OB.OP 

~{OA+AB){OL+LP) 

“(a+i)Xc+<^) I 
fig. OM'“OA.OL^ao ; 

£g. AN^AB.AM 

^ AB.OL^bc i 
fig. LQ~PQ.PL 

*^OA.PL“ad ; 
fig. MB-QB.QM 

•‘AB.PL’^bd; 

.'. From(l), (a +6Xc+d)“ <»c+ 6c +o<i+&d. 

(6) To demonstrate graphically, the identity 

(a+6+(?)*-a*+6*+c*+2a6+26c+2flc. 

Let OX and OY be two perpendicular straight lines, through 0. 



Take three points, A,B and 0 on OX, such that 04=' a, AB^b, 

BO-c. , 

Complete the square OOBL on. 00, so that 

0L-00-04+4B+B0-O+6+C. 
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Let; D and E be points on OZ/, such that 

OD-a and DE^b, whenc0,JS2i — c. 

Through A and draw AP and BQ parallels to OY to meet LE 
in P and Q respectively.; also, through D and E draw DTSH and 
EMNF parallels to OX to meet AP, BQ^ CE in points T, S, H and 
M, N, F respectively. ^ 

Then, fig. Oi? = lig. OT+fig. TiY+fig. JVi? + fig. PiMT+fig. AS 

+ fig. PN+ fig. NH+ fig. EP + fig. BH- • • (1) 
Now, fig. DM^DT.DE^OA.AB^ab, 

and fig. AS--AT.AB^OD,AB^ah, 

Similarly, fig. NP—^g, NH^bc, 

and fig. i5P = fig. JBZZ'=ac. 

Also, fig. OjR*=aq. on 0C*= 0C‘^ 

« (0.4 + AB + BGY Ha + b + 
fig. OT-^OA.OD^OA.OA^OA^^^a^, 
fig. TN--TM,TS-^AB.DE^^AB'^^F\ 
fig. NE^NQ.NF^EL.BC^BC‘^^c^ ; 

/t From (1), 

• (a + b -t cY* -i- b‘^ + -h ab ab + he + be + ac -h ac, 

• • 

i,e,, *«’a‘'* + (;‘‘*+c^ + 2a6 + 26c + 2ac. 

EXERCISE 4B 

Find, graphically, the value of ; 

1. (i) (5 + 6)xll ; (ii) 7« ; (iii) 

2. Verify graphically : 

(i) 9- - 7"* « 32 ; (ii) (7 + 3)« « 100 ; 

(iii) (3 + 5)x2®®3x2 + 5x2 ; 

(iv) (x + a){x + b)’^x^ + {a’\-b)x-^ab ; 

(v) {x-a){x-b)^x^^(a-¥b)x+ab ; 

(vi) (x - a){x + b) “ a:® — ox + - ab. 

3. Calculate, graphically, the area of a square described on a 
straight line whose length is equal to twelve feet. 
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4. Find, graphically, ttie area of a room, 5 ft. long and 3 ft. broad. 

5. A rectangular garden of length 9 yards and breadth 3- yards 

has got a path of uniform breadth surrounding it. If the breadth of the 
path be one yard, find, graphically, the total area of the garden and the 
path together. • 

6. In a square ' plot of land of side 10 yards, a square pond of 
length four yards is dug. Find, graphically, the area of the remaining 
portion of the land. 

7. Find, graphically, the area of a rectangular plot of land whose 
length is 50 yards, and is five times its breadth. 

8. A rectangular court-yard of length 10 yards and breadth 
5 yards is to be paved with square stones. If the side of the stone be one 
yard, find, graphically, the number of stones necessary for the purpose. 

9. A square garden of side 20 yards has within it a walk of 
uniform breadth equal to one yard running round it. Find, graphically, 
the area of the path. 

10. A rectangular court of lengtii 20 yards and breadth 10 yards 
has two paths, each of breadth one yard joining the middle points of the 
opposite aide, and symmetrically situated about the lines joining those 
middle points ; find, graphically, the area of that portion of the court, 
which is not covered by the path. 


CHAPTEB XII 
SIMPLE FACTORS 

91. Definitions. When an expression is the product of two 
or more others, each of these latter is called a factor of the former. 

An expression is said to be resolved into factors when those expres- 
sions of which it is the product are found, 

[ A few bimple cat^od of resolution into factors have already been incidentally 
treated in the chapter on Formula} and their Application. These cases, however, 
will not be altogether passed over in the, following articles as the present chapter is 
intended for a more systematic treatment of the subject. ] 

Note. In this chapter we shall confine our aitetition to rational and integral 
expressions ^ofUy (i»e., expressions free from radical signs and in which no letter occurs 
in the denominator of any term), and by the factors of an expression will he meant the 
rational and integral expressions of which it is the product 



128 


ALOBBRA. ICABB BAS? 


[chap. 


92. Simple Cases. Any exprrasion, all the terms of which have 
got a common factor may, on inepeoiion, be* ai: once resolved into two 
{actors, one of which is simple and the other compound ; thus ; 

(1) a^x+ax^^’oxia+x). (2) 2a*6*-3o*6®*a®6®(2a-36). 

(3) 24a!*a®-4(te«a**+66a!®o®-8a!*a*(3a!*i-6a:a+7a*). 


EXERCISE 44 u- 

Resolve into factors : 

1. ab+ac. 2. a®fc*+a®6®. a;®p*— 2aj*i/®. 

U- 4. 2x^yz+^y^z-6xye*. 4a®6-6o*6®-8a*6®. 

6. oa!*p-6a®a!*t/®+3aa!®. 3a!*i/*s*-12!C*p*2®+21a:®j/®3®. 

'^8. 28ffl®6*-42a®6®. w 9. 72a!^®y®+108®®p^®. 

10. 39a®6’<3’-656®cW-91c®a4j. 

98. Expressions of the form a*- 0”. 

The method of resolving into factors an expression of this form has 
already been treated in Art. 56, Note. A few more examples are added 
here for the exercise of the student. 


. EXERCISE 46 

Resolve into factors : 

'^ 2 . 4a®f-25aa;®. 
> 5. 16*® -9®. ' 


1. 9o®Tl6h®. 

4. 16«*-1. 

7, 1-160®. 
64o®-49»*. 

v l8. a*b’‘-26oH*. 


8. «®-81»®. 

11. 121 -m*. 

'-"14. 81*^®-64o®®. 
17. 192a® -2430®®*. 


3. 36®® -1. 

6. 16®® -81®. 

9. 36-»*o®. 

12. 49®*o^®-81. , 

16. p*g*-10()p®. 

>>48. 98o®®®-128a®. 


16. 144®®-25®®a*. 

19. 324«‘^o®-484®®o®. ->‘20. 246»»®®»^®-605 j»^®»^. 


21. (o+35)®-25c*. 22. o*-(35-6c)». ^^28. («+y)*-(®-y)®. 

24. (3o+2®)®-(2a+®)*. \i^26. 4(o-6)®-9(c-d)». 

v-26. 49®»-(6y-32)*. 27. (8® +6)® -(2® -7)®. 

28. {o+6-c)*-(o-6+c)*. 29. (2o-36+4<!)®-(o+46-5c)®. 

80. 64(a+3®-4y)®-9(2o-®+8y)®. 

81. (4®* -5a®)® -{6®* -4a®)®. ^92. (to®-8o+7)^-(6a®-3o-7)®. 
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94. Expressions whleh by mere inspection ean be put into Qie 
form a* -* b*. The following examples are intended for illnatsation. 

Example 1. Besolve into factors a^-¥a*b*+b*, 
o* + o*6» + 6* - (d* + 2o»6* + 6*) - a*b* 

“■(«-•+ o6 + 6*)(o* - a6 + 6*). 

Example 2* Besolve into factors iE*+4. 

SB* + 4 “ (** + 4®“ + 4) - 4®* 

-(®*+2)»-{a®)* 

«■ i(® * + 2) + 2a!H(®* + 2) - 2®} 

“ (*• + 2® + 2X® " - 2® + 2). 

Example 8. Besolve into factors ®* - 6®* + 1. 

* ®*-6®*+l-(®*-2®®+l)-4®* 

-<®»-l)»-(2®)* 

- i(®® - 1) + 2»H(® “ - 1) ~ 2®{ 

-(®® + 2® - 1)(® ■ - 2® - 1), 

Examide 4 . Besolve into factors a* - 6” H- 2&c - c*. 
o“ - 6* + 26c - c“ - o* - - 2te +V) 

-a»-(6-c)* 

•-{o+(6-c)H®-{6-c)J* 

“ (a + 6 “ c)(o “■ 6 + c). 

Bxamide 5. Besolve into factors 2(o6+cd)— o*— 6*+o*+d*. 

The given expression — (c* + 2cd + d“) - (o* -2o6+ 6*) 
-(c+d)*-(o-6)* 

* Kc + + (* ” + d) “ (a ~ 6)}’ 

••(o+d+o— 6)(c+d—o+6). 


EXERCISE 49 


l^olve into factors { 

vl. »*+®*+l. »_x2. ®*+«*+l. v'8. o*+d*»*+**. 


^/'4. a*+a*®*+«*. 
jkig/>+64. 

•8. a*+aa*+9. 
11. 4«*“16®*+9. 
18. 4o*~87a*+9. 




1—9 


[ 0. n. Eniarance, 1887. ] . 

4®* +81. 7. 9®*+^ 

9. »*“7»*+9. 10. 4»*+8«*+9. 

12. 4»*+8»*+9. 
14. 4a* +625. 
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16. 

9®* + 93®* + 16. 

16. 

9o*-a6a*+16. 

17. 

9®*-33®»+16. 

^8. 

9o*-o*+16. 

19. 

1&* +4®*a® +25a*. 

20. 

9o*-19a»®® + 26®*. 


«*+8®*+144. • 


a^-35o*6*+266*. 


36a*-16o*6®+6*. 

^ ■24- 

49to*+16»*-60w*»*. 

C25. 

64 a* +81®*. 

V26, 

4®*+(7o)*. 

v^7. 

®*-y*+2y«-**. 


4o*-6*-9c®+66c. 


9®* - 4y® + 12ya -9s*. 

V.40. 

o*-4fc*-25c“+206c. 


^1. 30!r«+16p*-9a!*-262*. ^2. a*+46*-9c*-4d*-4a&+12ci. 
88. {x‘-2xy)-(z*-2yey'' ,^4. 4a!*-l+9a*-266*+12a!a-106. 
9®*-4i/*-49a*-3Q!r+28ya+25. 

^6. 16a*-16c*-96*-24a+246c+9. 

,^87. 49i/*+902+iB*-14!Bv-25a®-4. 

^/88. 16!E*+426tf-9y*+40a!a-496*-t25a*. 
v^9. ’4&a!*-l+16»*-642*+16«-66«p. 

^0. a*-b‘~c*+d*-2(ad-be). ‘ 


95. Expreadons of the form a*-f 6* or a* - 6*. 

The resolution of such expressions into factors has already been 
considered^n Articles 69 and 60, Notes. A few oases, however, of a little 
more complicated character may, with advantage, be added here. 

• 

Example 1. Besolve into factors a* +x*. 

Since a*+6*-<o+6)(a*-a6+6*), 

we have a*+®*-(a*)*+fc;*)" 

- (a» +®»)Ka»)» - (a»){®») + (*»)»} 

-(o* +**Xo* - «“»• +®*) 

-•(o + ^Ko* -O® + **Xo* -o*®* + »•). 

Bxamide2. Besolve into factors a*-®*. 

Since a*-5*-(a-6Xa*+o6+&*), 

wo have o*-®**» («’)•-(«•)* 

- (o* - ®''X(a*)* + (a*)(®») + 

-(«• -®*Xa* +o"®* +®«) 

-(o-®){a* +0® +®*Xo* +a*»* +®®). 
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Blzamide 8. Besolve-into factors Six'’ -xa*. 

64*’ - *«• - *(64® • - o*) 

-osKS*")* -(*•)*{ 

-*(8®»+«»X8«*-o*) • 

-*{(2!B)»+a«H(2®)“-on 

— ®{(2® + a)(4** - 2*a + a*)}}(2® - aK4«* + 2xa + d*)i 

— *(2® + a)(2* - aX4®* - 2** + a*X4a5* + 2®a + a*). 


Othenviae : 

64*^ -«a* “®(64®* -o*) 

-*{(4**)«-(o»)n 
“ *{4** - o*Xl6®* + 4®®a* + a*) 

— *(2® + aX2* ~ oX(16«* + 8®*o* + a*) - 4®*a*f 
— *(2* + aX2® - o)K4** + »•)* -(2®«)*l 
— *(2* + aX2a; - oX4**+a* + 2raXS“Ta*^ - 2®a) 

— ®(2* + aXSa - tf)(4** + 2®a + a*)(4»* - 2*a + a*). 

Nets. AUhtmgh the reaobUion can &« effected in etthef of the two waye ehown 
oibooe, 4« generally found eonoenient to- adopt thefiret method. 


EXBRaSE 47 •( 

BesolTC into factors : * 

^ 1. a*-86*. o*-27a®*. , .-8. 5iaB»+L 

^4. a* -6126". ,^5. 27a* +126*;. »»*-n*. 

^7. 343®*+612v*. [0. U. Entrance, 1882.] 

^.^8. 64®“ -1. ,.,9. a* -64*“. 

i,10. 126**-216o*. ,,.11. 64a”6+348a6“. 


729*»V“64**»*''. vM. (o*+6*)*+8a*6*. 
14 (aB»-S»*)*+v*. 15. (2a*-6»)»-6*. 


96. Expressions of the form :fi+px+Q resolved Into factors 
by inspection. 

Eromtherelation**+(a+&)®+a&*-(®+aXs!+5), itisolear that to 
resolve an expression of the form x*+vx+q into two factors we have 
to find two qaantities aand h sneh that a+5**p andah^g. This can 
be*done by inspection whenever a and b are rational and integral. The 
student can very well refer himself to the examples worked ont after 
Art. 60, for a clearer comprehension of sneh oases. 
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Example 1. Resolve into factors + 17a; + 80. 

We have to find two numbers whose sum « 17, and product *“30. 

Fairs of numbers whose product is 30 are : (i) 1 and 30, (ii) 2 and 
15, (iii) 3 and 10, (iv) 5 and 6. Out of these 4 pairs we must pick out 
that, of which the sum is 17 ; the second pair, therefore, is the one 
sought. 

Thus, 2 and 15 are the numbers required. 

Hence, x^+17x+30^(x+ 2)(a; + 15). 

Example 2. Resolve into factors x^ - llx + 24. 

Wo must find two numbers whose product =» +24, and sum™ -11. 
Clearly then the two numbers must be both negative. 

The pairs of negative numbers whose product is 24 are : (i) - 1 
and -24, (ii) -2 and -12, (iii) -3 and -8, (iv) -4 and -6. Out of 
these 4 pairs we must pick out that of which the sum is - 11 ; the 
third pair, therefore, is the one sought. 

Thus, the required numbers are —3 and -8. 

Hence, a;*-lla;+24“=(a;-3Xa7-8). 

Examine 3. Resolve into factors a;® + 6a; - 40. 

We must find two numbers whose product* -40, and sum* +6. 

The pairs of numbers whose product is -40 are: (i) land -40, 
(ii) -1 and 4©, (iii) 2 and -20, (iv) -2 and 20, (v) 4 and -10, (vi) -4 
and 10, (vii) 6 and -8, (viii) -5 and 8. Out of these 8 pairs we must 
pick out that of which the sum is +6 ; ^he sixth pair, therefore, is the 
one sought. 

Thus, the required numbers are -4 and 10. 

Hence, a;®+6a;-40*(a;-4)(a;+10). 

Note. From the fact that the mm of the two numbers is positive it is clear that 
the positive number must be numerically greater than the negative, Hence, we 
might at once reject the first, third, fifth and seventh of the above pairs. 

Example 4. Resolve into factors a;® 5a; - 36. 

Wo have to find two numbers whose product* -36, and sum— -5. 
Clearly then the numbers must have different signs and the negative 
number must be numerically greater than the positive one. 

Hence, the only admissible pairs of numbers whose product is -36 
are : (i) 1 and -36, (ii) 2 and -18, (iii) 3 and -12, (iv) 4 and -9. Out 
of these 4 pairs we must pick out that of which the sum is - 5 ; the last 
pair, therefore, is the one sought. 

Thus, the required numbers are 4 and -9. 

Hence, a;*-5a;-86-(a;+4)(a;-9). 
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Examples. Besolve into factors a*+7a&+12&*. 

The factors will evidently be a+pb and a-^qb where p and q are 
such that j) + g » 7, and pq « 12. 

Arguing as before it is easy to see that 3 and 4 are the numbers 
whose sum is 7, and product 12. 

Hence, a® + lab + 126® « (a + 35)(a + 45). 

Example 6. Besolve into factors w®-12wn+20w*. 

We have to find two numbers whose sum— -12, and product— 20. 

Arguing in the usual way we find that -10 and -2 are the 
required numbers. 

Hence, m® - 12ww + 20 / 1 ® — (w - 10»)(m - 2n). 

Example 7. Eesolve into factors a* - a® - 12. 

Putting X for a®, the given expression becomes £C® -aj- 12, and it is 
easy to see that a;®-a;-12-(a;-4)(a?+3). 

Hence, - a® - 12 - (a® - 4)(a® + 3) - (a + 2)(a - 2Xa® + 3). 

Example 8. Resolve into factors (os® + 2®)® - 3(®® + 2aj) - 18. 

Putting a for iB®+2a?, the given expression becomes a® -3a -18, 
and' it is easy to see that 

a®-3a-18-(a-6)(a+3). ^ 

Hence, the given expression - {(a?® + 2aj) - 6H(aJ® + 2a^ + 3} 

• — (a?® + 2aj - 6)(a;® + 2® + 3). 

Example 9. Eesolve into factors 

(6a + 6)® + (5a + 6)(a + 26) -•20(a + 26)®. 

Putting X for 5a +6 and y for a +26, the given expression becomes 

®®+®l/-20i/®. 

Now it can be easily seen that 

. ®®+®i^-20i/®-(®+5y)(®-4^). 

Hence, the given expression 

- {(5a + 6) + 6(a + 26)H(6a + 6) - 4(a + 26)1 
-(10a+116)(a-76). 

Example 10. Eesolve into factors 8®® + 2® - 3. 

First Method : Pind the product of the co-efficient of ®® and 
th%term independent of x. 

In the present case, the procJaci— 8x (-3)- -24. 

Now, resolve -24 into two factors whose 8t«m"**the co-efficient of 

®, i.e., 2. 
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By trialf the factors are 6 and -4. 

Thus, the given expression -8®*+ 6»-4»- 3 

■** 2x(4x + 3) - (4® + 3) - (4® + 3X2® - 1). 

Second Method : The given expression ->8®* + 2® - 3 

-t(8x8®®+2x8®-3x8) 

— 4(a* + 2fl - 24). [ Putting a for 8® ] 

Now it can bo easily seen that o* + 2a-24“(o+6)(a-4). 

Hence, the given expression - 4{a +6)(a-“ 4) -i(8®+6)(8®- 4) 

- i{2(4® + 3) X 4(2® - 1)} - (4® + 3)(2® - 1). 

Example 11. Besolve into factors 12®* + 7® - 10. 

First Method : Find the product of the co-efficient of ®‘ and the 
term independent of x ; resolve the product into two factors whose 
algebraic sum is equal to the co<effioient of ®. 

In the present case, thoprodt^^“ll^x(-10)“ -120. 

By trial, the factors of (-120), whose algebraic sum « the co- 
eflSoient of ®, i.c., +7, are +16 and -8. 

Thus, the given expression =* 12®“ + 16® -8® -10 

,, ' -3®(4®+6)-2(4®+6)-(4®+6)(3®-2). 

Second Method i The given expression “ 1^® + 7® - 10 
• - A(12 xl2® “ + 7 X 12 ® - 10 X 12) 

“ A(a* + 7a - 120). [ Putting a for 12® ] 

Now it can be easily seen that a“+7a-120«(a+16)(a-8). 

Hence, the given expression - A{12® + 16X12® - 8) 

“ty3(4®+6)x4(3®-2)l-(4»+6)(3®-2). 

Example 12. Besolve into factors 13®* - 20a® + 7a®. 

First Method : Find the product of the co-efficient of ®® and the 
term independent of ®. In the present case, the product»13 x 7a®*91a®. 
Now, resolve 91a* into two factors whose algebraic the co-efficient 
of®,f.6., -20a. 

By trial, the factors are -7a and -13a. 

Thus, the given expression— 13®* -13a® -7a® + 7a* 

- 18®(® - a) - 7a(® - a) - (® - a)(13® - 7a). 

Second Method : The given expression — 13®* - 20a® + 7a® 

- A(13 X 13®* -20a X 13® +13 x 7a®) 
“A(v*“20ay+91a®) [ Putting p for 13®] 
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“ A(»* “ISatf - 7otf +91®*) 

- 13tt) - 7a(v - ISo)] 

“A{v-i3aXv-7<0 ; 

the expression «»A(18«-18o)(18*-7o)-A^J<13(*“aKl8*-7o) 
-(a5-ttXl8*-7a). 


EXERCISE 48 


BoBolve into fstotors 

; 




1. 

®*+3»+2. 

'-^ 2 . 

aj*+6a?+6. 

8. 

a*+4a+3. 

' 4. 

»“-5®+4. 

6. 

a5*+7ic + 10. 

6. 

®®-7®+12. 

7. 

®*+8®+16. 

8. 

a5*-2aj-16. 

'-'O. 

®®-13®+36. 

10. 

®*-6®-36. 

11. 

a;* -14® +24. 

.^12. 

a?*- 22® +40. 

18. 

®*+7®-30. 

14. 

®®+2®-48. 

16. 

®® + 16® •" 36. 

^6. 

®*+9®-36. 

17. 

®® + ll®-42. 

18. 

®® + 14®-72. 

19. 

®* — 3®— 40. 

V.20. 

— 11»— 80. 

21. 

to 

1 

1 

22. 

®*-10®-66. 

28. 

®®-®-42. 

24. 

®*-®-72. 

'26. 

®*+22®+120. 

26. 

®®+16®-80. 

v>27. 

®*-21*-72. 

28. 

®*+5®-84. 

29. 

oj® — 20®+96. 

* 80. 

®*+23®-78. 

31. 

®*-6®-73. 

^/ 92 . 

®»-26®+84. 

88. 

®»-&®+88. 

• 

M. 

®*+7®-120. 

86. • 

®®-2®-80. 


.»*+8®-84. 

0«7. 

o“-o-56. 

38. 

?7i*-9w-90. 

89. 

a*+17a-60. 

/ 40. 

o*- 15a +64. 

41. 

p®-22p"4a 

*f'42. 

j»*+w»-72. 

48. 

»»*+27m-90. 

. 44. 

a*-29a + 120. 

46. 

®*+7®-78. 

46. 

a* -49a -102. 

47. 

a®-19a+60. 

^48. 

®* +12®— 64. 

49. 

a*-26a-120. 

60. 

®®+8®-106. 

61. 

®*-®V-42p*. 

y62. 

a»-12a6+325*. 

68. 

m®+win-30»® 

. 64 

o* +06- 126*. 

56. 

a*-2a&-165*. 

v66« 


57. 

®*+3®y-40y*. 

68. 

p*-14pg+48g*. 

>159. 

p*+^«-80g*-;/M). 

®*+20®p-96p’ 

61. 

a*+4a*-6. 

62. 

**+&■- 16. 

63. 

»*+3®*-28. 


®«+2®«-3. 

66. 

a* -10a* +16. 

66. 

«*+26®*-27, 

67. 

a*+7a*-8. 

68. 

**— 20®*+64. 

69. 

o*- 11a* -80. 


((»*+2a)*-Ca*+S)tt)-2. 
^ 6 . («*-2a!)*-a(»*-2!c)-8. 

76. (®*-4«)*-4(«!»-4«)-6. 

77. (»*-6«)*+10(**-6ic)+a4. 

78. (a*+7o)*-8(o*+7o)-180. 


70^®‘*-7**-&/ 

(®» + 3®)* + 8(®* + 8*) + a. 
74. (o*-8®)*-3{a*-8a)-4. 
^76. (»■-»)• -8(®*-®)+13. 
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79. (a*+6a)*-32(a*+6a)-320. 80. (i8’'-8*)*-29(a!»-8*)+18a 

81. 2a;»+®-15. 82. 6a»-a-16. 

88. 8»»“-6r»-9. , 84. 6a!*+7®i/-24v*. 

^,/85. 10a*-41a6+216*. ✓^6*4-12»»*-wm-20n*. 

^.87. 12!J!’'+28®tf-6tf». ^68. 20a*+a6-306*, 

^89. 18®*-61iBV+36y». ^'90. '12!r*+23in/-24i/». 

97. Quantities of the form x*+px+q resolved into factors 
by expressins them as the difference of two squares. 

The method will be best illustrated by the solution of a few typical 
oases. 

Example 1. Besolve into factors a;‘ - 7a; + 12. 

0!* - 7* + 12 -as* - 7a; + (J)* - ® * + 12 

[ adding and subtracting (f)* ] 

-fa:» -7a:+ (f)n- 12)=(a;- f)» - i 

- K® - f) + iH(® - -a) - = (a; - 3Xa: - 4). 

Note. It mmt he noticed Oud, we have added to the square of half oft 

(m,, the sqttare of the half the co-efficient of ai) to get a perfect square. Generdlly 
epeahing, x*-i-iax (or x*—2ax) becomes a complete square when a* is added to it. 

Example 2. Besolve into factors !?* + 2a;y - 8y “ - 42® + 12^2. 

The given expression 

(»® + 2a;y + y ®) - (9y® + 42* - 12y2) 
-(a;+y)®-(3y-22)® 

= K® + y) + (3y - 22)H(® + y) - (3y - 2z)\ 

■“ (a; + 4y - 22)(a; - 2y + 22). 

Examples. Besolve into factors 3a;® + 11a; -4. 

3a:» + 11a; - 4- 3(a:® +V® - 1) - Six® + > 1 ^ 2 + (W* -(¥)■- « 
-3K®+W-(W+I)H3K®+W-W)1 
-.3{(a;+V)+¥H(®+¥)-V}, [••• W-(W] 

- 3(x + 4)(a: - i) - (a; + 4)(3a; - 1). 

% 

Example 4. Besolve into factors 8a;® -10a; +3. 

8a:®-10®+3-8ja;®-^+f}-8{»®-|a;+(i)®-(|f-fH 

-8{(a;-f)®-AH8{(®-f)+4H(®-l)-« 

-8(® - iXa; - f ) - {2{a; - i)l{4(a; - f )} 

-(2a;-l)(4a!-8). 
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Examples. Besolye into factors Qa'+Sab-lSS*. 
2a*+6a6-126*-2(a*+#a6-66*) i 

•‘n{a+ib)+m\Mb)-^\ 

- 2(a + 4 - %b) = (a + 4i))(2a - 36). 


Example 6. Besolve into factors ax* + (a‘ + l)x a. 


ax* + (a® + 1)® + fl “ ^ ^ } 


-a(®+a)(®+ -J) 


™(a/+a)(aic+l). 

Similarly, it may be shown that 

ax^ - (a® 'hA)x + a- (® - a){ax - 1)„ 
ax^ + (a® - l)a; - a - (a? + d)iax - 1), 
arc® - (a® - l)a? - a “ (a? - ci,){ax + 1). 

Note. It is useful to remember these results as we are thus enabled to write 
dovm at once the factors of any egression which agrees in form with any of those 
considered above. For instance, we can at once say that : 

3a» - 10«+3 « (®- 3)(3aj- 1) , 

4aj* - 16aj - 4 = (« - 4)(4a!+ 1), 

6aj*+24aj-76 = (a5+6)(5®-l) ; and soon. 

Example 7. Resolve into factors 

4(aj® + 2ir + 6)® + 17(aJ® + 2® + 5)(aj® + 6®) + 4(®® + 6®)®. 

Putting a for ®® + 2® + 5 and 6 for ®*+6®, the given expression 
becomes 4a® + 17a&+4&®, and it is easy to see tbat 
4a* + 17a& + 46* — (a + 46X4a + 6), 

Henoe^ the given expression 

— K® * + 2® + 6) + 4{®® + 6®)H4(® * + 2® + 5) + (® ® + 6x)\ 

- (6®* + 26® + 6X5®* + 14® + 20) 

•* (® + 6)[6x + 1X5®* + 14® + 20). 
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EXERCISE 49 Vl 


Resolve the following expressions into faotars applying the method 
of this article ; . 

!• »*+4®+3. 2. **+6a<+6. 3. (b*+8®+16. 

4. ®*-10!b+21. 6. x*-2x-4 6. ®*-4*-46. 

7. ®*-12®+32. 8. ®*-6®-55. 9. o*+2o6-c*+26c. 


10 . 

12 . 

14. 

16. 


18. 

21 . 

24. 


27. 


88 . 

85. 

87. 

89. 

41. 


®*+2®-y*+2p. 11. ®*+6»-p*+4p+6. 


a*+4o6— 66*— c*+66c. 18. ®*-6®p+5p*— s*+4yx. 

®“-10®l/+16y*-4s*+12i/r. 15. a*-12o6-136*-9c*+426c. 

®*+12®i/-9s*+36pa. 17. ®*-14®y-16p*-25s*+80ps. 


2®*— 6®— 3. 19. 8®*— 6®— 2. 

4®*+7®-2. 22. 6®*+®-2. 

6®*+7®— 3. 25. 8®*+2®— 16. 


20. 3®*+14®+8. 
28. 6«*-6®-4. 
26. 4®»+4®-36. 


6®*-®-12. 28. 3®*-16®-12. 29. 2®*-9»-36. 

2«*+6®-42. 31. 3®*+13®'-30. .32. 12®*+®-6. 

2o*+7a6-166*. 34. 6®*-13®p+6p*. 

6»»*-ll»»n-10»* 86. 3p*+5pg-12g*. 


8a*-14a6-166*. 

12®“c+13®y-4p*.‘ 

2a*-6«6+26*. 


38. 10TO*+llTOn-6»*. 
40. 16u*-llo6-126*. 
42. 3o*-8a6-36*. 


43. 3®*+8®p-*3»*. 
45. 4o“-17o6+46*. 
47. 6®*-26®p+5y*. 
49. 6a*+36a6-66*. 
61. 7o*-60o6+76*. 


44. '*4o*+16o-4. 

46. 8®*-24®-5. 

48. 6®* +37® +6. 

60. 6a*-36o6-66*. 
62. 7o*+48o6-76*. 


58. 7o*-48o6 - 76*. 54. 8®*+63®y-8y*. 

65. 9®*-82®y+9p*. 66. 10®*+99®y-10y*. 

67. 2(o+6)*+3r<»+6)-2. 

68. 2(®*+y*)*-3®i/(®*+v*)-2®*y*. 

69. 2(a*+6*)*+6o6(o*+6*)+2a*6». 

60. 4(®*-4®y+p*)*+16®y(®*-4®v+y*)-4®*p*. 

61. 2®*-6®"-12. 62. 8o*-14o*6*-96*. 63. 9o*+2o*6*-326‘. 

64. 8««-66®»+a * 66. 4a*-17o*6*+46*. 
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EASY IDENTITIES 

98. We have explained the significanoe of 'Identity* in Art. 62. 
In faoti an identity is a statement that two expressions are equal for aU 
values of the letters involved. Each of the two expressions constituting 
an identity is called a side or a member of the identity. 

Thus, 5x"^2x+Sx is an identity, since the expressions So; and 2fl;+ So? 
are equal for all values of x. The sides of this identity are 6x and 
2x+3x,5x being* the left-hand side and 2ic+3a;, the right-hand side. 

Similarly, (a +i)* —a® + 2a6 + 6* is an identity, since the equality 
of both sides holds for all values of a and b. As a matter, of fact, every 
formula established in Chapter IV is an identity. 

99. An identity is proved when its two sides are shown to 'be 
equal. 

To establish the equality of the two sides of an identity, reduce 
each side to its simplest foitu. Identity is proved if these forms are 
found to be equal. Abetter method, however, is to reducd one of the 
sides of the identity to the form of the other by simplification and 
transformation with the aid of tHe formulas enumerated in Chapter XI. 

^ Sometimes the sides of an identity may be conveniently expressed 
in simpler forms by^ substituting letters fox groups of terms in the 
identity. Such substitutions must be effected wherever necessary. 

The following examples will illustrate the process : 

Example 1. Prove that (a+36)® +(a-36)* -2a® +186*. 

The left-hand side-(a® +6a6+96®)+(a* -6a6+96®) [ Arts. 64, 66 ] 
-2a®+186». 

Example 2. , Prove that 

a®+6®+c*-a6-6c-ca— i[(6-c)®+(c-e)“+fo*^6)*]. 

The left-hand side-i[2a® +26®+2c* -2a6-26c-2ca] 

• -i[(a» + 6*)+t6»+c®)+(c®+a»)-2a5-26c-2ca] 

— i[(6* “ 26c + c®) + (o® — 2ca + a*) + (a* — 2a6 + 6*)] 
-i[{6‘-c)®+(c-a)®+(a-6)®]. [Art. 66] 
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ESxample 8. Prove that •• 

(oj + 6y - 3;?)® + (a; - 5|^ + 32f)* + + 5v - 32)(aj - 6y + 30) “ 8® ® . 
Substituting a for ®+5y-30 and h for ®-6y + 30, we have 
the left-hand side — a® + + 6®.a& 

»a® + 6® + 3a6(a+fe) [ since, a+6— (®+6i/-30) 

+(®-6y+30)“2® ] 

-(a + fe)® [Art. 67] 

" -(2®)® =8®®. 

Example 4. Prove that 

(6+cX6-c)+(c+a)(c-a)+(a+feX®""fe)“0. 

The left-hand sido=(6®-c®)+(c®-a®) + (a*-fe®) [ Art. 66 ] 

Example 5. If s «• a + 6 + c, prove that 

(as + 5cX&s+ca)(cs+a6)=fa+6)®(6+c)®(c + a)®. [ 0. U. 1902 ] 
us + 6c *= (i(a + 6 + c) + 6c 

=u®+u(6+c) + 6c=a®+a6 + uc+6c 
“a(a + 6)+c(u + 6)**(a + 6Xu+c). [ Art. 61 ] 

Similarly, 6s + ca * 6(a + 6 + c) + ca = j!® + 6(a + c) + ac 
• ■“6® + a6+6c+ac=»(6+cX6+a) ; 

and 'c5+u6=c(a + 6+c)+aS«c® +c(a + 6)+a6 
**» c® + cu + c6 + a6 “ (c + uXc + 6). 
the left-hand side 

■■ (a + 6)(a cXh + cX& + g)(c + a)(c + 6) 

« (u + 6)®(6 + c)®(c + a)®. 

Example 6. Prove that 4a®6®-(a® + 6®-c®)® 

- 5(5 - 2a)(s - 26)(5 - 2c), where s - a + 6 + c. 

The left-hand side =* (2a6)® - (a® + 6® - c®)® 

«=» }2a6 + (a® + 6® " c®)}{2a6 - (u® + 6® - c®)f 

- {(a® + 2a6 + 6® ) - c® {{c® - (a® + 6® - 2a6)} 
-Ka+6)®-cnj^®-(a-6)^ 

« (u + 6 + c)(o+ 6 “ c){c + a — 6)(c — a “ 6) 

-■(u + 6+c)(a+6-c)(c+a-6Xc-u+6) 
■■(a+6+c)(a+6+c— 2cXc+a+6 — 26)(6+c+a“2a) 
— s(s - 2c)(s - 26)(s - 2a) 

• s(s - 2a)(s - 26)(s - 2c), 
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Example?. prove that • 

(5 - a)® *+ (3 - 6)® + 3(3 - a){s - b)c — c® • 

We have, c“2s-(a + h)«(3-a)+(s-6). 

Hence, (s - a)® + (3 - i)® + 8(3 - aXs - b)c 

“(3-a)®+(5-^)®+3(s-a)(3-6){(3-a)+(3-6)} 

Example 8. Prove that 

(a; - 1/)® + (y - ;3)® + (3; - a;)® « 2(a; - y){a? - 0) + 2(y - 3p)(l/ - 0?) + 203 - a?)U - y). 
Putting a for a:- y 'I 

b for y-3f h wo have a + 6 + C“0. 
c for 

Hence, 

{(a? “ y)® + (y - 3i)® + (a “ a;)® j - {2(aj - yX® “ i3) + 2(y ^ 3)(y - a?) + 2(« - aj)(s - y)l 
«(a® + f)®+c®)-{2a(-c) + 26(-^)+2c(-fe)[ 
*'a®+6® +c®+2ac+2a&+2bc«(a+6+c)®*=*0 ; 
(a;-y)®+(y-3;)®+(3j-aj)®* 

- 2(x - y )(a? - 3r) + 2(y - z){y - a?) + 2(2? - x)(z - y). 

Example 9. If 2s = a + 6 +0, show that 

^2(3 - a)(3 - 6) + 2(3 - 6)(s - c) + 2(s - c)(3 - a) « 2s® -^® - - c® . 

Since, 2x + 2y + 2z^{x+y)+{y+z)-^iz+x), • 

we must have, 2(3 - a){s - S) + 2(5 - 6)(3 - c) + 2(3 - 6){s - a) 

« {(3 - a){s - 6) + {5 - 6X5 - c)l + {(3 - b){s - c) 

+ (3 - c){$ - a)l + \(S - c)(3 - a) + (s - a)(3 - &)}. 
Now, (3 - a)(s - 6) + {3 - 6X® - c) - (s - 6X(s - a) + (s - c)} 

« (3 - 6){23 - a - c{ “ (3 - 6)6. 

Similarly, (5 - 6)(3 - c) + (s - c)(s - a) * (3 - c)c, 
and (s -cXs -a) +(3 -aXs - 6)*(3 -a)a. 

Hence, the given expression —(3 -6)6+ (3 -c)c+ (3 -a)a 

“s(6+c+a)-6®- c®-a® 
“2s®-a®-6®-c®. 

- Example 10. If a+6+c-»0, prove that a® + 6®+c®— 3a6c. 

' Since, a+ 6+o*0, c- -(a+6). 

The loft-handside— a® + 6®+{-(a+6)t® 

- a® + 6® - {a® + 6® + 3a6(a + b)\ [ Art. 67 1 

- -3a6(a+6)-3a6{-(a+6)H3^&^* 
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Note. Evidently the identity a*+&*+c*"*3a^ m true only if a+b+CBO. 
Such identities which are true only for some partictiCar value of the symbols involved 
is called Conditional Identitiea, 

Example 11. If a+fe+ft“0, prove that 

a®+a6 + 6®*6*+Jc+c®— c®+ca+a®. [Allahabad, 1923 ] 
Since, a+6+c— 0, we have by transposition, 
a** — (6+c), (c+d), (d+fi); 

a® +d6+6® — (ft +c)}® +{— (6+c)}6+6® 

[ since a- -(ft+c) ] 

-(ft+c)®-(ft+c)ft + 6® 

-ft®+2ftc+c®-ft®-ftc + ft* 

**6® + ft(/+c®. 

Also, a®+aft+ft®-a*+al-{c+a)}+{“(c+a)}* 

[ since ft- -(c+a)] 

-a*-a(c+a)+(c+a)* 

-a*-ca-a^+c*+2ca+a®-c*+ca+a*. 

Hence, a*+ttft+6*— ft® +ftc+c*— c® +ca+a*. 

Alternative Method : 

a* + aft -Hft* - a(a + ft) + 6* 

"{-(6+c)K-c)+6®-(ft+c)c+6» 

• — ftc+c® +ft®«^ft® +6c+o®. 

Also, ft® + ftc + c* - ft(ft + c) +c* 

^{-(c+a)K-a)+c® 

-(c+a)a+c®-ca+a®+c®-c®+ca+a®. 

Hence, a*+aft+ft®-ft®+ftc+c®-c®+ca+a®. 

Example 12. Ifa?— ft— c+a, y— c— a+ft, a— ft+o, prove that 
(ft-a)a:+(c-ft)y+(a-c)«-0. 

We have 

(ft-a)aj-(ft-a)(ft-c+a)-(6-a){(6+a)-cl 

-(ft-aX6+a)-(&-a)o-ft*-a®-ftc+ac ; [Art. 66] 
(c-ft)i/-(c-6)(c-a+ft)-(c-6){(c+ft)-a[ 

■"(o-ft)(c+ft)-(o-ft)a— c®-ft®-ca+o6 ; 

(a - c)z - (a - c)(a - ft +c) — (a -c){(a +o) - ft} 

-(a-c)(a+c)-(a-c)6-a®-o*-aft+ftc ; 

/. (6-a)cp+(c-6)y+(a-c)j? 

-ft®-a®+o®-6®+a*-o®-6c+ac-oa,+aft-aft + &c=0. 
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Example 13. If a?-«J+c, 0 «=a+ 6 , 'prove that 

a* + 6 ®+c®- 6 c-ca-a 6 . 

The left-hand side — i[ 2 a;* + 2 i/* + 2z^ - %/z - Stea? - 2xy\ 

" i[(»* - 2®!/ + y *) + (i^* - ^yz + z^) 

+ («* - 2 i^® + ®®)] [ re-arranging terms ] 
-a?)®] [Art. 66 ] 
-i[K&+c)-(c+a)P+{(c+a)-(a+ 6 )P 

+ \{a + 6 ) - ( 6 + c)}®] [ substituting for ®, y, « ] 
-i[( 6 -a)®+(c- 6 )®+(a-c)®] 

— i[(^® ~ 22?a + a®) + (c® - 2cfe + 6®) + (a® - 2ac + c*)] [Art. 66] 
“ i[(2a® + 26® + 2c® - 26c — 2ca — 2a6)] [ oolleoting terms ] 
•“d®+6®+c®-6c-ca-a6. 

Example 14. If 2 ^ — a + 6 + c, prove that 

(a - a )® + (5 - 6 )® + (s - c)® + 5 ® - a® + 6 ® + c® . [ Allahabad, 1926 ] 
The left-hand side , 

■■ (s® - 2 CW + a®) + (s* - 26s + 6®) + (s* - 2 cs + c®) + s® 
«4s®-2s(a+6+c)+a® + 6 ®+c® 

•• 4s* - 2s X 2s + o* + 6 * +c® ^ 

- 4s* - 4s* + a® + 6 ® + c* - a® + 6 **f c* . 


EXERCISE 50 

Show that : 

1 . (a® + aa? - aj*)(a* - oa? + a?*) « a* - a*a5® + 2aaj* - a;*. 

2. (a® - oa? + a?®)(aa? - a* + a;*) - aj* - a®a?® *+ 2a*a; - a*. 

3. (a+6+c)(a-6-c)+(6+c-a)(a-6+c)-26(a-6-c). 

4. 2(a;* - a?) + 3a?(a? + 1) - a^a? + l)(2jt + 1). 

5. a?* + a? +aj(a? + lX2a; + 1) — 2a/(a; + 1)** a?*(a?+ 1)*. 

6. (a* + 6*Xc® + d®) - (oc - 6d)» + (od + 6c)*. 

7. (a+6)®-(c+d)*+(a+c)®-(6+d)®-2(a + 6+c+dXa-d). 

8. (a+6+c-dXd-a-6+c)— c*-(a+6-d)*. 

9. The produot'of (6+c)®-a* and a®-6*-c*+26c is 2a*6* 

+ 2a*c® + 26*c® - 7 6^ - c*. 

10. (a+6+c)®“(a+6-c)*+(a+c-6)*-(6+c-a)®-8ac. 

Prove that : 

11. (a* + 6* + 0 ®)* - (6® + c* - a®)® - (a® - 6® + c®)* 

^•(a*+6*-c®)*-8a*6*. 

12. (6 — c+d+aXd+a— 6+c)+(c— d+a+6)(6+c+d— a)"4(ad+6c). 
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15, (6 + c + a “ d){Jb + c — a + ** %<id + ho) -?(a* — 6“ — c® + d!*)« 

14. 4(aeZ+6c)®-(a®-6»-c® + ^T 

■■ (a + tZ + 6 c)(g + d “ 6 + cX& + c + G — (Z)(6 + c •" g + d). 

16. (aj-y+^)® + (l/-«+®)® + («-a:+y)*+2(®-y +«)(!/-«+») 

+ 2(y - j5+a3X« *“® +y)+2(2? -a? +!/)(« -y +;»)■* (a+l/+«)®. 

16. (g® + 5® + C®X® * + y ® + J8®) - (g® + + cz)^ 

— (g^ - Z)a ?)® + {cx - G«)® + {Jbz “ Cl/)*. 

17. (g + c)* - (6 + c)® - 3 (g + c)(6 + cXg - 6) « (g - &)® . 

18. (aj-Gy + 5;8)® + (aj + Gi/- 60 )®+ 6 aj(aj-Gi/ + fcj»)(a5 + Gy-M"8®®. 

19. 4(g + 6 + c)® = ( g + Z>)® + (fe +c)* + (c + g)® 

+ 2(g+6)(6+c) + 2(&+c)(c+g)+2(c+g)(g+6). 

20. 8(G+fc+c)®«(G+6)®+(fe+2c + G)®+6(G+&)(6+2c + GXG+6+c). 

21. 27(g + 6 + c)® = (g + 36 + 2c)® + (2g + c)® 

+ 9(flL+ 36 + 2c)(2g + c)(g + 6 + c). 

22. If s — G + 6 + c, show that 

(s - 3g)® + (s - 36)® + (s - 3c)® - 3Kg - 6)® + (6 - c)® + (c - g)®}. 

23. If g6+6c+cg— 0, prove that 

(i) g® + 6®+c® = (g+6+c)® ; 

(ii) g®6® + 6®c®+c®g®“ -2g6c(g+6+c). 

24. If 2s — a? + y + je;, prove that 

• 4i/®«® - (y ® + 2 ;® - a?®)® — 16 s( 5 - a?)(5 - y)(5 - z). 

26. Prove that ^ 

(a; + 2y + 192?)® + (a? - 2^ — 192?)® + 6x(x + 2i/ + 192?)(a; 2y ~ 192?) 

^(6x+6jf-z)^+(z-6y-3xy + 6x(6x+Gy-z)(z-6y-3x), 

26. Prove that (g + 26 + 3c)® + (g - 6 - 3c)® + 2(g + 26 + 3c)(g - 6 - 3c) 

«(3G+i/+2r)® + (G+y+2r-6)®-2(3G+y+2?)(G+i/+2;-6). 

27. Show that (aj-i/)® + (y- 2 ?)®+( 2 ?-a?)® — 3(a;-i/)(i/-2f)(2?-a;). 

28. Prove that (a? - y)® - (i/ - z)iz - x) 

••{y-zY-{z-x){x-y) 

- ( 2 ? - a?)® - (a? - y){y - z) 

i/)(i/ - 2 ?) + (i/ - z){z - a;) + ( 2 ? - a!)(aj - 1 /)}. 

29. Prove that (g - 6)® - (6 - c)® - (c - g)® => 2(6 - cXc - g), 

(6 - c) ® - (c - g) ® - ( G - 6) ® =» 2(c - g)(g - 6) , 
^c-g)®-(g-6)*-(6-c)®“2(g“6)(6-c). 

30. Prove that (g-6)® + (g-6)(6-c)+(6-c)® 

^ -(6-c)®+(6-cXc-g)+(c-g)® 

“(c-a)®+(c-G)(G-6)+(G-6)®. 
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HISCELIANEODS EXERCISES JD 

I 

1. Arrange the following expression : (i) according to descending 
powers of and (ii) according to ascending powers of ^ : 

+ ari/® - x^y - xy^z - ars® + xyz^ - 2yz^ - 2y®2f, 

2. Find the value of : 

when *- -i and »-2.. ‘ 

3. If ® - ^ —p, prove that a?" — — p* +3p. 

•v sc 

4. Write down the quotient of a® - 1/* by ap-y. 

5. Simplify (a + 6 + (j)*-(a-6 + c)® + (a + 5-c)®-(6+c-a)*, and 
find its numerical value when a“6«c«-4. 

6. Find the sum of as® - (aj - y + z){x + y — s), 

y®-(y-aj+aJ(y + aj-s) and s*-(0-aj + y)(s+a;-y), 

7. Eeduce (a~fe + c+d)(a + 6+c-d) to the form 

8* Resolve into factors 4a;® + 12a;y + 9y * - 8a5 - 12y. 

II 

1. Find an expression which exceeds aa?® + feaj®y+3ca?l/*+dy® by 

as much as it falls short of four times * 

2aa;® + l(3a - 6)a;®^ + i{3a - c)a;y ® + 5dy ®. 

2. Resolve the sum of the following expressions into simple 
factors : 

(6 - l)m* + am® + (c - 6)m® - 6m - 2, am® - (c - a)m® + (a + 6)m + 1 

and (a - 6 + l)m* - (2a - 6)m® + (a + 6)m* - (a - 26)m + 1 . 

8. Multiply x^ + 2aj^ + 3®^ + 2x^+1 by - 2a?^ + 1. 

4. Prove that 

{(ac + bd)x + (od - 6c)y}* + Kac + bd)y - (ad - bc)x}* 

-(a® + 6»)(c® + d®X®*+y*). 

5. Find the continued product of a; -a, is -6 anda;-c. Hence 
show that (x - 3)® - a;® - 9a;® + 27a; - 27. 

6. Divide a;® -pa;* + qa;®-ga;®+px-l by a;-l. 

7. Find the quotient when the product of a® + a*6-a*6®+a6® + 6® 
and a® -“a6 + 6“ is divided by a®^a®6* + fc® and show that its defect 
from (a® + 6®)* is a*6®. 

8. Resolve into factors : 

(i) a6-ac-6* + 6c; (ii) 6*-12ao-4a*-9o*. 

I-IO 
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III 

1 . Find the sum of 

/s/c+ ^/a)^c® + (\/tc~ >s/ca+ Vah)a;® + (>/a6c-2m+n)a? + 3 m; 
{'^c- \lh)x^ + {iJca-“ Jah-^ ^/6c)a?® + ( N/a6c~2?i + m)a; + 2(t;-M)and 
(p - 2 is/6)fl5® + (d" 2 + (m + n + r - 2 A/a6c)a? + (s - M - 2t;). 

2. Subtract the sum of 3a®-6a®6 + 26®, 8a®h-3Z?® + 2a6®, 
6a6®-4a®-3a®f? and 2a®-6a6®+46® from a(a® + 6®). 

3. If a+6“8 and a2>«5, find the value of a® + 6®, 

4. Find the value of 49c® + 9(a + 6)® - 42(a + 6)c, 

when a-89, -69, c«8. 

5. Divide x\y - + y^{z - jr) + z^(x - p) by y^-xz-z^-¥ xy, 

6. Eesolve into factors 4a-3+16a® + 64a® after reducing it to the 
form of U - B) + (il ® - B *) + (ii * - B®). 

7. Show that (I + jt + cc®)® -( l-a; + a;®)*=4a;0 +ic®). 

8. If ai +a 9 +a 3 + +aR= show that 

(s - Gi)® + (s - a2)® + (s - as)® + + (s - an)® 

-ai® + a2® + a8® + + an®. 

IV 

1 . Simplify the expression ^ 

(i®r - 3lmn + 2m^)p^ + 3(lmr + w®m - 2ln^)p^q + 3(2w®r - Inr - mn^)pq^ 

+ (37Mwr-Z7*®-2M®}g®, 

where p^ and ^ Z. 

2. What must be subtracted from Ja®a;* + 5’7a®Z>a?® -3’257a&®a:* 
+4h®ir+9 so as to make the difference equal to the sum of 4:7a^bx^ 
- Wlab^x^ + 2S6®a: - 6fa®a?* + 6, 6ib^x - 3Ja®Z?a?® + a®a?* - ’OfiaZ?®®® + 11 
and 2a®®* - Ha®6®® - 6*2a6*®® - lOjh®® - 20 ? 

3. Multiply 

- 2a® + 4a*6^ - 8a& + 16a^b^ - 326^ by + 2Z»^. 

4. Arrange the following expressions according to descending 
powers of a : 

(i) a* + Z?*+c® — 3afcc ; (ii) a*(&-c) + 6®(c— a) + c*(a — 6) ; 

. (iii) a*(6-c)+6*(c-a)+c*(a-6). 

5. Find the product ot x+a, x+b and ® + c. 

Hence, deduce the co-efficients of ®® and x in 

(®-7X®+8)(®-12). 
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Prove that {ab + cd + oc + hd^ab +cd-ac- bd) 

7. If a-g+r + s, 6“r+s-p, c«p+ 4 +r, prove that 

a* + 6* + c* - 2a6 - 2a(j + 26c " r*. 

8. Divide a® + 86® + 27c® - 18a6c by a* + 46* + 9c* - 66c - 3ca - 2a6. 


1. Find that value of 49a® + 126a6+816*, when a*«46, 6« -37. 

2. Find the expression which falls short of 6a:*y-rfa?*y® -/y® by 
fifS much as it exceeds aa;® -cx^y^ + exy^, 

3. If 2s«a + 6 + c, show that 

(s-a)* + (s-6)* + (s-c)® + s*«a® + 6* + c*. 

4. Simplify (5a - 7c)® + (8c - 3a)® + 3(2a + c)(5a - 7c)(8c - 3a). 

5. Reduce the following to itj^ simplest form ; 

(2a;® - a;* + 3x - 4)(2a;® + a;* + 3a; + 4) 

+ (2a;® + a?* - 3a; + 4)(2a;* + a;* + 3a; - 4), 

6. Show that 

V®+ IK®* -»+!)(»* -®* +1). 

7. Divide a-6bya^-6^^ 

8. Resolve into factors : 

(i) 6a*a;* + a®a; - 6a®a;® - a*a;* ; • (ii) xyO- + z^) + z{x^ + y *). 

VI 

1. Find the value of 8766943 x 8765943 - 8765938 x 8765938. 

2. Find the value of 

27a*+108a*6 + 144a6* + 646®, when a-29, 6- -23. 

3. ‘Divide ii® + 6® + c®-3a6o by a+6 + c ; and hence show that 
a® + 6® + c® - 3a6c » i(a + 6 + c)Ka - 6)* + (6 - c)* + (c a)® }. 

4. Find the quotient when {ax + 6)* + (ca; + d)* + (6a; - a)® + (da; - c)* 
is divided by a® + 6*+c* + d®. 

Express {x - lX» “ 3X® •" 4)(a; - 6) + 34 as the sum of two squares r 
hence*show that it is always a positive quantity and that its value is 
equal to 26 when a?* -7a;+9-(). 

6. Resolve (a* - 6* ^ o* + d*)* - 4(ad - 6c)* into four factors. 
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7. Besolve into factors : 

(i) a*-2afe+fc* + 2a-26 ; (ii) 6a®-afe-fc*+6a-3& ; 

(iii) 15»*-4a;y-4i/® + 10aJ+4y. 

8. Divide (2a - y)®a* - (a + y)*a*a® + 2(a + y)aa* - a® 

by (2a-y)a®-(a+i/)aaj + a*^. 

VII 

1. If a + i/+«— 8 and a® + |/®+jB;®«50, find the value of xy-^ryz-^zx^ 

2. Provo that (2a - 36)* + (36 - 6c)® + (6c - 2a)® 

- 2(2a - 36)(2a - 5c) + 2(36 - 6c)(36 - 2a) + 2(5c - 2a)(6c - 36), 

3. Find the product of 

a + y + 2 f — and 

4. Divide a®(a® - a®) - ah{x + a)® + 6(a® + a®) 

, by a®(a - a) + 6a(a - 2a)» 

5. Show that 

(16a® - 20a» + 5a)® + (1 -- a®){16(l - a®)® - 20(1 - a*) + 5{* - 1, 

6. Find the continued product of 

^ a + y+a, a-y + 2 ;, and «-a + y. 

7. Beselve into factors ; 

(i) 6a*+a-16 ; •(ii) 35(a-y)®-41(a-y) + 12 ; 

(iii) lla®-“64ay® +63y®. 

8. If a+y + 2 r- 0 , sBow that 

(a + yXv + + a) - - xyz and a®+y*+s® - ^xyz, 

VIII 

1. Multiply together the expressions l+aa+— ^^a® and 
l+6a+ — - g — a® as far as the term involving a®. 

2* If a+y + s*16 and ai/+ya+za>=85, find the value of a®+y®+s®^ 

3. If a® + 6®-l-c® + d®, show that (ad-6c)(ad+6c)-(a-c)(a+c). 

4. Divide (aa + 6y)® + (aa-"6y)®+(6a-ay)*+(6a+ay)® 

by (a+6)®a®-3a6(a®-y®). 

11 1 1 • 

5. Evaluate a* +;ra» a® +;-8 and a® + -t» when a+ •= -a. 

* a a a 

6. If 6a— ay, prove that (a*+y®Xa®+6®)— (aa+6y)®, [B. U. 1910] 
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7. Show that + je?®) + 2a;(a;“ + yz){v + 2r) + ix^yz 

- (aj* + a;y + a:a + i/a)*. 

8, Besolve into factors : sc* - 11® ®y® + y*. [B. U. 1897] 

IX 


1 . Multiply a® + a® + ®® by a® - a® + ® ®. 

2 . Show that (a* + 2ab + h® - c*)(a® - 2ab + &® + c®) 

■» (a® - 6 ®)* + (4a6 - c®)c® . 

3. If a® + 6 ®-l“ 0 * + (i®, show that (ac- 6 d)® + (ad + 6 c)® — 1, 

4. Write down the expansion of |® + ^ j • 

5. Show that (a® + a6/s/3 + 6®)(a®-a6is/2+6®)— a* + 6*. 

6. Divide a®(6®-c®) + 6®(c®-a®)+c®(a®-h®) by afe + he+ca. 

7. Show that (® - a)®(i - c) + (® - h)®(c - a) + (® - c)®(a - b) 

• ■*a*(6 — c)+fc®(c — a)+c*(a — 6). 

8 . Solve the equation (7 + ®)(8 - ®) - y « 17® + 1 - ®® . 

X 


1. If ® + 


-2(a+m), ® ^ *26, i/+ “ 


-2(c + n) and - —2d, 

■ V 


find the value of ®y+— • • 

xy 

3. Show that (1 + a)®(l + o®) - (1 + c)®(l + a®) - 2(a - c)(l - ac). 

4. Show that (6® - c®X6 + c - 2a)® + (c® - a®)(c + a - 26)® 

+(a®-6®)(a+6-2c)®-0. if a + 5+c-O* 

6. Multiply a + 6^ + - 6^c^ - - a^b^ by a^ + 6^ + c^, 

6. Besolve 15®® - 41® + 14 into simple factors. 

7. Find the value of ® for which 

®-l 2(® + l) 6(®-5) . ® + l 
4 " 9 12 18 ‘ 

A and B have -the same income. A lays by a fifth of his 
income; but B, by spending annually £80 more than il, at the end of 
4 years finds himself £220 in debt. What was their income ? 



CHAPTER XIV 
HIGHEST COMMON FACTORS 
{By factorisation) 

100. Definition. A common factor of two or more algebraical! 
expressions is an expression which divides each of them without a 
remainder. 

N, B, By expretsiona we shall mean rational and integral expreasione 
only, [ See Note, Art. 91 ] 

An elementary common factor is one which cannot itself be resolved 
into factors. 

The product of all the elementary common factors of two or more 
expressions is called their Highest Common Factor ; or, in other words,, 
the Highest Common Factor of two or more expressions is that common 
factor which is formed by the producji of the greatest number of elemen- 
tary common factors. 

Thus, since 6a^b{x ^ x 3 x a x a x fex(a; + l)x(£c-l), and 
15ab^(x^ - 3x + 2) = 3 X 5 X (f X 6 X 6 X - 1) X (05 - 2), the elementary com- 
mon factors of the two expressions on the left are 3, a, 6, and x-l ; 
hence, their H, C, F. - 1). 

Notel. Other common factors of the given expressions are 3a, at, 

3(» — 1), 3ab, hut none of them is elementary. 

Note 2. When the expressions considered have no numerical common factor^ it 
is easy to comprehend that the Highest Common factor is an expression of the higher 
degree than any other common factor. Hence ^ when two or more expressions have no- 
numerical factor common ^ their Highest Common Factor may be defined to he the ex- 
pression of the highest degree by which each of them is divisible without a remainder. 

Note 3. If any expression A divides any other expression B without a remain-^ 
dert then A is evidently the H, C, F, of A and B, 

Note 4. If H be the H,C,F, of any number of quantities A, B, Ct dc,, then the 
quotients of A, B, C, dc,^ by H have no common factor. 

Note 5. If an elementary factor occurs more than once in each of two or more 
given expressions, then the highaat power of this factor common to the given expres- 
sions, and no higher power, maat occur as a factor in the H,C.F, of these expressions. 

Note 6. If A xg, and B^p'xq\ such that q and g' Jiave no commcn factor ^ 
then the H,C,F, of A and B, if any, will he the same as the H.C,F, of p mdp\ 

Note 7. If A^mxn, and B »= m' x n\ where m and m' respectively include alt 
the fiumomial factors of A and B, then the H.C.F, of A and Blithe H,0,F. gf m and 
w' ) X ( the H.C.F, of n and n' ). 

Notes. The H.C.F. of k and B is (he same as the S,C.F, of A and mB, if 
m is not a factor of A. 
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101. Highest Common Factors of simple expressions* Sueh 
expressions can be at once resolved into their elementary factorSi and 
so there is no difficulty in finding the H. C. F. of any number of them. 

Example 1. Find the H. 0. F. of a®6V, and a“6V. 

The elementary common factors are a, b and c ; and the highest 
powers of them common to the given expressions are respectively, a®, b 
and c*. 

Hence, the required H. 0. 

Example 2. Find the H. C. F. of 36a®aj*«® and 

We have 

36a®a;*;3« -2® x 3'-* x a®a;^z^ 

« 3 X 6 X 2^ X b^x^y^z. 

Evidently then the elementary common factors are 3, 2 and x\ 
and the highest powers of them common to the given expressions' are 
respectively 3, 2^^ and a;®. • 

Hence, the required H. C. F.“3 x 2® x a?® *12a;®. 

Note. After exhibiting each expressim as a product of powers of different 
elementary factors^ the elementary factors common to the given expressions are at once 
obtained by writing down in succession such of the elementary factors of the first 
expressio7i as are also found in every one of the remaining expressions. ThuSt in the 
above example^ the elementary factors of the first expression are 3, 2, o, 6, x and y, of 
which 3, 2 and x only are to be found each of the others. 

EXERCISE 51 • 

Find the H. 0. F. of : 

V 1. a®6® and a®fe®. 2. 12a®6 and 20a®c®. 

^xy^z^ and 24a?®i/^. 4. 20a®a?*i/® and Iba^y^. 

5. 18m®n* and 46m®n®, ^ 6. 16a®x^l/, 40a*i/®a; and 28aj*a. 

7. 24m®np®, 60mw®p and 84w®p®. 

8. 4fbx^y^z^, Idx^y^z^ and dOx^y^z^. 

^9. 36a®i>®c^aj®, 64a®c*a;^ and 90a*Z>®c®. 

10. 72a®6^c®. 96f)®c*d® and 120c®d*a®. 

11. 48a®jr^l/®a®. eOx^^y^z^b^. l^y^z^b^a^ and 84i8;®6*a®a;®. 
w'W. 75m^n^p'^q^, 90w®w®p®q^, 106??i®«*p®q® and 135m®n®p®q®. 

1*. b^a^b^o^d\ 72a®fc®c®d®, 108a®6®c®d® and 126a*fc®c®d®. 

14. 18a*a;®2/®, 42a®y®«®, 60a!®i/®;^® and 78a®»®J5®, 

^ 16. 32a®6®®®i/®0®. 40a»x®y^«®, 666®x®y^s\ 72a:®a®i/*;a;» 

and 966*a®«®i/®. 
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102. Hi^rhest Common Factors of compound expressions 
whose elementary factors can be easily found. 

• The method illustrated in the last article will also evidently apply 
in Buoh cases. 

Example 1. Find the H. 0. F. of a®6® + 2a®6® and a*6-'4a®6®. 

and - 4a®h® « a®6(a® - 4h*) « a®h(a + 26)(a - 26). 

Hence, the required H. 0. F. « a*6(a + 26). 

Example 2. Find the H. C. F. of 

and a:^t/ + 2a:®y®+»®|/®. 

+ a;i/® « a?f/®(a;® + y®) « xy^{x + y)[x^ - a;y +|(®) ; 
and* x^y + + aj®i/® “ x%{x^ + ^xy + y ®) « ®®i/(aj + 1 /)® . 

Hence, the required H, C. ’F.^xyix + y). 

Example B. Find the H. C. F. of 

24(a;^ - 2oj;® - 8a®a;®) and 64(aJ® - ax^ - 6a®a;®). 

The first expression— 3 x 8 x aj®(a?® - 2aaJ - 8a*) 

^ « 3 X 2® X xHx + 2a)(x - 4a). 

The second expression — 6 x 9 x a?®(a;* - aa; - 6a®) 

— 2 X 3^ X a?®(a? + 2a)(a? - 3a). 

Hence, the required p. 0. F. « 3 x 2 x x^(x + 2a) 

-6a:*(a? + 2a). 

Example 4. Find the H. G. F. of 

a* -16a?* and a®+a*a:-10aa:® + 8a?®. 

The first expression - (a® +4ci!?®)fa® -4a?®) 

- (a® + 4a:®)(a + 2a?)(a - 2a?). 

The second expression — (a - 2a;)(a® + 3aa? - 4a?®) 

— (a - 2a?)(a - a?)(a + 4a?). 

Hence, the required H. 0. F.— a-2a?. 

Note. It may be observed in this example that alihotigh the factors of the second 
expression are not so obvious as those of the firsts still there is no great difficulty in 
discovering them as it may be presumed that the given expressions have at least one 
common footer. Hence, after the resolution of the first expression into factors, by a 
little trial it may he seen that of these a^Sxis also a factor of the second expression', 
that the factorisation of the expression is much facilitated. 
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EXERCISE 52 

Find the H. 0. F. of ; 

,y 1. and a* + 2a*6+o*6*. 

,2. and **»*+**!/*. 

6(®*-9)and l6(®*+27). 

. ,4. 12(ffl* -a®6V) and 20(ffl*6*c*+o*i*o*). 

^5. m*n* - 2f»*»* + m*n‘ and (?»*» - win*)®. 

4a*» - 9a*®* and 4a®®* +6a®*. 

>7. 18a*6® - 32a*6* and 18a*5* + 24a®6». 
9®V-36®*i/®and24®*i/®-48®®y». 

6a*6*-24o6* and 4a*6+32tt*5*. 

10. 48®*a*(®+a)*{®*a*-®a®) and 64(®®a*-®*a“X**o+®*<»*). 

11. 24(®® - a*) and 40(®* +®*a® +a*). 

^2. 66(®®a* - ® *a®) and 72(®*a* + 3a*®* + 2a’'®). 

30(a* + 4a6 + 36*) and 42(a* + a6 - 66*). . 
vt4. 28(»® - 3®* - 10®) and 62(®* - 8®® + 15®*). 

.^|6. x*y + 3®®y* - 18®*tf * arfd ®®y * + 10®*y* + 24®y*. 

^6. a*®* - 4a®®* - 12a®»* and a*®* +8a*®* + 12a®»*. 

^7. 4®® +12®*+ 9® and 4®* -2® -12. 

a*-a6-26* and a®-a*6-4a6*+46®. 

^'+3®-10 and ®®-®*-14®+24. 

^(®® + 8a®) and 90(«* + 7a®* + 16a*a! + 12a®). 

(a®-6»)(a+6)*. o*-6* and 3a*+2a®6-6a*6*. 

22. (2® - 3)*(®* + ® - 2), 4®* - ® - 18 and 2®* - 23® - 64. 

23. 8(27a»6+a*6*), 12{6a*6*-7a®6»-3a*6*) and 

40(3a®6*+13a*6®+4a6*). 

24. «*-13®* + 36, 8®® +13®*+ 8® -12 and 4®®+l7®®+9®-18. 



OEAPTBE XV 
LOWEST COMMON MULTIPLE 
{By factorisation) 

103. Definitions. One expression is said to be a multiple of 
another when the former is exactly divisible by the latter. 

One expression is said to be a common multiple of two or more 
others when it is exactly divisible by each of these latter. 

Of the different common multiples of two or more expressions that 
which consists of the least number of elementary factors is called the 
Lowest Common Multiple of those expressions. In other words, a 
common multiple of two or more expressions is said to be their Lowest 
Common Multiple when it is the product of just as many elementary 
factors as it must necessarily have and no more. 

Thus, the common multiples of a and b are a6, 2a6, a^&, a&^, a^b^, 
&c , ; but of these ab consists of the least number of elementary factors, 
and hence, it is called tjie lowest common multiple of the quantities 
a and 6. 

Cor, Hence, every common multiple of two or more expressions, is 
divisible by their Lowest Common Multiple. 

Note. The letters L. C. M, are’usually written for ‘Lowest Common Multiple.' 

104. L. C. M. of simple expressions or such compound expres- 
sions as can be easily resolved into their elementary factors. 

In such cases the L. C. M. can be written down by inspection. 
The following examples will illustrate the process : 

Example 1. Find the L. G. M. of 4a^6c and 6a6‘d. 

The 1st expression » 2* x a® x & x c. 

The 2nd expression “2x3xax6*xd. 

Hence, 2‘ x 3 x x 6^ x c x d must necessarily be a factor of every 
oommon multiple of them. 

Hence, the required L. C. M. 

-2*x3xa® x6*xcxd 
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Example 2. Find the L. G. M. of l^xy^z^ and 

The let expression « 2® x 3 x a;® x y x ;sj. 

The 2nd expression * 2 x 3® x a? x y ® x 2 ®. 

The 3rd expression = 3® x a;* x y ® x 21 ®! 

Hence, 2® x 3® x a:^ x y® x 2 ® mu&t necessarily be a factor of every' 
common multiple of them. 

Hence, the required L. 0. M. 

«2® x3®xa;*X|/®X2® 

^216x^y^z\ 

Example 8. Find the L. C. M. of 

4a;®(a; + a)®, 6a®x(a;®-a®) and 9a;®(a;® - a®). 

The 1st expression = 2® x a;® x (a: + a)® . 

The 2nd expression = 2x3xa®xa;x(a; + a){x - a). 

The 3rd expression « 3® x a;® x (a; - a)(a5® + ax + a®). 

Hence, 2* x 3® x a® x a;® x (a? + a)®(a; - a){x^ + ax + a®) must necessarily 
be a factor of every common multiple of them. 

Hence, the required L. C. M. 

= 2* x3® xfl® xa;® x(a5 + a)®(a;-a)(a:® + aa; + a®) 
=*36a®£c®(fic+a)®(®® -a®]fi 
Example 4. Find the L. C. M. of 

a;®-3a? + 2, !;® + 2a:®-32c and a;* + a:® -6®®. 

The Ist expression « (a; - l)(a; - 2). 

The find expression = x(x‘ + 2a; - 3) = x(x - l)(aj + 3), 

The 3rd expression"** a;®(a;® + a; - 6) = x^(x - 2)(a; + 3). 

Hence, x^(x-l)(x- 2Xx + 3) must necessarily be a factor oi every 
common multiple of the given expressions. 

Hence, the required L. 0. M.=a;®(a;-lXiC“2)(a; + 3). 

Examples. Find the L. C. M. of a;® “3a;® + 3a;-l, ir®-a;®-a; + l^ 
aj^-2a;® + 2a5-l and a5*-2a;® +2a;®-2a;+l. 

®® -■ 3®® + 3a? - 1 “ (a; - 1)® . 
a?® - a;® - a: + 1 - a?®(a; - 1) - (a; - 1) 

-(a?-l)(®®-l)-(a;-l)®(a; + l). 
a;^ - 2a;® + 2ic - 1 -(a?^ - 1) - 2a;(a;® - 1) 
-(a;»-l)Ka;®+l)-2a;l 
-(a;®-l)(a;-l)® 

-(a;-l)®(a; + l). 
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a? ^ - ar ® + 2a? * - 2a? + 1 — a? ® (aj ® - 2rc + 1) + (a? ■ - 2a? + 1) 

■* (af® 2.T + 1 )(a?* + 1) 

^ -(a?--l)®(x® + l). 

Hence, (a?-l)®(a?+lXa?* + l) must necessarily be a factor of every 
common multiple of the given expressions. 

Hence, the required L. 0. M.«(a?-l)®(a? + l)(a?* + l). 

EXERCISE 53 

Find the L. 0. M. of : 

1. a^h and ah®. 2. a®h* and a®5c. 

3. 6a?®i/^ and lOar^®. 4. 4m®n® and 14w*n*p. 

5. Sx^y^z and 12a?®i/*«®. 6. 4a®6(?, lOab^c and 14ah(J*. 

7. 8a»6®o. 12ah*c® and 20a®hc®. 

8. 6x^y, 9x^y^z, 12a®a??/® and 15aa?«*. 

^*9. a*6-ah* and a®h® + a®h®. 

10. 4(a?-t/)®, 6(a?*-|/*) and 8(a? + y)®. 

11. a?® -4a? + 3 and a?® -6a? + 6. 
vie: , 

18. o*(«* — 4) and a*+2a*— 8a*. 

14. 4a*®*; 2®(®*-a*) and 6a*®(®“ + a*). 

^15. 12(®* + 3®-]0) and 16(®*+4®-i2). 

^^.6. «* + 2a!— 16, ®*+9® + 20 and ®* + 4® — 21. 

2^17. 12a*-27a*6*,2a*+a6-36* and 2a*-a6-86*. 

-48. 8a*+276», 8a*-276* and 16a*+36a*6*+816*. 

' 19. 8®*— 50®*,*, 12®* + 24®*v - 15®y* and 16®*— 48®y+20y*. 

, 20. 4®*-12a® + 9a*, 6®*-7a«-3a* and 6®*-lla®+3a*. 

^‘21. 2®*+6®+9, 4®* -12®* +18® and 4®* +81. 

22. 9a*-6a®+®“, 6a* + 10a®-4!»* and 9a*-21a®+6®*. 

^ 8®*-12®*+6®-l,8®*-4®»-2®+land2®*+6«-3. 

®*-6®,+8v*, ®*-7®y+12y*, ®* + 2®y-16y* and«*+®y-20y*. 
26. 6®*-®-!, 3®*+7® + 2 and 2®®+8®-2. [0. U. 1869] 

^ 26. 1+4® +4®* -16®* and 1 + 2® -8®* -16®*. [0. U. 1871] 

/ 27. 9®* - 28®* + 3, 27®* - 12®* + 1, 27®* + 6®* - 1 and »* - 6®* +9. 

[0. U. 1886] 

{ The feotoiB ol the last expression suggest a factor of the first. ] 



CHAPTEE XVI ‘ 
EASY FRACTIONS 


105. Definition. The algebraical fraction where a and b» 
may have any numerical values, is defined to be a quantity which, when< 
multiplied by b, becomes equal to a. In other words, ^ is defined to- 

be equivalent to an- 5. In is called the numerator and b the* 

denominator. 


Note. Thus an aleghraical fraction is no other than the quotient oj one- 
expreesion by another^ expreeaed by placing the ^dividend over the diviaor 
with a horizontal line between them ; and the dividend and the divisor so 
placed are respectively called the numerator and the denominator of the fraction, 

106. The value of a fraction is not altered it both ita 
numerator and denominator are multiplied or divided by any 
the same quantity. 


If a, b and m stand for any quantities 'V^hatever, tq prove that. 

a , 

# h bm 

Let 

then a [by definition ] ; 

jT xtxm-axm, or, xy^hm^am. 

Hence, 0 ?— am ^ 


^ 1 1 am a • • 

Conversely, we have j 

Thus, the proposition is established. 


am am^m ^ 
bwT hm-trm 


Cor* Thus, the value of a fraction is not 

altered if the signs of both the numerator and the denominator bO' 

changed. 

• 

107. Reduction of a fraction to its lowest terms. A 
fraction is said to be in its lowest terms, when its numerator and 
denominator have no common factor. 
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Hence, to reduce a fraction to its lowest terms, or more briefly to 
simplify it, is no other than to find an equivalent fraction whose 
numerator and denominator have no common factor, and this is evidently 
done by dividing the numerator and the denominator of the fraction by 
. their highest common factor. 

Note. In all cases where the numerator and the denominator can he factorised 
‘by inspection the reduction is at once effected by simply removing the common factors* 


Example 1. Beduce 


to its lowest terms. 


lOah^c* 

_ 2x2 x x 6® x c® 
2x6xax 6* xc® 


2a 

"bh 


^Example 2. 


iOai^c® ' 

q. nlifv 

Simplify + 

a^b^{a^-h^) 


a{a - b) 

“36(a®-a6 + 6®‘) 


’Example 3. Beduce 


to its lowest terms. 


3a6*(a® + 6®) *dab*‘{a + h)(a® - a6 -i- fc®) 

g;® +3a;--40 
aj® +4aj-32 
The numerator «* (a; + 8)(a5 - 5). 

The denominator = (» + 8)(aj - 4). 

Hence, the given fraction 

Ex«.pl. 4 . Slnplily 

The numerator “2a(a-6)+3®(o-6)-(a-6)(2o+3i®). 
The denominator •-3a(a— h)— 2a;(a— h) 

={o-6)(3a-2a;). 

Hence, the given expression 

EXERCISE 54 
Beduce to lowest terms : 

2a*6» 


Si. 

4. 

7. 

ilO. 


4a‘i* 
15aj*y»s* 
26!B*y*s*‘ 
70a*6*c*d» 
106c*d*o»6*‘ 
x^-Zx 
9®-®*' • 


^2• 

5. 

8 . 


'X 


1 . 


8®y*" 

18o» feo*d» 

S9m*n'^p*(i^ 

^p*m*n*g‘‘ 

4®*-9o* 

4®“+6a*’ 


6. 

X 12. 


ia*xi/‘ 

10a*®jp’ 

16®*a*y“s* 

40a*«‘»*y*‘ 

®*-a* 

**+oJ' 

3a*-12a6 

48h»-3a** 
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13. 


16. 

^19. 

21 . 


23. 


25. 

27. 

29. 


31. 


y\33, 

n>'35. 


30®- 12a® 

®*-16fl®“ 
®® + 2®-8 
®*+®-12 



17. 


a*-a»6+o®i>® 
a“ + <)® - 
®* - 6 ®y + 5w® 

®* + 2®y — 35v*" 
®*-8®®-65 
®*+®®- 20 ^" 
2®®-®-6 
3®*-2®-8‘ 

3 ®® + 16a® + 5 a® , 
3®®+22o®+7a® 
2^+3^-Ma® 
3®®+5a®-^®‘ 

®® - (o - b) x - a b 
®® + i)®®+o®+a6 
8 6®+ 1 2a6 + 6®y +9av ^ 
126® + 8a6 + 9®y + 6oy 


2®* -4a®® ® 
®*— 4o®®®+4o* 
® ®+2®-15 
®*+9®+20‘ 


IK 4 ®*+8® 
®®+ 6 ®+ 6 ’ 
a»-3a5-45» 
a®-4o6-56®‘ 


20 . 

22 . 


24. 

✓^26. 


l-7® + 12®® 
i-8®+15®®' 
l-9a® + 14o* 

1 -4a® -21a*’ 

3a®® + 9a®® ® + 27a® * 
a* -27®* 
3 ®®-5a®+2a ® 
3®®+a® — 2o® 


90 6®®-7®-20 

9®® + 6®-8'' 

an 10 ~ 17a® + 3 a ®®® 
5-26o® + 5a®®* ’ 


^ on 6a c+106c+9a® +156® 
6c® + 9c® -2c -3® 


Wj 2o® + a6-6* 
S®+a*6^^^' 


a ®-6 ®-26 c-c® 

a*+2o6+6®-c® 


108. Redaction of two or more fractions to a common 
denominator. 


Let 


a 0 e 

b' r /' 


& 0 ., stand for any number of fractions. 


Let L denote the L. G. M. of the denominators i.e., of 6, d, f, dio. 
Then, since the value of a fraction is not altered when its numerator 
and denominator are both multiplied by the same quantity, we must 
have 

a a‘K(L-*-b) ax(Zr-»-6). 

6“6x(L+l»)“ L 
c oK(L-*-d ) cx(i>-»-d) . 

d“dx(L-*-d)^ ~L 
e _ex(ii-t-/)_6x(L-i-/) . 

7 L ’ 

, and so on. 

Thus, the fractions in the third column are respectively equivalent 
to the given fractions and they have all got the same denominator, 
namely, L. 
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Hence, we have the following rule for reduoing fractions to a 
oommon denominator : Find the L. G. M, of the denominators, and 
multiply the numerator and the denominator of each fraction by the 
quotient of the L. C. M., thus found, by the denominator of that fraction. 

Bxamide 1. Reduce and to a oommon 

denominator. 

The L. C. M. of the denominators 5®) ; and the quotients 

obtained by dividing it by the denominators are respectively a6(a - b), 
i(a+ b) and a. 


Hence, we have 


_ ^ x'^ ah(a~b) ^ xahi a-b) . 
a+fe*(a + 6)xa6(a-6)"a6(a“-6®) ’ 


^ a;®x Ma+/)) ^ x^b{a + b ) . 

a(a“fe)""a(a-6)x6Ca+6)**afe(a®-6®) * 

flg® g® xa 

i(a® - 6®) *" Wa® - 6®) x a “ a6(a® - 6®)’ 


Example 2. Reduce ^^'-11+2 

common denominator. 

The denominators, are respectively 

(g - 2)(g - 3), (g - l)(g - 3) and (g - iXg - 2). 

, Hence, their L. 0. M.«(g-l)(g -2)(g-3) ; and the quotients 
obtained by dividing it by the denominators are respectively, g-1, g-2 
and g - 3. Hence, we have 

x-1 ^ fg-l)(g-l) g®-2g + l . 

g® - 5g + 6“’(g® - 6g + 6)(g - l)"*g* - 6g® + llg- 6 ’ 
g""2 ^ (g-2)(g-2) ^ g®-4g■^4 . 

g® - 4g+ 3 (g® - 4g + 3)(g - 2)""g®-6g® + llg-6 * 
g-3 _ (g-3)(g-3) g®-6g + 9 

g*-3g-h2“(g®-3g + 2)(g-3)"“g“-6g® + llg-6* 




s..-' 


EXERCISE 

Reduce to a oommon denominator : 
e 

r 


55 


1 ^ 
26* 


and 


y ®i p* z* 

26c’ 3^’ 456' 


q tt6 6c CO 
*• 4*^“’ txr“p' 10x*‘ 
gg* y* 

o*+2a6’ 0-26* 


V, "j o 6 c 
0-6* 0+6’ o(o+6) 
.ft 2o o-c 
o-6’o6-o** 
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V 


10 . 




12 . 




15. 


2a ^ ^ 4c ^ 
a-6’ 6-a’ a+6* 


£> 2® _ 3y_ _4« . 

S^(a+^)* b\a-xy P(a^'-iv^y 


c ® 

2®^ + 3aJi/* 4a:®i/-'9a:i/®', 

a^ 

a;®+a;+l* a;* — 05+1 * a?® — « — 2* aj*+aj— 6 

ck“ ’^b be ^ , --■■■--■ 

a(a'»-2a6+4i*) a®+86« a-36 a»+3a6+96* a® -276® 

a h c 

6(a— 6-c)* a(a— 6 + cj* a* + 6*-c® — 2a6 

c-a b--a _bj~c 

(a - b){b - c)’ (a - cX6 - c)‘ (c - a)(a - 6)‘ 


109. Addition of Fractions. 

From Oor. 3, Art. 47, we know that 

a(6 + c+d+e)“a6+ac+ad + ae, where a, 6, c, d, c are any 
quantities whatever. 

Hence, conversely, 

«6j-.a£+M±«« + c+d+e=^^ + ^+5^+^- 

a a a a a 

• 

Hence, putting p, q, r, s respectively for a6, oc, ad5, ae, we have 

£±£±.?l±£-.£ +*'^+ - +~ » where p, q, r, « and a are 
a a a a a -n . 

any quantities whatever. , 

Thus the sum of any number of fractions which have a common 
denominator is a fraction whose denominator is the same and whose 
numerator is the sum of the numerators of the given fractions. 

obtain the sum of any number of fractions which 
have not the same denominator we must first reduce them to 
equivalent fractions having a common denommator and then proceed 
as above. 

a b 

Bxample 1. Find the value of }j—Q 

h b M-1) - -b . 

Since (h-a)x(-l) a-b 

. ^ b ^ a . -b 

we have 

a—b a—b 


l-ll 
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Example 2- Find the value of 

Since the L. 0. M, of the denominators**®® -a®, 

®+a ® — (X ®“a ® — a 

Hence, the required value 

« 5^ "“G)-f a(® +a ) ^ ®®+a® ^ 




®®-a® 


Example 3. Find tBe value of ^+ 5 + ^~2 ^ ~^a ' 

In the present example it is not convenient to reduce all the 
fractions to a common denominator at once. We can proceed best 
as follows : 

— r u 1 _i_ ^ (a— 5) + 6 d 

We have a+ 6 '*'a»-fc*“ o’* -/)*' 

Hence, the required value ** ^“^2 *" 

_ a(a® + 6 ®) - a(a® - 6 ®) 2 af)® 

* 1 X 4 QO 

Example4. Simplify ^r^'aj+g- J*+i+5-*‘+T6’ 

r,T . 11 (a;+2)-(a!-2) 4 . 

We have ' 

4 >. 4(a!‘‘ +4)-4(a!’*-4) __32_ 

a?* — 4 a;* + 4 


r 4.1 * _i_ 

Lastly, _-*_-TH+ 


32 


a;* -16 ic*-16' 

32(a:* + 16)+32(a!*-16) 64a!* 

-x^-m 

is the required result. 

Examples. Simplify «ifc-S-+2ft-o+36+ar+4fe* 

The given «P«BBion-{ 

Now, wo have 

1 1 ^ (flH-26)— (g + fc) _ 


a+b a+2b (g+6)(g+26) (g+t)(g+26)* 

,1 1 (g+4fc)— (g+3fe) b 

a+36 a+46'“ {g+86Xa+46) "(a+SbKa+^^b)' 
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Lastly, 


h b 

{a+6X®+26) (a+36)(a+46) 


_ 6(a + 36)(a + 46) ~ 6(a + + 2fc) . 

+ 26)(o + 86X« + 46) 

-of whioh the numerator— 6(o*+7a6+ 126®)- 6(a*+3a6+ 25®) 

-6{4o6+106®)-26®(2o+66). 

EXERCISE 56 


1 the value of : 


1 . 

4. 

7. 

9. 

11 . 

13. 

16. 

Xl7. 

19. 

^1. 


a+b a-h 

d ^ 6 


2 . 


x-y ^ 


xy 


yz 


zx 


a . .a; , , 
a-x^x-d 


a-irh * 


‘ 4®^-9y^"Sic + 3i/* 


(a +6)* a* -6* 
1 


8. 


10 . 


(a - 6)(a - c) (a - c)(6 - c) 

®® + 7®+ io'*'®® + 13* -fib’ 
a + 6 a-6 , 2a6 , 

o-6“a+6'^6®-o®' 

16. 

'x-y x+y x*+y* 

3x+l x-3 5x*+24x 4o-6 4a+6 46(l-8a*) 

x-3~'3x+9 2x»-18’'-^®’ i-4o6"i+4a6"l6o®6»-r 

1 2x- 0 , 0 ■ 2a6 4a®6 

x-2a^x+2a^x*+4o® * o-6^o+o a*+6®^a*+6** 


“il" + o*~o 6+6* 

a+6 0—5 

.._,1 . 

x*-3x+2^x* -^+6 
1 (2x-3y)® 

2x+3y ^® + 27y®’ 

1 . 1 . 2o 

oV26'^o-26'^ 46*^0®' 

o-2x o+2x Sox 
o+2x~a-2x^a®+4x*' 


X ® 4- 0®* 

3aj i/"^3aj + |/’^9x* + y** 
(o®+5®)» a b ^ 
ab{a-by~ E~ a 


x-9o 


24. 


x-8o ^+6o~2x®+18o* 
X— 1 x+1 X— 2 x+2' 


26. 

37 . 


X— o 2x+o'^x+o 2x— o o— X x+3o'''o+x"'*x— 3o* / 

_2 X L__ _3 2K a-o .. 6-c / 

X— 1 x*+i x+1 X®— 1 *• (o— 6X*— o) (6— oXx— 6)* / 
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r-n + z 


a;*-3a;+2 a;*-6j:+6 ®*«ar+16 

OA ' L I- \ J. _? 

x^ + bax+ 4a“ + llaa;+ 28a* + 20aa: + 9ia* 


1 , 2a; JL 

V' * x^+3x+2 jjj*+4aj+3 a?*+6£iJ + 6 

QO ^ 

1“ aj+a;* l+aj+ai* i+aj*+a5^ 

2x 


x-2 


6x 


l + x + x^''i-x + x^‘^l-x^+x^‘ a;-2’"a:* + 2aj + 4'*’a:® + & 

«- n n 33^^_ 

16 ( 2 x*- 6 aa;+ 9 a*) 32 a;* + 96 ax+i 44 a*‘^ 4 ( 4 ®^- 81 a*)‘ 

110. Multiplication of Fractions. 

Let ^ and ^ be any two fractions ; to find the value of | x ^ ► 


Let 


^ V ^ 


!l?heni wc have ajxi^xd** ^ ^ 

.(f xj)x(5xd)..«., 


or, ®x6<i = ac, 


_ flc • 
®“65’ 


t.c., 


a c ac 
6 ^ d “6d’ 


TT ® V ^ V i V £ 

Hence, b^d f M f 


ace . 
'id/’ 


a ^ C X X ^ • and BO on 

b^d f h bdrh bdfh* 

Thus, the product of any number of JracUone is a fraction whose 
numerator is the product of the numerators of the given fractions and 
tjohose denominator is the product of their denominators. 

Cor. Since, c** j • we have f ^ j 


a?® 1/ ® z 

Example 1. Multiply together ~ and ^ 


jJ. 

xy 


• J3 jj t a;*xy*x a;*xy * x 2;^ - 

The required product ^ygxzxy^xy^ y^x x aj* " 
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Multiply 


x(a-X) . 


a{a+x ) 

a*-2aa?+®* 


The required product 


x(a - a;) X a(a + a?) 

” + 2aa? ■^x^)(a ^ - 2aa? + »*) 

_ ^ ax ^ ax 

' ia + x)%a - a:)® * (a + a5)(a - a?) " a* ^ 


Example 3. 


Multiply together 
1 + 1/ ’ aj+a:’* 


and l + ~ — 
1-aj 


Since 1 + , - - 
1-a; 

fche required product 


. _ 1 “• ® ^ 1 

1-a; ~“l-a;’ 

« (J.tJ?XAr ®) ^ (i +i/ Xl-y) ^ _ i _ 

1 + y a;(l + a;) l-x 

« (^ +fl?Xl -a;)(l + y) (l-y) ^ l^v 
(l + l/)(c(l+a:Xl-a;) x 


EXERCISE 57 


Multiply together : 


1. 

20’' gfe" , 8c» 

3ab 16 m 9bc' 

2. 

4»®6* 9c» , 4d* 

3c“ ’ ied" 276»' 

3. 

yz zx xy 

4. 

7a*6*c’‘ 4x»i/'»«» 

i2!ty« ““210*6*0*’ 

5. 

, 35!r*j/« 

7®y*a 96wi®n 

• 


Simplify the following : 



6. 

a; + l a;® + a;-2^ 

7. 

o*-96*.; 3o* 

® — 1 X* + ® 

o»+3o6%*-3o6‘ 

«. 

o»-6»,, (o+6)* 

9. 

o® + S®"* ■ V a* “ 4o® + 4»* 

a®+a6 a* + a6 + 6* 

a® - 2a®aj a* - 2aa; + 4a;® ' 

10. 

a;® + 4a; + 3 a;®-3a; + 2 
a,«_4 x^9 

11. 

a;® - 7a; + 1 0 ^ a; ® - 3a; - 18 
*®-2a!-15 •x*-8a! + 12* 

12. 

x®-4®+3„«®-7x+i0 

18. 

o*<“6* . o-ft 

x*-6a!+6 ®*-6®+6 

o*-2»6+i*- a*+o6’ 

14. 

2a!®-6x+2 8a:*+x 
3a!*-6a!-2 4®-2 

15. 

•®*-6®-16,,®*-ll®+28 
x*-4x-21 ®*-12a!+32 

16. 

a®— a;® a^^h^ / , aaf \ 
a + 6 a»+a;* \ a-a;/ 

17. 
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2a;® — 72?+3 3a;® + llaj— 2a;® + a; — 16 
+ 7x - 4 3®* +8® - 3 ^ 2a;® - llirTls' 

o- “ 2^>c 

?+a®-6®+25c a*-6®+c®-2ac* 

c®-a®^6® + 2a6^a® — 6®+c® — 2ac 
6«-c®-a® + ^c a® + 6®-'^2a6’ 

1 11 . Division of Fractions. 

Let ^ and ^ be any two fractions ; to find the value of ^ 


Then, we have x x ^-= j 3 ^ ^ ‘ 

[ •.* m-rnxn=»»n, whatever m and n may be. J 

d% c 0 c * nc LdcJ 

Thus, to divide one fraction by another we have to multiply the 
former by the reciprocal of the latter. 


Cor. L -i-c«= V T * i: ^ " “1' • 

6 6 1 6 c 5c 

rv. , < o- I’t a^ + b* . o*-o2>+6® 

Example 1. Simplify jrrj* ■*■ — — 

mi. "3 li. <*•+&•„ a-b (a*+b*)(a-b) 

The required result- -^p x a>‘ - : : ab+ b^‘‘{ji^> Ji^-a b + P) 

(tt + & Xo* -ab+ l>*Xa - b) , 

” (a + fc)(a - 6Xo“ - o6 + 6*) 

„ O' 1 -^ a!*+®-2 . a:*-3a!-10^a!*-4a:-6 

Example 2. Simplify ■ vq -*- -i q V 


The required result' 


x*+x^2 a!*-3a!-10 a;*-4a;-6 

{B*+7®+12 a5*+®-12 ’^®“-4®+3 

g*+®-2 „ g*-fg-12 ®*-4fl!-6 
'«*+7®+12 «*-3a!-10 *“-4®+3 
(x - IX® + 2)‘„ (® + 4X® - 3) „ (x - 6X* + 1) ‘ 

“ (®-)-8}(®+4) (* - 5X» + 2) (® - 3X® - 1) 
(®-lX*+2)(®+4X®-3X®-6X®+l) »+l 
■ (® + 3X® + 4K» - 6X® + ax® - 8X® - 1) *+»' 
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a a_ 

a-b~a+b . a-oa+b .. a* 

1 ‘ 1 ' if Y " S-T^ 


i?_ . o «• VI- 0-0 0 + 0 . 0-0 0 + 0., fl- 

Examples. Simplify “T^X «±OE* V+6®‘ 

0-6 a+*6 0-6 a+6 

[ 0 . U. 1876 ] 

o_ fl(o + 6)-a(a-6) 

TXT 1 a-6'’o+6 a*-6^ 2a6 . 26* 

^ Jl J 717 “ 

a- 6 a+6 a* -6® 

2a6 ^a®-6® a. 

“S®-6® 26 ® ”6* ™ 

jL^.z.k t A) * 

a-6**'a+6 a® -6® 2(a® + 6®) . 4a6 , 

0 + 6 o-6~' IS+6)®-(o-6^® ”'a®-"6® a“*-6* 

a-b^a + b a®-6® 

2(a* + 6®)^a®-6® o® + 6® .on 

* a**-6^ 4 a 6 ** 2 a 6 

Hence, from (1) and (2), 

the given expression® ? -g-^-ra 

0 2ao a + 6 

_ fl 2a6 o^ 2a*_ 

- 6 a»+6* a*+6^”(a*‘'+6‘'r’ 


a* -6* 


Exercise 58 


Simplify : 

1 4 a® 6 c 8fl6®c 

16a!i/*2f 2^ya: 


o* + a6 . ab 


l^y^z 2bx^yz ‘ a- 6 a® -6® 

®®-49_^7 , a^-6* .fl® + 6® 

a;® -26 aj +6 o®+ 2 o 6 + 6 ® o +6 ‘ 

m®- 9 n® w®- 2 wn- 3 n®^ 

w®+ 6 w»+ 6 n® w®-?i®~ 

7 IL 

w+n m®-w® \®+l/ / \ aJ+i/ 


-- IL). 
x+yl 


8 + o liB+y .X-V\ ( x+y x-y\ 

W+fr a — b) 10 — 6 0+6/ ' \x—y x+yj \®— y x+y] 

*10 o*+6*+3o6(o+6) (o— 6)*+ 4o6 

(o+6)»'-4o6 o*-6*-3o6(o-6)‘ 


{®-y)*+ 3 !t|/ 


(®+p)*- 3 iri/„ ®i/ 

ITS TTi ^ 
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a(a - 6)* + ia'b , a® - 6» ^ 6(a + 6)* - 4a6» 
~ ab + b‘ ab ' a’‘-ab ' 

IK !e*-a !-30_. a!® + 3g-l ft. *+4 
a?® — 36 a3* + 2a/— 8 2aj*4-l^ 


g?^ + 3a?~lQ8 . a;^+6 g-72 . 16a? +63 

a?^-64 a?®+a?-56 "*’a?®-14a?+48* 



a?^j^\ /iTj^ 

+ ’ la?-!/ 


g~!/ \ 

x+yf 


18. 


\a-6 a®-6®/ U + 6 a^+^f 


[0. U. 1868] 


iq + a 

(a+fe)®-3a6(a + 6) (a + 6)®-3a& (a + i)*-2a6* 

20 , (g - fe)® + 3a& (a + fe)® - 2ab 

(a - fe)® +2ab la + 6)f(g'~ + ab} (a+ b? - 3a6’ 



CHAPTER XVII 

SIMPLE EQUATIONS AND PROBLEMS 
1. Simple Equations 

112. In Chapter V, we have explained the process of solving 
easy simple equations. We propose to consider the subject more fully 
here. 

We have stated that the process of solving any equation is 
primarily based upon certain axioms [ Art. 63 ] from which it has been 
noticed that an equation is not altered, 

(i) if any term be transposed from one side of the equationrto 
the other ; and (ii) if both the sides be multiplied or divided by any the 
same quantity. 

Hence, the general rule for solving a simple equation involving 
one unknown quantity may he put as follows : 
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(1) Simplify the two sides separately by clearing of fractions and 
brackets^ if any, and by performing operations indicated by the symbols, 

(2) Transpose all the terms invoMng the unknown quantity to the 
left-hand side of the equation and the remaining terms to the right-hand 
■side, 

(3) Next, simplify the two sides again, 

(4) Finally^ divide both the sides by the co-efficient of the unknown 
quantity. 

The value of the unknown quantity, thus obtained, is the required 
solution. 

Note. The student should verify for his own satisfaction that this value does 
reaHly satisfy the givm equation. 

Example 1 . (6a: + 9)® + (8a; - 7^® = (10a: + 3)® - 71. [0. U. 1882] 

The left side =(36a:®»+108a; + 81) + (64a;®-112a: + 49) 

« 100a;® -4a: + 130; 

and the right side = (100a:® + 60a: + 9) -71 
« 100a:® + 60a: -62. 

Hence, the equation stands thus : 

100a:® - 4a: + 130 « ICOx® + 60a: - 62. 

Eemoving l(X)a:® from both sides, we have 
-4a; + 130«60a:T62. 

Hence, by transposition, 

-4a:-60a;« -130-62, 
or, -64a; **-192; 

and therefore, dividing both sides by -64, we have a — S. 

Thus, the required root is 3. 

r. 1 A At* x-Q 2a:-15 . i x a:-12. « , 

Example 2. Given — g- - ^ “ 15 6^ ’ 

Multiplying both sides by 8x9x5 or 360, which istheL. C. M. 
of the denominators, we have 

360(a: - 6) 360(2a: - 15) , _ 360a: __ 360(a: - 12) 

8 9 15 .6 

or, 46(a: - 6) - 40(2a: - 15) + 360 - 24a: - 60(a: - 12), 

or, 45a? - 270 - 80a; + 600 + 360 — 24a: - 60a; + 720, 

or, -35a;+690« -36a: + 720. 
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Hence, by transposition, - 36® -^36® * 720 — 690, 

or, ®>»30. 

Example 3. Solve 4Ha(l + ®) - Ka - ®)} - i{3a(l - *) - -’^(a + ®)}. 
'The left Bide=^|‘(l+®)-|{a-®)-(^-?|) + (^+ ^)x 
la , 16fl+9 


and the right side 

7cl 9fl + 16 
"“12 12 ■®- 


Hence, the equation stands thus : , 

7a,16a+9„__ 7a 9a+16_ 

i2+’"I^®“"i2“ TT"’® 


Multiplying both sides by 12, 

^ 7a + (16a + 9)a; «= - 7a - (9a + 16)®. 

Hence, fay tmnsposition, 

{(16a + 9) + (9a + 16)1®“ “14a, ^ 


or, 25(a + l)®“ -14a ; 

« 

dividing both sides by 26{a + l), we have 


X 


-14a 
26(a + l/ 


which is the required root. 


EMilipl.4. Given ; toa 

Multiplying bo.th sides by a® - 6®, which is the L. C. M. of the 
denominators, we have 

(a - 6)® + (a® - 6®) “ (a + 6)® + (a - 6)®. 

Hence, by transposition, 

(a-6)®-(a+6)®“(a-6)®-(a®-6®j, 
or, {(a - 8) - (a + h)\x “ - 2a6 + 26®, 
or, - 26® “ - 26(a - 6). 

Therefore, dividing both sides by - 26, we have ®“a- 6. 
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EXERCISE 6« 

FIbd the value ef x, when 

1. 3(®-4)*+8(a:-3)*-(2*-6X4a!*l)+24. 

2. (13®+9)*+(6®+3)»-(13®+9)*+33. 

8. 6(®+l)»+7(a:+3)»-12(a:+2)*. 

4 . (3®-14)®+(4a!-19)*-(6®-23)»-22. 

5. (5!r-8)*+(12a;-7)»-(13a!-10)®+37. 

6. {a!-l)*+{ir+l)''-2ie(a!®-l)+4. 

7. (a!-2)*+2a;*+(iB+2)"— 4!B®te+2). 

8. [x + 2)(a! + 3X® + 4) + 96 “ + 9) + 6(3x +13). 

9. 8{a:» - 14) - {® + 1)® + (a; - 2)» + (a; - 5)®. 

10. a[x-a)’’b(x-b). ^1. 3(a!-a)+5(2a:-3a)-*8a. 


Solve the following equations : 

^ 12. {x + a)(a! + 6) - (a+ fe)* “(x -a)(a: - b). 

_^'18. a®(x— a)+6®(x-&)=o&r. ,^44, »t*(x— TO)+n®(®+w)+m«®»0, 
Jf6. 6(x-2o)+a(x-26)-(a-6)®,^j!6^ a(4aj~o)+6(4a:-6)-2a6->0. 

17. a!(®~a)+®(®“&)“2(x— a)(®— 6)“0. 

18. (x+3aX®“36)+3(®-3tt)(x+36)“4{®-3a)(®-36). » 

19. (26+2c-®)®+(26-2c+®)®*»(2i>+2d-®)*+(26-»2(f+®)®. 

20. (® - o)* + (® - 6)* + (® c)“ <“ 3(® - oX® - fcX® “ c). 

21. (® + o)® + (® + 6)® + (® + c)® « 3(® + a)(® + 6X® + c). 


® I - ® O. Ii 

-+a-^-+ 6 . 


h® a® 


=a®-i® 


24, 4(®+l)+ J(®+2)+i(®+3)*16. 

26. 


x-6 . g-4 o ®-2 

-^+-g 8—7 • 


® . 2® — 1 3 Q z 
lO'*' 9 16^ 


4®'-35 


27. 


80. 


«+7 , ®+13 , ®+17_®+27 

rt'* er ~ n * a * 


28. 6i- 


®-7 4®-2 


3 


5 


31. 


J 


84. 


®-l ®-9-. 3®-2(«-2)_ji 
3 “ 2“"^ 7 

2®-9 . X ^®-3_o. __ 

27 ■^18“ 4 °*"®- 

^^-(«-^=^)- 7 , 88 . 

1- 


[0. XJ. 1861] 


9®+7 




35 + 7 es 205 + 6 , 10 — 5o? 
7 -'+“ 8 “* 

[C. U.1889] 
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g. 1®-21 . 175 . 7a!-28__ , 9-7®. 1 

36. -y-+7f+ -g ®+3| 8~+i2' 

opf 3? 3 '^3/ 2 3/“0 , X 

»7. Y 3^ 2 3~'^8‘ 

38. i{®-2)-K®-4)-iij(2®-3)-2i. 

ga g-g I 2 a-® ^3a-® 

V " a 2a 3g 

.ft 2a:-13 *-l_ ® . ® „ 


^ft WLC X-L X . X „ 

“9 — Tr“8 + 7-^- 

2a!- 3,3!8-8 4®+15, 1 
6 ^ 11 “ 33 ■*'2 ■ 

A9 4a;+3 13® _8a!+19 
9 ■*'108“ 18 '■ 

.g ®®-2i ®-3i 2®®-3 ®-5J 
4 “ 5 “■ 8 r ‘ 

‘44 ®— — - =®— 

6® c 6 ex ‘ 

4K ®+2^ . ®+3^ _ ®V4i , 

16 . 25 “ 55 

5a 11®-13 , 19®+3 5®-25i no, »17® + 4 

-26~‘^~7 4-=*28f 21“* 

®-li#_2-6® -5®j7i^0j-3®) 

a/. -g ” -a;— - gg 

3®- Kl+® , l-ga;_2|+iftK!g-l) 

w. - 4" "+ 5J'- 2i 

49. ^«-o)-i(2®-36)-i(a-®)-10a+llfe. 

-ft 2®+ tt ®-fe 3^+(a-5)* 2 ® 4-1 402-3® 

®’’* 5 ■ a ”■ a6“ * "29 " 12 ' 

en 15-|® 2® + 5_17-V® 

6 2i “ ■ 3 ■ 


[0. U. 1866] 

[C. U. 1866] 
[0. U. 1869] 
[0. U. 1870] 

[0. U. 1876] 

[0. U. 1877] 

[0. U. 1878] 

[C. U. 1883] 

[0. U. 1886] 

[0. U. 1888] 


471-6® 


[0. U. 1874] 


113. Equations Involving Decimals. 

The decimals, if necessary, may be converted into vulgar fractions. 
Example 1. Solve ^-^-56. 

Since, and '0625-j^Q-^g- 
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17 a 


•56. 


or, 


Example 2 . Solve * 65 ^+. 
Since 


T¥ XF 

18 (aj- 2 )- 16 (a?- 4 )- 66 , or, 2 a;+ 28 - 66 ; 

2 a?« 28 , or, a;- 14 . 
• 685 a : --975 r 66 
” -2 


•6 - -2 *9 

• 685 a ; --975 6 Wx -9 75 r 96 x-S' 2 & 
6 “ “ 6 " 


2 


•2 “■'2 


and 


'?9?r_l78 3- 9a;-7 -8 r3a:-2*6 
^ -9 9 3" ’ 


the equation stands thus : 

' 65 ® + ■= 7-8 - 

Hence, multiplying both sjdes by 6 , we have 

3 - 9 a: + ( 5 * 85 a: - 9 * 75 ) - 46*8 ( 2 - 6 a: - 5 * 2 ). 
By transposition, ( 3 * 9 + 5 * 85 a;+ 2 ‘ 6 )a;“ 46 ’ 8 + 5 * 2 + 9 * 75 , 
or, 12 ‘ 35 a?- 61 * 75 ; 

61*75 . 

®“l 2 - 36 ”®* 

Zeroise eo 

Solve the following equations : 

1 . • 6 a:-* 2 a:-* 3 a;-l‘ 5 , 

• 18 a ;- *05 


3 . l* 2 a: — 


•5 


- a * 4 a;+ 8 ‘ 9 . 


2 . 3 ’ 76 a;+ * 6 - 2 * 253 ; + 8 . 
a; + *76 a :- *25 


4. 


=^- 15 . 


R + ^ JL 

®* *5 * 05^*005 *0006 


6« *5aj + 


* 46 a ;-*76 1*2 * 33;- *6 


8 . • 16 a: + 


•6 -2 *9 

• 135 a; - • 225 _ *36 _ * 093:- *18 
•9 ■ 


*125 *25 

[ 0 . U. 1883 ]i 

7 . • 73 : + * 4 «* 6 ta: + ’ 5 . 


•6 


•2 


9. 


19 




[0. U. 1890 
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114. Solution of equations facilitated by suitabie transposl* 
and combination of terms. 

„ . ^ 23® -29,. 19a! +13 97®+72i . 7®-8i- 

Example 1. Solve — — 7 — - — 3^ + — 4’ — 

By transposition, we have 

23®-29 7®-8ir 97®+72i 19®+13. 

12 " 4 ” 35 ■ “ 7 ' 

(23®-29)-(21®-26)_(97®+72i)-(96®+65) . 

12 ■ 36 

®-2 2®+7i' 

6 “ 35 ■ 

Henoe, multiplying both sides by 6x35, 

35a;-70-12aj + 46. 

Henoe, 2305 — 116, or, x^5. 

Example 2. Solve 

The equation may be written as 

+ ^ x-c{a+b) 

9 be ^ ca ab 

By transposition, we have 

a;-a(6+c)-6c*. a?-5fc+a)-ca , x-c(a+b)-ab n. 

Fo ca + ^ 

x-(ab+ae+bo) , x-(ca+cb+ab) , x-(ca+ob+ab) n 

or, ^ + + ^ 0; 

or, {»-(o6+6c+co}{i+^+^j}-0 

05 — (a6 + 6c + ca)“0. 

Henoe, X’^ab+bo+ca. 

^ EXERCISE 61 

Solve the follo^ng equations : 

.4 5oj+6 . 64a?-36_20aj+23 . 13o5-7 

4 16 “ 16 . 3 ’ 

17*-13 ,108®+76_27*+19. 60^-39 
9 32 8 27 “■ 
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3. 


4. 


6. 


7. 

.A 

s: 


10 . 


11 . 


12 . 


^-18_,189a!-93_86ifc-64 . 27a;-13 
8 49 “ 24 7 

1^-JJ 2308- 15 142 Aa!-153 92a8-^ 

" 9 “ 16 " 8l 7 64 ' 

18®-19 . 135®+62i_27a!+14 . 106Aa!-114 . 

-~J- +— gg Jg- + 


33-19® 41 + 27® . 164+ 107H® 164ift-95® ^ 
16 28“'^ 1I2 75 

18:r41® 17-I6®_^9if-10® 14-32® ^ 

9 8 ■ ”5 7—0. 


01 

e 

I 


os-c® 



o®"+6*” 

308-60 , 

3® - ca . 

Zx-ab^ 

6+c"'*’ 

+ 

c + a 

0+6 

008-6® + 

.hx- 

c®+o®^ 

0-6' 

a-c 


3. 


a+& + c. 


6-a 


2(a + 6 + c). 



11. Problems 

115. We have already ^plained in Chapter VI how simple 
algebraical problems can be expressed symbolically and solved. We 
proceed now to consider examples of a harder type. 

As pointed out before, the chief difficulty in the solution of a 
problem lies in constructing its symbolical expression. The student 
should, therefore, become proficient in it by constant and varied 
practice. 

No general rule for solution can be stated. The following advice 
can, however, be offered : 

^ Bead the problem several times and consider its meaning carefully. 

See what quantity is required to be found out in the problem. 
Bepresent it by ®. 

Next, express the conditions of the problem in terms of the symbol 
X and obtain a simple equation in ®. 

Finally, solving this equation, find the value of ®. 

The process is explftined by the following examples. For further 
illustrations, the student is referred to Chapter VI. 

Example 1. How old is a man now, who, 20 years ago, was five 
times as old as his son who will be 41 years old 16 years after ? 
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The present age of the man is to be found out. Let it be x years. 

.’ . 20 years ago, the man’s age = (a; - 20) years. 

. 16 years after, the son’s age will be 41 years ; 

. ' . the son’s present age — 41 “ 16 -* 25 years. 

Hence, 20 years ago, the son’s age “26 - 20 =*5 years, 
from the condition of the problem, 

®-20— 6x5, 

or, 20 + 5 x 5 **20 + 26 * 45 years. 

Thus, the man’s present age *45 years. 

Example 2. The sum of five consecutive numbers is 1185. What 
are the numbers ? 


Let fl;*the smallest of the consecutive numbers. Since consecutivo 
numbers differ from each other by I, the numbers after x are a; + l, a;+ 2,. 
a;+3, ir+4, etc. In the present problem, the five consecutive numbers 
are, therefore, a?, a; + 1, a; + 2, a; + 3, a; +4. 

By the condition of the problem tjieir sum* 1185 ; 
or, a; + (aj + 1) + (a; + 2j + (a; + 3) + (a) + 4) =* 1185, 
or, 5x + 10*1185, or, 5a? *1185 -10* 1176 ; 

a?«H‘^«235 

Thus, the smallest .of the consecutive numbers is 235. 

Hencer the hve consecutive numbers required are 235, 236, 237» 
238, 239. 

Example 3. Two persons started at the same time from A, One 
rode on horse back at the rate of 7i miles an hour and arrived at 
B, 30 minutes later than Che other who iraveiled the same distance 
by train at the rate of 30 miles an hour. Find the tlistance between. 
A and B. [0. D. 1873]. 


Let X be the distance in miles between A and B. Then the time 

a? 2a? 

taken by the first man to travel the distance *yj hours * hours, and 
the time taken by the other*^ hours. 


But the time taken by the former is halt an hour more than that 
taken by the letter. 


Hence, 


2a? ic . 1 • 
i6“'30'*' 2 ’ 


or, 4a?— a?+lo; 

3a?-15; . . a?*6. 

Thus, the distance between A and B*5 miles. 
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Example 4. A person being asked his age, replied, “Ten years ago 
I was 6 times as old as my son, but 20 years hence I shall be only twice 
as old as he.*' What is his age ? 

Let the present age of the person be 2b years. 

Then 10 years ago his age was (a? -10) years, and that of his son 
was K®" 10) years. 

Hence, the present age of his son«}t(®~10) + 10} years, and the 
son’s age 20 years hence will be ]J(®“10) + 30{ years ; and the age of the’^ 
person 20 years hence will evidently be (a? +20) years. 

Hence, by the second condition of the problem, we must have 
aj+20-2jKa?-10)+30} 

-S(aj-10)+60; 

5a? +100- 2a; -20 + 300, 

.‘. 3a;-=180 ; a?«60. 

Note. Fractions might have been hooided by assuming the present age of the 
person to be 5x years. The student can easily proceed on this assumption. 

Example 5. A and B have the same annual income. A lays by 

01 fifth of his, but B, by spending annually £80 more than A, at the end 
of i years finds himself £220 in debt. Wliat was their income’? 

Let Sox be the income of each. 

Then A spends £^ 0 ? annually. Hence, B spends annually £(^a?+80). 

But spending at this rate B contracts a debt of £220 in 4 years, or 
a debt of £55 per year. His annual income, therefore, falls sho?t of 
his annual expenses by £55. 

Hence, we must have a? =» (Jo? + 80) - 56, 

ia;»25; a?-126. 

Thus, A and B had each an income of £125. ' 

Example 6* A market woman bought a certain number of eggs at 

2 a penny, and as many at 3 a penny, and sold them at the rate of 5 for 
two pence, losing 4d. by her bargain. What number of eggs did she 
buy ? 

Let a?»the number of eggs bought. 

Then, since one half of them were bought at 2 a penny, and the 
other half at 3 a penny, the whole cost in buying the eggs 

• ( I • I + i ' I) " ( I + 1 ) p®”** 


1-12 
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By selling the eggs at 5 for two pence, 

the amount realised* a; x | pence. 

Hence, by the question, f + | ! 

or, 24® “15® +1001-240; ®“240. 

Thus, altogether 240 eggs were bought. 

Example 7. - There is a number consisting of two digits, the digit 
in the unit’s place is twice that in the ten's place, and if 2 be subtracted 
from the sum of the’digits, the difference is equal to Jth of the number. 
Find the number. 

Let ®“the digit in the ten’s place. 

Then 2®* ,, ,, ,, ,, umt s ,, • 

Clearly, therefore, the number “10® + 2®. 

[ See Example 4 worked out in Art. 66 ] 
Hence, by the second condition ef the problem, 

whence, 18® - 12“ 12® ; 

^ or,* 6®*12 ; ®“2. 

Hence, the required number *24. 


EXERCISE 62 

•4. The length of a field is twice its breadth ; another field which 
is 50 yds. longer and 10 yds. broader, contains 6800 square yds. more 
than the former ; find the size of each. 

The length of a room exceeds its breadth by 3 feet ; if the 
length had been increased by 3 feet, and the breadth diminished by 
2 feet, the area would not have been altered ; find the dimensions. 

A and B began to play with equal sums, and when B has lodt. 
if^th of what he had to begin with, A has gained £6 more than half of 
what B has been left with ; what had they at first ? 

The ages of a father and his son together are 80 years ; and if 
the age of the son be doubled, it will exceed the father’s age by 10 years. 
Find the age of each. 

«y6. A person distributed £6 among 36 persons, old pien and women, 
giving 3s. to each man and 2s. 6d. to each woman. How many were* 
Ihere of each ? 

f y/6. There are two places, 154 miles distant from each other, from 
which two persons A and B set out at the same instant with a design 
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to meet on the road, A travelling at the rate of 3 miles in 2 hours and 
B at the rate of 5 miles in 4 hours. How long and how far did each 
travel before they met ? 

A labourer was ^gaged for 36 days, upon the condition that he 
should receive 2s. 6d. (®^^very day he worked, but shotfld pay^.ls. for 
every day he was idle. At the end of the time he received 68^# ' How 
many days did he work ? 

.8. A person bought a picture at a certain price and paid the same 
price for the frame ; if the frame had cost £1 less and the picture 16s. 
more, the price of the frame would have been only half that of the 
picture. Find the cost of the picture. [0. U. 18M] 

A post has a fourth of its length in the mud, a third of its 
length in the water and 10 feet above the 'V^ater, what is its length ? 

[C. U. 1863] 

v40. A labourer is engaged for 30 days on condition that ho receives 
2s. 6d. for each day he works, and loses Is. for each day he is idle ; he 
receives £2. 7s. in all. many days does he work, and how many 

days is ho idle ? • 

^ 11. A can do a piece of work in 9 days, B in twice that time ; G 
can do only i as much as A, in a day ; how long would A, B and C, 
working together, require to do the same piece of work ? [0. D. 1876] 

vl2. Two sums of money are together equal to £54. 12s. and there 
are as many pounds in the ono as shillings in the other. What are the 
sums ? • [0. U. 1886] 

13. A certain sum is to#be divided among A, B and C. A is to 
have £30 less than the half, B is to have £10 less than the third part, and 
0 is to have £8 more than the fourth part. 'Vy’hat does each receive ? 

,14. A farmer wishing to purchase a number of sheep, found that 
if Ithey cost him £2. 2s. a head, he would not have money enough 
by £1. 8$. ; but if they cost him £2 a head, he would then have £2 more 
than he required. Find the number of sheep, and the money which ha 
had. 

^45. Two coaches start at the same^time from York and London, a 
distance of 200 miles, travelling, one at miles an hour, the other at 
Where will they meet and in what time from starting ? 

16. I bought a certain number of apples at three a penny, and 
five-sixths of that number at four a penny ; by selling them at sixteen 
for six ponce I gained 34d. How many apples did I buy ? 

17. A number consists of two digits ; the sum of the digits 
is 6, and if the left digit be increased by 1 it will be eqqal to ^th of the 
number. Find the number. 

{S. A number consists of two digits, the digits in the ten's place 
exceeds that in the unit'll place by 6, and if 6 times the sum of the 
digits be subtracted from the number, the digits will be inverted. Find 
the number. 
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19. There is a number, the sum of whose digits is 6, and if 10 times 
the digit in the place of tens be added to 4 times the digit in the place 
of units, the number will be iiyrerted. What is the number ? 

20. Divide the number 39 into four parts, such that if the fifet be 
increased by 1, the second diminished by 2, tbe third multiplied by 3, 
and the fourth divided by 4, tbe results will all be equal. ‘ 

21. Divide 60 into 4 parts, such that if the first be diminished by 
3, the second increased by 11, the third multiplied by 4, and the fourth 
divided by 2, the results will all be equal. 

22. Divide the number 116 into four such parts that if the first be 
increased by 5, the second diminished by 4, the third multiplied by 3 
and the fourth divided by 2, the result in each case shall be the same. 


CHAPTER XVIII 

SIMPLE SIMULTANEOUS EQUATIONS AND PROBLEMS 

I, Simple Simultaneous Equations 

116. Introductory remarks. T^e equation a-y"=2, in which 
X and y are both unknown, evidently admits of an infinite number of 
solutions ; for any pair of, numbers, whose difference is 2 will satisfy 
it. [ For instance, the equation will be satisfied if a; » 3, y»l;ific»4, 
y“2 ; if a;“6, y—3 ; if a?“6, y=4 ; and so on. ] If, however, x and y be 
such that they must also satisfy the equation fic+y-*8, then of the 
different pairs of numbers whose difference is 2, we shall have to reject 
all excepting that of which the sum is 8. Thus the two equations, 

a;-y“2 I 
aj+t/«8 I 

will both be satisfied by the same values of x and y, only when x^^b and‘ 

y“3. 

Again, it may be seen that the three equations, 
a:+y + 2-6 
®-y+«-4 
a ?+ y -«-2 

will be satisfied by the same values of a?, y, z only when a:«»3, y^l7 «—2. 
The equations may be individually satisfied by innumerable sets of 
values of tbe unknown quantities, but tbere is only one set which will 
satisfy them alL 
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Two or more equations (like those just referred to) which are all 
satisfied by the same values of the unknown quantities involved in them 
are called simultaneous equations. They are said to be simple or of 
the first degree when each unknown quantity occurs only in the first 
power and the product of the unknown quantities does not occur. 

Wo shall consider first of all simultaneous equations involving two 
unknown quantities, and later on, those that involve more than two. 
There are three general methods for solving such equations and wo shall 
treat them successively in the next three articles. 

117. First Method : From either equation find one of the 
unknown quantities in terms of the other and substitute the value thus 
found in the other equation. 

Example !• Solve 5aj-24y=*16 1 

4£C-i/*31 I 

From the 2nd equation, wo have 

4/=-4a;-31. • • - (1) 

Substituting this value of y in the 1st equation, wo have 
5a;-24(4a:-31)-16. 
or, 6a?-96aj+744-16 ; 

— 91aj«-728r a5#*8. 

Hence, from(l), y-4x8.-31—l. 

Thus, we have £C=^8 and v«l. 

Note. The student is recommended to verify for his own satisfaction that these 
mines of X and y do really satisfy both of the given equations, 

Example2. Solve 5^+3-^; f + |. 

Multiplying both sides of the 1st eqttation by 10, we have 
6(3»-5yj+30-2{2a;+y), 
or, 15a!-25i/+30“4!B+2y ; 

ll!e-27y-30. ••• • (1) 

Multiplying both sides of the 2nd equation by 12, we have 
96-3(a!-2i/)-6*+4y, 
or, 96-3a!+6j/-6a5+4y : 

2y-9a:+96-0. * ••• ••• (2) 

Prom (1), wo have ••• (3) 
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Substituting this value of x in (2), we have 

22y-9(27j/- 30)+1066“0 : 
22y-243!/+270+1066-0 : 

2211/-1326 ; 

Hence, from (3). *-^^^-^-12. 
Thus, We have a: = 12 and 5/= 6. 


EXERCISE 68 

/ Solve the following equations : 


x-¥iy =14 1 
7x-Sy= 5 J 


/ 7x-ty= 
4. 9a; -i^y 


2. 5x-&y = 9' 
/ 13a;+7t/=79. 


3« 2a:+3y =321* 
. lly-9x= 3/ 


4. 9a; -4j?= 8 1 5. x+ay *=b\ ( 

^ 13a;+7Y=101 1 ax-by=c! 

7. i(a;+v)=J(2a;+4) 1 i(a;-!/)=i(j/-l) 

/ Ka;-j/)-Ka;-24) I K4a:-6i/)=a;-7 


. lly-9x= 3; 

2a;-i(l/-3)“^ \ 

33/+-i(a;-2)=9/ 


y Ka:-J/)-Ka;-24) I 

9. 4(6a;-2j^)-3=V2a;-|/) 
K6xT4y)-3=i(4x-3i/) 


33/ + i(x-2)=9 
[0. U. 1872] 


10. i(2a;+3i/)+ix=-8 1 
lily-dx)- y=ll f 


118. Second Method : Erom oal-h equation find the value of 
the same unknown quantity iu terms of the other and equate the values 
thus found. 

Example 1. Solve 6® - 6y = 11 1 
2®+3y-27j 

Prom the 1st equation, wo have 

6y-6a;-ll. 

... ( 1 ) 

Prom the 2nd equation, we have 

3y“27-2«. 

27 ““ 2® //N\ 

••• ••• ( 2 ) 

Hence, from (1) and (2), wo have 
6® - 11 _ 27 -2® 

6 3 "■ 

. 3(6® -11) -6(27 -2®), 
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or. 181-33=135-100!. 

28a:-168:, a:“6. 

Hence, from (1), j/=®--^-^^=5. 

Thus, wehaye »=6 and i/=5. 


Bxample 2. Solve 


7 + ® 2o:— y 


By-5 


5y~l , ix—3 
2 + 6 “ 


18-6® 


[0. U. 1880] 


Multiplying both sides of the 1st equation hy 20, we have 
4(7 + - 6{2x - 2 /) = 20(3i/ - 5), 
or, 28-6a; + 52/=»602/-100 ; 

/. 552 / + 603 * 128 . ••• * ( 1 ) 


Multiplying both sides of the 2nd equation by 6, we have 
3 ( 62 / - 7) + (4a; - 3) * 6(18 - 6a;), ^ 
or, 16y + 4a; - 24 * 108 - 30a; ; 



16j/J'34®=132. 

• •• 

... (2) 

From (1), 

128-6® 

66 

... 

- (3) 

From (2), 

132-34® 
y- -j-g 

»#• 

... (4) 

Hence, from 

(3) and (4), we have 




128 - 6®^ 132 T 34® 64-3® 66-17® 

“56 ■ ' 15 ' ir * 3 

[ Multiplying both sides by f ] 
/. 8(64 -3®) *11(66 -17®), 

or, 192 - 9® * 726 - 187® ; 

178® *634 ; ®*3. 


y 


128-18^110. . 
~65 ”65 


®*3 and 2/*2. 


Hence, from (8), 

I 

Thus, wo have 
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EXERCISE 64 


Solve the following equations : 

1. 5x-3y='S\ 2. 3j/^4a:“ 11 S. Sx~7y “71 

6w+2a!-16/ 3x+4i/-18 J ll®+6y“87 / 

4. w(34-irj“a:(7+i/) 1 6. 32!B-25y-’ 28] 6. iK3x+w) “K2®+tf+l) 
4X+9' -6y-14 1 14a!+16v-116 J 8-K®-»)“6 


7. }K5®~6y)+3a! ••4^—2 1 

ii5x+Gy)—i{3x—9y)=Q,y—2 / 

fl. 2x-i(2»-l)-3A+i(3a:-2v) 1 
4j/-K5-2x)=6-}(3-2},) / 


8. 2®-l(tf+3)-7+K3y-2®) 1 
4i/+4{®-2)-26i-J(2j/+l) / 

[0. U. 1873] 


10. 3 -f - 1.4 +1 “3. ‘[A. U. 1923] 

119. Third Method : “Multiply the equations by such numbers 
as will make the co<o£[icient of one of the unknown quantities the same 
in the two resulting equations ; then by addition or subtraction we can 
form an equation containing only the other unknown quantity/* 


Example 1. Solve 3a: - 4y » « 5 I 

5a: + 2y» '17 J 

Multiplyiqg the 2nd equation by 2, we have 

lQr + 4^'«34 1 

and the Ist equation is 3a:-4j^« 5 ) 

Hence, by addition, 13a:*=39 ; a? =3, 

Substituting this value of x in the Ist equation, we have 
42/«9-5-4; /. y— 1, 

Thus, we have a: *3, y**l. 


Example 2. Solve 6x-¥ 9y«*89 

2a:-17y-16 

Multiplying the 1st equation by 2', and the 2nd by 6, we have 
10a: + 18y-178\ 
and 10a?-86y« 75 J 

Hence, by subtraction, we have 

1031/-103; /. y-1. 

Substituting this value of y in the 2nd equation, we have 
2a:«16+17-32; /. »-16. 

oj— 16 , y-l. 


Thus, we have 
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Note. We might as well have multiplied the lal equation by 17 and the 2nd 
equation by 9 and added the two resulting equations ; this would have given us the 
value of », But we have •preferred the other alternative because, the co-efflcienta of a 
being smaller^ the required multiplications have ieen more easily effected, 

Example 3. Solve 23aj - 24y — 21 I 
26a;-16y«43 J 

Multiplying the Ist equation by 2, and the 2nd by 3, we have 
46a:-48y=» 42 I 
and 75£C“482/«129 I 

Hence, by subtraction, we have 

29a;— 87 ; a;-3. 


Sabstituting this value of x in the 2ad equation, we have 
16I/-75-43-32; /. ?/«2. 

Thus, wo have a;— 3, t/“2. ^ 


Note. It may he noticed that the co-efficient of y in each of the resulting 
equations is the least .common multiple of 24 and 16 and this is all that is 
required. The process would have been unnecessarily tedious if the 1st equation were 
multiplied by 16 and the 2nd by 


E:xample4. Solve 


4 


x+l 0U-b .. ___5(i/+l) 

3 + 10 • 1 X 


[0. U. 1882] 


From the 1st equation, we have 

7(a! - 2) - + w) _ (a; - - 1) - 2(1/ + 12) 

14 8 ’ 

6® - y - 14 _ a: - 3v - 26 
or, j . 

or, 24®-4y-56^7aj-21y-175, 
or, 17®+17y- -119, 

or, ®+y-*-7. ••• ••• ••• (1) 

From the 2nd equation, we have 

10te+7)+8(y-6)_7(l-®)-6(y+l) 

~ lO “ T 

or 10x4-3y+6^ _^ 2-7®-6y ^ 

or, 70a!+21y+386“80-210a!-150y, 

or, 280a!+171y--325. ... ... (2) 
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Multiplying (11 by 171, wa have 

171® +171tf= -1197 1 
also 280®+171y» - 325 f 

Hence, by subtraction, . 

109®-872 ; 

Substituting this value of ® in (1), we have 
y- -7-8= -16. 
Thus, we have ®— 8, 2 /*= — 16. 

Examples. Solve ^ =1 ) 

® y I 


Multiplying the 1st equation by 4, and the 2nd by 3, we have 

X y X] y o 

Hence, by subtraction, 

: ®- 8 . 

Substitutkig this value of ® in the 1st equation, we have 

j 3. ♦ , 


Thus, we have 


3 , . 3 

y“~4: 4 

®=8, ?/=4. 


EXERCISE 65 

Solve the following equations : 

1. 7®- 6y- 11 \ 2. 13®+ 6y-68 3. 8*- 9y = 20 1 

3®+ 2y>= 13 / 6®-lly= 9 f ^ Ix-lOy =91 

4. 26®-14y- 8 1 6. 12®+lly-70 1 6. l^-Uy = 22 1 

12®+ 7i/= 46 I 8®- 7y=18 J . 17®-21j/ = 18 1 

V 

7. 28®-16j/- 41 I 8. 19®+24y-34 1 9. 47®- 66y=123 1 

21®+13i/= 65 1 23®+36y-62 1 26®+ 84y-293 1 

10. 61®-16y- 3 1 11. 62®- 9y-84 1 12®+. 86y- -49 > 

,/ 68®+23y-lS7 1 89®+14y-67 1 A 19»- 34i/- 91 J 

'is. 65®-14y. 9 \ U. 16®+46y-17 \ 15. 14®+ Sly- 631 

91®-16y= 31 13®+69y-73 J 17®+136y= lOlJ 
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17. ax +,by — c 1 
o*«+6*y-<j* / 

[0. U. 1876] 


[0. U. 1881} 


*x-y 


21 . 

22 . 

23. 

V" 

24. 

26. 

27. 

y 

.29. 


6aj-3|/ 7®-^ 
12“ ■*" 15 


20. 


4x-3y-7 

6 ■ 


3® 2y_ 6 
*10 “16 6 ' 


y-1 . « 8}/ 1/-® . ® 11 
3 2 "2d“ 16 ■*‘6‘^i0 J 


. _ 26®+3]/ 
^““60 


J.U DU , 

(3i)®+2y-6 . ]Ll®-(4J)l/+17 19 .17®- 10^+2 f 
i6 " li “ “22'*‘ ■ 3 “ J 

3x-6y %c-^^j^33 y . ® . 1 
3 12 “ 2 "^3 4 


( 


•2y+j6 

1 - 6 ' 

^1^-2 
® y 
3 2_19 

® y “20 

2 + 1-2 
ic y 

« +1-^-6* 
X y ^ 

f-+2-2 
4: y 

6 ^2y 


'49® -J7 
■4'2 


[0, U. 1879] 


[0. U. 1887] 


26. 


n/ 

28. 


a , b 

I y 

3.1.1 

y X 

- +^ —7 
6® 2y 

l+y-6 

6* I 


[0. U. 1870] 
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IL Problems leading to simple equations with more 
than one unknown quantity 

120. Easy Problems. 

Example 1* A and B each had a number of mangoes.^ A said bo 
B, *‘If you give me 30 of your mangoes, my number will be twice 
yours.** B replied, “If you give me 10, my number will be thrice 
yours.** How many had each ? 

Let number of mangoes A had, 

and y™ ,, ,, „ ,, B ■ 

Then, in accordance with what A said, we must have the equation 
aj + 30-2(y-30); ••• ••• (1) 

and in accordance with B's reply, we must have the equation 
l/ + 10=3(a:-10). (2) 

From (2), 3a;-y-40, or,* 6£C-2y-»80 ; (3) 

and from (1), a?-2y«-90. ••• ••• (4) 

Hence, by subtraction, 6x — 170 ; . ’ , <r « ^4. 

Substituting this value of x in (4), we have 

• 2i/ -34 +90- 124; /. y 62. 

Thus, A had 34 mangoes and B had 6''2. 

Example 2. A certain ‘ fraction becomes 2 when 7 is added to its 
numerator, and 1 when 2 is subtracted from the denominator. What 
is the fraction ? 

Let ® represent the fraction. 

Then, wo have --”“2 ;• ••• (1) 

V 

and --f-g-l. (3) 

Prom (1), a!+7-2y ; !p-2y-7 1 

Prom (2), ' tf-2 J 

Therefore, 2y — 7™ y - 2, whence y —S. 

fienoe, ®-6-2»3. 

Thus, the fraction is f . 
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Example 8. Two men and 7 boys can do in 4 days a piece of work 
which would be done in 3 days by 4 men and 4 boys. How long would 
it take one man or one boy to do it ? 

Let a? -•the number of days in which one man would do the work, 
and i/"-the number of days in which one boy would do it. 


Then, in one day a man does - th of the work and a boy does 

X 


of it. 



Hence, since 2 men and 7 boys do ith of the work in one day, 
we must have 


2 + 7^1. 
X y 4 * 


( 1 ) 


Again, since 4 men and 4 boys do ^rd of the work in one day, 
we must have 



1 

3' 


... 


( 2 ) 


Multiplying (1) by 2, and subtracting (2) from the resulting 
equation, we must have 


Will, 

y " 2 ” 3 “ 6 ’ 


y-60. 


Hence, from (2), “ " g »"16. 

Thus, one man would do the work iii 16 days and one boy in 
60 days. 

Example 4. Two plugs are opened in the bottom of a cistern 
containing 192 gallons of water ; after 3 hours one of them becomes 
stopped, and the cistern is emptied by the other in 11 hours ; had 
6 hours elapsed before the stoppage, it would have only required 6 hours 
more to empty it. How many gallons will each plug-hole discharge in 
one hour, supposing the discharge to be uniform 7 

Let X, y be the numbers of gallons of water which the plugs can 
respectively discharge in an hour. 

In the first case, the first plug remains opened for 8 hours, and 
the second for 3+11 or 14 hours. 

' Hence, 3aj+14y"192. ••• (1) 

In the second case, the first plug remains opened for 6 hours, and 
the second for 6+6 or 12 hours. 

Hence, 6a5+12y*192. ••• ••• (2) 
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Multiplying (1) by 2 and subtracting (2) from the resulting equation, 
we have 

162/-2X 192-192 

«192: y-12. 

Hence, from (2), 6® *192 -144 - 48 ; aj- 8. 

Thus, the plug-holes respectively discharge 8 and 12 gallons in an 

hour. 

Example 5. The dimensions of a rectangular court are such that 
if the length were increased by 3 yards, and the breadth diminished by 
the same, its area would be diminished by 18 square yards ; and if its 
length were increased by 3 yards, and its breadth increased by the same, 
dts area would be increased by 60 square yards, find the dimensions. 

[C. U. 1888] 

Let X yards -length of the court, 

and y yards— its breadth. 

Then from the first condition of the problem, we have 


(a;+3)(2/-3)-a;p-18 ; 

- (1) 

and from the second condition. 


J[a? + 3)(|/ + 3) — a;j/ + 60. 

... (2) 

Fromfl), 3y-3a;--9, or, y-a;--3. ••• 

- (3) 

From (2), 3i/ + 3a?-61, or, i^+a;-17. ••• 

... (4) 

From (3), and (4), by addition. 



’ 2y-14; i/-7; 

and by subtraction, 2a;— 20 ; a;— 10. 


Thus, the length of the court is 10 yards, and the breadth is 7 yards. 

Example 6. There is a certain number, to the sum of whose digits 
it you add 7» the result will be three times the left-hand digit ; and if 
-from the number itself you subtract 18, the digits will be inverted. Eind 
the number. 

Let X and y be the left and right-hand digits respectively ; then 
the required number is represented by 10a; +v, and the number with 
inverted digits — lOp + x. 

Hence, by the conditions of the problem, 

a;+l/+7-3a;, ••• (j) 

and (10a;+p)-18— lOy+ar. (2) 

Erom(l), 2af-p-7; ... ... (3) 

and from (2), 9a;-9p-18, or, a?-p-2. ••• (4) 
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Subtracting (4) from (3), we have 
a.-7-2«6. 

Hence, from (4), y ■» 6 - 2 «* 3. 

Thus, the required number is 53. 

Blzample 7. A and B play at bowls, and A bets B three shillings 
to two upon every game ; after a certain number of games it appears 
that A has won three shillings ; but if A had bet five shillings to two 
and lost one game more out of the same number, he would have lost 
thirty shillings. How many games did each win ? 

Let a; » number of games that A won, 

andj/*® ,, ,, fi If H ,, . 

Then, the total number of games played is evidently x-^y. 

Now, since A receives from B, 2s. for every game that he wins and 
gives B, 3s. for every game that he loses (i.c., for every game that B 
wins), his total gain must be equal to(2a;~3i/) shillings. 

Hence, 2a5-3^-3. (1) 

According to the other condition, A would have gained 2(a;-l) 
shillings and lost 5(2( + l) shillings ; and, therefore, his total loss wouli 
have been [5{y + 1) - 2(® - 1)] shillings. 

Hence, 5{y + 1) - 2{x - 1) “ 30, 

or, 6y-2®«23. (2) 

From (1) and (2), by additiSn, 2y«26 ; y-13. 

Hence, from (1), • 

Thus, A won 21 games and B won 13 games. 


EXERCISE 66 

What fraction is that whose numerator being doubled and 
denominator increased by 7, the value becomes I ; but the denominator 
being doubled, and the numerator increased by 2, the value becomes | ? 

Find two numbers such that if the first be added to 5 times the 
seoo^i the sum is 52 ; and if the second be added to 8 times the first, 
the sum is 65. 


, 3. Find two numbers such that five times the greater exceeds four 
times the less by 22, and three times the greater together with seven 
time^ the less is 32. 


^4. What numbers are those whose 
quotient of-the greater by the less is 4 ? 


difference is 45, and the 
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6. There are two numbers such that one-fourth of the greater 
added to onc-third of the less is 11 ; and if one-fifth of the less be taken 
from one-eighth of the greater, the remainder is nothing ; find the 
numbers. ^ 

A certain fraction b^omes i when 1 is subtracted from its 
denominator, and 1 when 7 is added to its numerator. What is the 
fraction ? 

^ 7. What fraction is that which, if 1 be added to the numerator, 
becomes 1, and if 1 be added to the denominator, decomes i ? [G.U. 1862] 

y ^8. A certain fraction becomes ^ when its numerator is increased 
by unity, and i when its denominator is increased by unity. What is 
the fraction ? 

9. A and B have 39 rupees between them, but if A were to lose 
two-thirds of his money, and B three-fourths of his, they would then 
have only 11 rupees. Ho\^ much has each ? 

^0. Two numbers aie such that if 7 be added to the less, the sum is 
twice the greater, and if 4 be added to the greater, the sum is 3 times 
the less. !l^nd the numbers. 

11. Two persons, 27 miles apart, setting out at the same time, meet 
together in 9 hours if they walk in the same direction, but in 3 hours if 
they walk in opposite directions ; find their rates of walking ? 

. .. 12. A banker was asked to pay £10 in sovereigns and half-crowns, 
so* that the number of the latter should be exactly twice that of the 
former. How must he do it ? 

il$. A man and a boy can do in 15 days a piece of work which 
would be done in 2 days by 7 men and 9'boys. How long would it take 
one man to do it ? 

^/vl4. A rectangle is of the same area as another which is 6 yards 
longer and 4 yards narrower ; it is also of the same area as a third, 
whicjh is 8 yards longer and 5 yards narrower. What is its area ? 

15. If 15 lbs. of tea and 17 lbs. of coffee together cost £3. 65 . 6d. 
and^ lbs. of tea and 13 lbs. of coffee together cost £4..6a. hud tlm 
price of each per pound. 

A takes 3 hours longer than B to walk 30 miles ; but if he 
doubles his pace he takes 2 hours less time than B ; find their rates of 
walkiiig ? 

^^17. Says Charles to William, “If you give me 10 of your marbles, I 
shallHben Ijave just tmce as many as you” ; but says William to Charles, 
“If you give me 10 of yours, I shall then have three times as many as 
you.” How many had each ? 

18. Bs. 1100 are so divided among A, B and 0, that if A were to 
give B Bs. 200, B would then have twice as much as A, and three times 
as much as C. How many rupees did A^ B and 0 each receive originally ? 

, [0. U. 1872] 
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_ U9. If a certain number be divided by the sum of its two digits the 
quotient is 6 and the remainder is 3. If the digits be inverted and the 
resulting number be divided by the sum of the digits, the quotient is 4 
and the remainder 9. Find the number^ 

Find that number of 2 figures, to which, if the number formed 
by changing the places of the digits, be added, the sum is 121 ; and if 
the smaller number be subtracted from the larger, the remainder is 9. 

21. A bill of 25 guineas was paid with crowns and half-guineas ; 
and twice the number of half-guineas exceeded 3 times that of the 
crojps by 17 How many were there of each ? 

V^2. A person sells to one person 9 horses and 7 cows for £300 ; and 
to another, at the same prices, 6 horses and 13 cows for the same sum. 
What was the price of each ? 

23. A and B received £6. 17s. for their wages, A having been em- 
ployed for 15 and B for 14 days ; and A received, for working 4 days, 
Us. more than B did for three days. What were their daily wages ? 

^N^4. A and B can do a piece of work in 16 days ; they work together 
for 4 days, when A leaves, and' B finishes it in dG^days more. In what 
time would each do the work separately ? 

0^5. If the numerator of a fraction is increased by 2 and the 
denominator by 1, it becomes equal to f ; and if the numerator and 
denominator are each diminished by 1, it becomes equal to i. Find the 
fraction, > 

26. A traveller walks a certain distance ; had he gone half a mile 
ad Hour faster, he would have walked it in four-fifths of the time ; had 
he gone half a mile an hour slower, he would have been 24 hours loncar 
on the road. Find the distance. 

> J^7. A certain number between 10 and 100 is eight times the sum 
its digits, and if 45 be subtracted from it, the digits will be reversed * 
find the number. ' 

A and B lay a wager of 10s. If A loses, he will have twenty- 
five killings less than twice as much as B will then have ; but it B 
Loses, he will have five-seventeenths of what A • will then have ; find 
how muoh money each of them has. 

S9. A farmer wishing to purchase a number of sheep found if 

. cost him £2. 2s. a head, he would not have money enough by 
£1. 8s. ; but if they cost him £2 a head, he would then have £2 mora 
than be required ; find the number of sheep, and the money which ha 
ha^ 

B(). There is a number consisting of two <^gits ; the number is 
egLi^al to th^ times the sum of its digits, and it it be multiplied by 3. 


the result wiU be equal to the square'' of ' the sum of its^dif^toT 
the^number. 


1—18 



CHAPTER XIX 


GRAPHS OF ^MPLE EQUATIONS 

121. In Chapter VII, have discussed representations of 
numbers by geometric points. We now propose to show how simple 
equations are represented graphically. The following examples will 
make the subject clear. 

Example 1. If a point moves in such a manner that its abscissa 
is always equal to 6 units of length, find the path along which the point 
will move. 



Let twice the side of a small square represent the unit of length. 

On OX take the point M such that OM units of length ; through 
M draw the straight linePMP' parallel to YOY\ 

Now, if any point be taken on the straight line PMP' its x will 
evidently be equ^ to 5 units of length ; but this will not be so if the 
point be taken on eithbr side of the line PMP\ 

Hence, the moving point will always be on the line PMP'. 

We see, therefore, that if a point moves in such a manner that its 
X is always equal to 5 units of length, the path along which the point 
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will move is the straight line BMP’. This fact is briefly expressed by 
saying that the straight line PMP' is the graph of the equation 

Note 1. From the above it clear that the graph of the equation y^6is a 
straight line parallel to XOX* . 

Note 2. Generally speaking ^ the graph of the equation a; » a is a straight line 
parallel to the axis of and passing through a point on the axis of x which is at a 
distance of a units of length from the origin ; and the graph of the equation y^b is a 
straight line parallel to the axis of x, and passing through a point on the'" axis of 
which is at a distance of b units of length from the origin. 

Notes. Evidently^ therefore^ the graph of the equation x—0 is the axis of y 
itself , and the graph of the equation j/s 0 is the axis of x itself. 

Example 2. If a point moves in such a manner that its x and y 
are always connected by the relation y^3x, find the path along which 
the point will move. 

Since y *=305, when 3a;«=0 I and when a— 3 1 

we have, y^O ) we have, y^9 f 

Evidently, therefore, (0, 0) and (3, 9) are two positions of the 
moving point. 

Take the length of a side of a small square as the unit of length. 



Join the points (0, 0) and (3,9), and produce Ibhe straight line 
both ways. Then this straight line will be the inquired' path. 
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Take any point P on this straight line. The co-ordinates of P 
are found to be 5 and 15, which evidently satisfy the given relation. 
Similarly, the co-ordinates of any other point on this straight line may 
be shown to satisfy the given rel&tion. But the co-ordinates of a point 
which is outside the lino OP will not satisfy the given relation, as can 
be easily verified. 

Hence, the moving point will always be on the line OP and never 
stray out of it. 

Thus, it is found that if a point moves in such a way that its x 
and are invariably connected by the relation the path along 

which the point will move is the straight line OP. In other words, 
the line OP is the graph of the equation 

Note. Generally speaking t the graph of the equation where mis any 

given number, is a straight line parsing through the origin. 

Example 3. If a point moves in such a way that its x and y tire 
invariably connected by the relation '-ix+6, find the path along 
which the point will move. 

From the given relation, 

since, whencc^O I and when®=- 3 1 

we have, y^p 1* We have, y-* - 7 / 

Evidently, therefore, (0, 6) and (3, - 7) are two positions of the 
moving point. * 

Let twice the side of a small squareirepresent the unit of length. 
Join the points (0, 5) and (3, -7), and produce the straight line both 
ways. Then this straight line will be tne required path. [ See the 
diagram on page 197 ]. 

Take a point P on this straight line. The co-ordinates of P, which 
are found to be -1 and 9, satisfy the given relation. Take another 
point Q on the straight line ; its co-ordinates which are found to be 2 
and -3, also satisfy the given relation. Similarly, the co-ordinates of 
any other point on this straight line may be shown to satisfy the given 
relation. But if a point be taken outside the line PQ, its co-ordinates 
will not satisfy the given relation, as can be easily seen. Hence, the 
moving point will always be on the line PQ and never stray out of it. 

Thus, it is found that if a point moves in such a manner that its 
co-ordinates always satisfy the equation 4a: + 5, the path along 

which the point will move is the straight line PQ. In other words, the 
straight line PQ is the graph of the equation y- -4 jc+6. 

Note 1. GeneralVg speaking, the graphs of the equation y»mx+c, where nkonA 
e are any given numbers, is a straight line passing through the point (o, c). 

, Note 2. As every equation of the first degree in x and y can be reduced to the 
forns V* SIX 4*0, it is clear that graphe of all mmple oquatione ore itraigkc If nee. 
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Hote 8. The gra^h of the equation y=m*+o *» <il»o wW to be the graph of 
the expreeeion mx+e. 



Note 4. The graph of any given equation may he defined to he the path 
deserihed hy a povnJt which moves in such a manner that in every position of the point 
its co-ordinates satisfy the given equation. 

Example 4. Draw the graph of the equation 7x+dy— 11. 

When fl5=0 \ and when®— 1 1 

»-3S / y-U i 

Eridently. therefore, (0, 3|). and (1, U) are two points on the graph. 

* Let- 3 times the side of a small square represent the nnit of length. 
Join the points (0, 3t) and(l, li), and produce the straight line both 
ways. Then this straight line will be the required graph. [ See the 
Vagram of page 193. ] 
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Take any point P on the line ; its co-ordinates, \Aich are found 
to be 3 and -sf, satisfy the given relation. Take any otber point Q on 
the line ; its co-ordinates, which are found to be -1 and 6, also satisfy 
the given relation. Similarly, it may be shown that the co-ordinates 
of any point that may be tdken ’on the line PQ will satisfy the given 
relation ; but the co-ordinates of'any point which is outside PQ will 
not. Hence, the line PQ is the required graph. 



Note 1. The graph of the equation is also said be the graph^ 

f 11-7* 

of the expression g ■■■ » 

Note 2. The straight line PQ being the graph of the sgua^ion 7a0+d^"-.ll, 
this equation is eaid to he the equation of the straight line PQ* 

Note 8 . The equation of a given straight line means the equation which 
is satisfied by the co-ordinates of every point on that straight line, < 

Example 5. Find the equation of the straight line which passes 
through the points (1, 1) and (3, -i). 

' Let y "■ mx + c be the required equation. 
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have 


This equation being satisfied by (1, 1) and also by (3, -i), we must 


1 

and -Tii 

Thus, the required equation is y = - J ; 


* m+c 
= 3wi+c 


Hence, 2m** -f, and m=» -i ; 
• whence 


or, 3fl;+4y«7. 




1. 


2 . 


XERCISE 67 

Draw the graphs of the following equations : 

(1) x^S. (2) (3) x + ll=0. 

(4) i/= -7. (5) i/-9=0. (6) 2^ + 10=0. 

Draw the graphs of the following equations : 

(1) y^x. (2) -a?. (3) y^2x, 

(4) t/ + 2fl5=0. (5) i/=*-3a5. (6) Sy=^6x. 

(7) 7y+Sx^0. 62/ + 13fl;«0. 

3. Draw the graphs of the following equations : 

(1) i/“3aj+4. (2) y=7a?-8. (3) y^ -5a?+9. 

(4) J6) 3y=7a;+4. v.{6) -&y^7x-10. 

4. Draw the graphs of the following equations : 

X(l)‘ 2a?+7y = 10. (2) 4a;-6y~7»*0. * 

(3) 5£C + 6 v + 8=*0. (4) - 3a?+72/ + 8=0. 

(6) 10y-9a!-13. ^ (6) 8a!-llif+13=0. 

the graphs of the following equations : 

•(2)f + Vl. (3)-Vf3-l* 

5 “ Vflj 9® "" 13 33? ^ ^ 


(4) 1/-^ 


(6) p' 


6 . 


6 4 • 

Draw the graphs of the following expressions : 
(1) a?-3. (2) 3a?+4. 




16) 


^9. 


4 3 

(3) -7a?+a 

^+U. 

6 


( 6 ) 


7. Eind the equation of the straight line which passes through 
each of the following pairs of points : > 

(1) (0, 0), (6, 6). (2) (0. 6), (7. 0). (6, -6), (-7. 5). 

(4) (-4. 8).(-9. -13). (6) (-11,0), (7, -10). 



CHAPTEB XX 

EASY QUADRATIC EQUATIONS AND PROBLEMS 

122. Definition. Any equation which contains the square of 
the unknown quantity, but no higher power is called a quadratic 
equation or an equation of the second degree. 

If an equation contains only the second power of the unknown 
quantity (and not the first) it is called a pure, quadratic ; if it contains 
the second as well as the first power it is called an adfected quadratic. 

Thus, 3a?® *75 is a pure quadratic ; 

and 3a;® - 7a; * 6 is an adfected quadratic. 

123. Solution of a Pure Quadiratic. In solving a Pure 
Quadratic we have to find the square of the unknown quantity just in the 
same way as simple equations are solved and then to extract the square 
root of the value so found. 

Example 1. Solve 6(a;® + 1) - 2 * 3(a;® + 7). 

We have « 5a;®+3*3a?®+21 ; 

^ hence, 2a?® * 18 ; [by transposition ] 

a?®=9; 

now, since the unknown quantity is one of which the square is 9, it must 
hQ either +3 or -3. (Thus there are iw/" values of x satisfying the 
given equation, as the studenl; can easily verify. ) 

Note. Ths student should carefully cijbserve that the last step of the above 
solution amouniSi to answering the following question ; ' What quantity is that of which 
the square is 9* 7 

Example 2. Solve i(® “ 2)(a? - 3) - "" 21}(a? - 14) * 2. 

Multiplying both sides by 21, we have 

7(a? - 2)(a? - 3) - (a? - 21)(a? - 14) * 42. 

The left side— (7a;® - 35a?+42)-(a?® - 35a?+294) 
-7a?®-85a?+42-a?®+36a?-294 
-6a?® -252. 

Hence, the equation reduces to 

6a?® -262-42, 

or, 6a;® - 252 + 42, [by transposition ] 
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Dividing both sides by 6, we have 
aj*-49. 

Now, the unknown quantity is suoh that its square is 49 ; 

it must be either +7 or -7, 

Hence, x^either <yr -7. 


Example 3. Find the side of a square whose area is equal to that 
of a rectangle of length 9 yards and breadth 4 yards. 

Let the side of the square » a; yds. 

The area of the square-a; % x sq. yds. 

—a;® sq. yds. 

Again, the area of the reobangle 

«4x9 sq. yds. 

— 36 sq. yds. 

Hence, by the condition of the problem, 

£c® sq. yua.«36 sq. yds. 

or, a;®-36. a?-6, or, -6. 

Since, the actual length of the side of a square is a positive 
quantity, the solution a; - -6 is inadmissible. 

. The required^ide yds. 

1 

N, B, In problems leading to quadratic equations, tjfe solutions which are 
found inadmissible by the condition of the problem should be rejected, 

t EXERCISE. 68 


Find the values of x in each of the following equations : 

1. 3**—27. 2. o*®*— a*. 8. ^•-•28. 

66 . 


7. 

9 . 

11 . 


8®+ I' 

X 


-x. 6. 2(aj®-6)+a?(3-®)-3(« + 6). 


6. (® - 7)(® - 10) + (* - 3)(® - 2) - (® - 17X® - 6). 


2®*+10 50 +^. 


16 


26 


. 8. (®+a)*-2a(a+®)<-3a*. 


®*+26®-b*-o*-l>(6-2®). 2®(3®+6)-5®(®+2)-86. 

3®*+16 . 2®*+9_2®*+87 . « 

7 3 ■■ 21 


12. Find the number four times which is equal to sixteen times its 
leoUirooal. 

18. Find the side of a square three times the area of which is 
equal to four times the area of a rectangle whose length and breadth 
are respectively 9 yuds and 3 yards. 
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14. A has got a square plot of land which he exchanges with a 
rectangiQar garden of area 91 sq. yds., belonging to B and gains by the 
transaction an area of 10 sq. yds. Find a side of the square plot. 

16. Divide a straight line ofdength 10 ft. into two portions such 
that five times the square on one exceeds the square on the other by 
twenty times the former portion. 

124. Solution of a Quadratic by the method of resolution 
into factors. Eeducing a Quadratic to the form oa;® + &a;+C“0, if we 
know the factors of which the left-hand side is the product, then 
by equating to zero either of these factors, we get a solution of the 
quadratic. 

Example 1. Solve x^-6x + 6^0. 

Evidently the left-hand side“(a;-2)(a:-3). 

Hence, 6 have (x-2)(x-3)—0. 

either 1 ^ 1 

and a;«2 f ° and a;*=3 J 

Thus, 2 and 3 are the roots of the equation, as t^ student can 
easily verify. 

Example 2. Solve 2x^ - lOx « 3® - 16. 

Wehave 2c(®-5)=»3(lJ-5) ; ••• •*•(!) 

* (2£c-3X®-6)“0. 

Hence, either 2ir~3=0 1 ®“6**0 1 

and ®=-| J V and .'. ®=6 I 

Thus, I and 5 are the roo^s of the equat&n. 

Note. The solution also follows at once from equation (1) ; for a?— 5 being a 
factor common to both sides the equation evidently holds good when this factor is^eero, 
when and evidently also f the equation is satis/fed when 2x = 3, or x=i ; 
therefore, 5 and are the roots of the equation. The sttideitt will thus observe that it 
M not always necessary to transpose all the terms to the left-hand side of the equation, 

example 8. Solve 10(2a: + 3)(« - 3) +(7® + 3)* = 20(a! + 3;(ai - 1). 

Wo have, 10(2a!®-3a!-9)+(49a!®+42a!+9)-20(a!*+2a!-3) 

49®* -28a! -21-0. 

7®* -4® -3—0, 
or, (7®*-7®)+(3®-3)— 0, 
or, (7®+3X®-l)-0. 

Hence, either 7® +3—0 1 *—1—0 | 

and ®— -f J and ®-l j 

Thus, and 1 are the roots of the equation. 
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Example 4. Find the number which exceeds sixty-five times its 
reciprocal by 64. ^ 

Let X be the required number. . 

Then, by the condition of the problem, 


Multiplying both sides by x, we have 
aj*-65 -64a:, 

or, ® * - 64® - 65 =» 0, [by tran 

or, (®-65)(®+l)“0 ; [ by fad 

Either ®-66*=0 1 ®+l"*0 

».e., ®«66 J t.c., ®--] 

Hence, the required number is either 65, or, - 1. 

?<XERGISE 60 
Solve the following equations : 

1. 3®*-12«+l-6aj-23. 2. 4®*-4®“8 


[ by transposition ] 
[ by factorisation ] 
®+l-0 \ 


5. ®*-ia!-4-0. 


3(®-2)*-18+(8a:4-l). 
21®* -16 _ 


2. 4®* -4® *“80. 

4. ®*+9®-52“0. 

6. 6®“+5®-4-0. 

10. ®® " (a + 6)® + afe *“0. 


\^il. Find two numbers whose product is equal to 399 and sum is 
equal to 40. 

\y^l2i Find the number whose square exceeds ten times itself by 96. 


Fi 

^3. Fi 


^^3. Find the number which exceeds 12 by as much as thirty-nine 
times its reciprocal falls short of 4. 

xy 14. The difference between the ages of a man and his son is 25 
now. If the product of the numbers denoting their ages, ten years 
back, to 150, find the present age of the father. 


* length of a rectangular garden of area, 100 sq. yds. exceeds 

itsH^eadth by 15 yards. Find the cost of fencing it by wire-net the 
price of which is 8 annas per foot. 



MikcELLANEOUS EXERCISES IV 

I • 

1. Define Highest Common Factor and Lowest Common Multiple 
of two or more algebraical expressions. Find the H. 0. F. and L. 0. M. 
of 3005 Vc®, 2ixy^a^b^ and 2402/*a®6*c. . 

2. Factorise the following expressions and find their H, 0. F, ; 

05* -6® +9 and 4®* -11® -3. 

3. Find the L. 0. M. of 

a6-ac-i® + 6c and fc®-12ac-4a*-9c®. 

. 4* ®*+l/®+3®y-l into elementary factors and show 

that the H. 0. F. of this and 2(®®+®y-®)+3y(®+i^)-(7+3i/) + 7®+7y is 
® + y — 1. 

6. If 2s « a + 6-+ Cj show that 

2&c4-(b® +c®- a*) s(s-a) 

2&C -("6® +0* - cT 

6. Beduce the following to its simplest form : 

jc^ ®^ 1^1 

?• Solve j^+l^by+l^ay’¥bx. 

8. One pipe«oan fill a cistern in a hours ; another can do it in 
b hours ; in what time could the two running together fill it ? And if 
a third pipe could empty the cistern in c houi^ how long would it take 
to do this if the first two were running at the'^ame time ? 


II 

1. Find the H. C. F, of 

7®* - 26® + 16 and 6®(® - 1) + 3(3® - 11) - 24. 

2. Find the L. 0. M, of 

®® + 6®®+a®+a6 and ®®-(a-6)®-a6. 

3. Beduce the following to their simplest forms : 

(i\ (3®V-3®V)*. 3(®*-®-30)(®*-9®+14) 

(2®*i/-2i?T^ • (®*^3®+42)(®*+3®^0)' 

4. Find the value of 


when ®-a* + 6* and y-a*-6*. 

®""lf ®+y 

R (2a!-9)»-(«-6)’' . 9(a!-3)* 

6. Simplify 3 ( 9 ,. _!()*+ 35 ) *d(x^ "Qx+lSf 
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6. Show that 

3 — 12® "^8 4“ <5ontams -g — ^ +1 as a factor. 

7. Find the value of 05, when 

5<2aj-ll) - 1(® -6) - I -(10-®). 

8. Solve 0 ® +&]/■- c* and — -^0. 

o a 

III . 

1. Find the H. 0. F. of a®a:® + a®-2a6a;® + 6*aj®+a®6*-2a*6 and 
2a®fl5* - 5a^o:* + 3a® - 26®a5^ + 6a®6®a5® - 3a*ft® . 


2. Find the L. C. M. of 05® +05^+05® +05® +»+l and a5®-^fl5®+fl5® 

-®® + 05-l. 

3. Find the H. 0. F.%jf a;®-9, (05+3)® and a:®+fl5-6. [0. U. 1910] 

4. State and prove the rule for finding the Lowest Oommon 

Multiple of two algebraical expressions. [B. U. 1902] 

Find the L. Q, M. of a5®+(a+6)a5+a&, fl5®-6® and a5®+(a-6)®-a6. 


5 . Simplify 


l /g+3 a?" 5 * \ 1 

4 \aj®+®-6 fl5®-3op-10/ ®^+4* 


6. Solve ax+y^x+{l>y^i{x-¥y)+l. 

7 . An income of £194^ia derived from two sums invested, one at 
4 per cent., the other at 7 per cent, per annum ; if the interest on the 
former had been 5 per cent., and on the latter 6 per cent., the income 
derived would have been £212. Find the sums invested. 


8. Find the value of x, when 8(05® - 4) — 15. 


IV 


1. Define H. 0. F. and L. 0. M. of two or more algebraical 

expressions. ^ 

If E and L denote the H. G. F. and L. 0. M. respectively of two 
algebraical expressions A and B, show that . 

2. Find the H. 0. F. of a5®-y*, a®-2icy+y* and a 5 ®-y® ; and 
show that when their L. 0. M. is divided by a5®+a5y+y® the quotient is 
(a5-y)(»*-i/®). 
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4., Simplify 

6. Show that {x + y)^ ~{y+ z)^ « 3(aj - z){{x + y){y + 2 ;) + K® - «)*}• 

6. A number of three digits has 5 in the unit’s place and the 
middle figure is half the sum of the other two ; if 108 be added to the 
number, the hundred's figure will take the place of the unit’s, and the 
unit’s, t)»o place of the ten’s. Find the number. 

If 3 be added to the numerator and denominator of a certain 
fraction, the fraction becomes | ; if 5 be subtracted from the numerator 
and denominator, it becomes Find the fraction. 

8. Solve 5(ir®-3® + ll) + 3(a;* + 2»+4)-3(3a;®-3ir + l). 


V 


1. Find the H. 0. F. of a;^-(a» + 6*)a?* + a*6'* and 
+2a6(a+ 

2. Find the L. 0. M. of 35®* - 11® - 6 and 40®* - 29® + 3. 

3. Eeduce to simplest form : 


/ % a:® 2v_\ ^ 

+ 

1\. 

d - 

.? + 


\a!-Hp x-yj 


vl 

\x~y 

X ^ 

y) 


4. 


Simplify 


a ^ + bc-hca + ab a* + 8c* 

a* + 26c + 2ca + a6 a* + of c* + 6ao® + 4c** 


5. 


Show that 


® + 2 ®-2 
1 +®+®* 1 -®+®* 


S®*-4 

1 -®*+®* 


_ 4 ®^eL 

®®+®*+i' 


6. A and B travel together 120 miles by rail. A takes a return 
ticket for which he has to pay one fare and a half. Coming back they 
find that A has travelled cheaper than E by 4 annas 2 pies for every 
100 miles. Show that the fare per mile is 2 pies. 

7. The expression a® + 6 is equal to 13 when ® is 5, and to 29 when 
X is 13. Show that the value of the expression is 4 when x is *5. 

8. The defect of 4 from twice the square of ar number is 28. Find 
the number. 


VI 


1. Find the H. C. F. of 

3®® -18®“ + 33® -18, ®*-5®+6 and®“-3® + 2, 

2. Find the L. 0. M. of a®* - (a* + a6)® + a“6, 6® “ - (6* + 5c)® + 6*c 
and 0 ®* - (c* + ac)x + c“a. 
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3. There are two quantities a and b of which the L. 0. M. is a;, 

h 

and the G. 0. M. is ; if * show that a 5 ®+y®=m®a® + -^* 


nk 




4 Simolifv 

P ^ x*+xy+y^^y‘+yg+z*^ g‘+gx+x* 


5. Itx 


a + b 


and y~ 


show that 


a + b 

,.v a;®+j/®__a® + 6® . .... a?®-^® a® -6® 

»"® + l/®“a® + h®’ 


6. Solve J(7®-5)+3»gf34®+10)-^-®— 

7. A market-woman bought apples at three for a penny and as 
many more at four for a penny ; and thinking to make her money again, 
she sold them at seven for 2d. She lost, however, 3d. by the business. 
How much did she sell them ior ? 


8. Solve (2a; + 3)(a; - 6) + (a; + 5X3a; + 1) « 34 + (a; + 4)(a; + 5). 


VII 

1. Find the H. 0. F. of a;®-7x®+5a;-35, a;* + 8a;® + 16 and 
«®(a;* + 8) - 7(a;^ + 15) + 15a; - 66a;® . 

• 2. Find the L. C. M, of a6-ac+6c-6®, 5c‘*a6+ac-c® and 

ac^bo + ab-a^. 

3. The H. 0. F. and l( C. M. of two numbers x and y are respec- 
tively 3 and 105 ; if a;+y“36, prove that • 

1 + Ul. 

X y 

4. Simplify J) (a! - 2Xaj - 3) J^^x^)' 

6. Knd the value of when and 

x~~y a-~o a+o 

6. Show that if a number formed by two digits is four times the 
sum of its digits, the number formed by interchanging the digits is 
seven times th^eir sum. 

^s^7* Solve Sa/+20 •■4y"*10 1 rp jt iqqk*) 

4(«-l)-3(y-8)-0 }■ to- U. 1895] 

8e Find the number, the square of which exceeds 7 by as much as 
the square of half the number falls short of 13. 
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HARDER FORMULAE 

Wa shall now consider some important formuln of a somewhat 
harder type than those treated of in Chapter IV. 

126. Formula (Jt+o)(x+6)(x+c) 

jc* + (o+ 6 + c) jc*+ (6c + <;a+ a6)x+ a6c. 

Note 1. The student con easily verify this. It is also evident that the following 
results are induded in ii : 

(* — a)(* — 6)(a! - c) •= a* — (a + 6 + c)a* + (6c + ca+ab)aB — o6e ; 
(a4-a)(a+&)(a— c)3>a* + (a+6— c)a* — (6c+ca— a&)a— abc ; 

(a -f a)(x — &Ka — c) « a* + (a — 6 — c)a* + (be — ca— a&)x + abc. 

For instance, • 

(a-tt)(a-6)(a-e)-{a+(-a)Ha+(-b)Ha+(-c)> 

. =a‘+{(-o)+(-b)+(-c)}a*+{(-6)(-c) 

+ ( - c)(-o) + ( - a)( - 6)>a+(-o)(-b)( - c) 
. =‘a*-(a+6+c)8*+(6c+ea+o6)a— obc. 

Similarly, Ihe other two results can he established, which is left as an eaarcia^ 
for the student. 

Example 1. Write down the product qf a;+2i aj+4 and ®+6. 
2+4+6-12, ' 

4x6+6x2+2x4-24+12+8-44, 

2x4x6-4a 

Hence, the reauired product- ir*+12iB*+44a;+48. 

Examine 2. Write down the product of ®— 3, x —6 and *— 7. 
(-3)+(-6)+(-7)--16, 
(-6X-7)+(-7)(-3)+(-3X-6)-36+21+16-71, 
(-3X-6X-7)--10& 

Hence, ihe required product— »*—16®*+71»— 106. 

Example 8. Write down the product of »—4, »+6 and *—8. 
(-4)+5+(-3)--2, 

(6X-3)+(-3X~4)+(-4X8)- -16+12 -20- -23, 
(-4)x6x(-8)-60. 

Hence, the required product— ®*— 2^*— 23®+G0. 
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Example 4 . Write down the product of ® + 3, a; + 6 and a; - 8. 
3 + 6+(-8)-0, 

(5)( - 8) + ( - 8)(3) + (3)(5) - - 40 - 24 + 16 - « 49. 
3x6x(-8)--m 

Hence, the reqd. product - a:® - 0.a?® - 49a;- 120 -aj®- 49a; -120. 
EXERCISE 70 


Write down the product of : 


1. 

a; + l, a; + 2 

and a; + 3. 

2. 

05+2, a;+5 

and 05+7. 

3. 

a; +3, 35 — 6 

and 05 + 2. 

4 . 

05+4, a;+6 

and a; -10. 

5. 

X -8. fl; + 3 

and a; + l. 

6. 

a;-6, a;-2 

and a; +8. 



and a; -4. 

8. 

05+6, ® — 5 

and a; -7. 

9. 

a;-5, a;-7 

and X - 11. 

10, 

a;-3, a;-6 

and 05-9. 

11. 

a + 4, a;-5 

and X — 12. 

12. 

a;+6, 05+9 

and a; +11. 

13. 

a; — 6, a; +8 

and 05-2. . 

14. 

1 

CO 

1 

and a; -13. 

15. 

05-3, a; + 12 and a;+4. 

16. 

a;-9, a;-10 and a;+12. 

/17. 

a;+9, a;-5 

and 05-7. 

18. 

a;+8, 05+12 and 05+16. 

19. 

a;-14, a;+8 and a;+6. 

20. 

05-6, a;-10 and 05-16. 


126. Squares of multinomials. It has been respedtiyely shown 
in examples 4 aud 6 of Art. 54 that {a + 6 + c)®-«a* + 6®-f»c* + 2a6 + 2ac+ 

26c and (a + 6+c + ci)®“a* + 6® + c*+d’* + 2afe + 2ac + 2ad + 26c + 26d + 2cd. 

Thus, in each of these ca!ies we may observe that the square of the 
whole expression is obtained by taking the. sum of the squares of the 
different terms and of twice the product of each term by every term 
YihiQh follows it. The results are best remembered when put as follows : 
(a + 6+c)®*“a® + 6®+c®+2a(6+c)+26c ; 

(a+6+c+d)®-=a® + 6®+c*+d* + 2a(6+c+<f)+26(c+d)+2cd. 

The same rule may be shown to hold in every other case ; for 
instance, let us lind the square ufa+6+c+(2+e. 

We have, 

(a+6+c+<i+eJ*“{(a+6+c)+((?+e)}* 

-ia+6+c)’* + 2(a+5+c)(d+e)+((i+e)* 

-lo*+6®+c®+2a(6+c)+26c}+{2a(<f+e)+26W+e) 
+2c((f+e)} + (d®+e®+2tia) 

-a® + 6*+c®+d®+e*+2a(6 + c+d+e) 

* +26(c+d+e)+2c(d+e)+2de. 

Hence, we conclude that the square of any multinomial is equal to 
the sum of the squares of its different terms, together with twice the 
product of each term by every term which /ollou;s it. 

1—14 
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It is needless to add that the above rule will also hold good when 
the multinomial under consideration contains one or more negative 
terms, for the symbols used above are perfectly general in character and 
any ot them may stand either fc^r a positive or a negative quantity. 

Note. Since (a + 6 + c) * = e* + 6* + c® + 2(a&+ ac + be ) , wc have 

2{ab + rtc + 6c) = {a* + b* + c* + 2(a6 + ac + 6c)} -(a*+6*+c*) 

= (a+6+c)*-(e* + 6*+c*). 

Similarly, a® + 6* + c’ = (a + 6 + c)* - 2(a6 + ac + 6c). 

Example 1. Write down the square of a;-i/ + s-v. 

= 05® + 1/® + 2® + 1;* - + 2a?j2f - 2®^ - + 22 / 1 ; - 22rv. 

Example 2. Write down the square of - a + 26 - 3c - d. 

^ (-a+26-3c-dr=a® + 46®+9c® + d® + 2(-a)(25-3c-d) 

+ 2(26)( - 3c - d) + 2( - 3c)( - d) 

« a® + 46® + 9c® + d® - 4a6 + 6ac + 2ad 

/ -126c-46d+6cd. 

Examples. Find the value of a® + 6® + c® + 2a6- 2ac-26c, when 
(i“19, 6*18 and c*32. 

The given expression * a® + 6® + c® + 2a(6 - c) + 26( - c)* (a + 6 - c)®. 
Hence, the required Value * (19 +18 -32)®* (5) ®« 25. 

Example 4*. If oj— 6+c, i/*c-a, 2*a-6, prove that 

a;*+y® + 2®-2a;y-2a;2+2y;^*46®. [C. U. 1883] 

cc® + 2/® + 2® - 2iry - 2a:2 + 2^2 

*a;®+2/® + «® + 2fl5(-2/-^) + 2(-2/)(-^)=(a5-y-2)® 
*{(6+c)-(c-a)-(a-6)}®«(26)**46®. 

EXERCISE 71 
Write down the square of : 

1 . x+y-z, 2 . x-y+z. 3 . -05 + 2 /+ 2 . 

4. ~-x-~y + z. 6. x-y-z. 6. a-a+2/-2. 

7. a-x-y-z, 8. w+?^+p + g+r. 9. p-q+r-a:-2^. 

10. -a+6-c+a;-2/“”^- !!• a-2aj-32/-42. 

12. 2a — 6+ 2c- d. 

Find the value of : 

13. l®+w®+n®-2Im+2Jw-2ww, when 1-17, m-23 and n-13. 

14. p® + g®+r®+2pg-2i>r-2gr, whenp-16, g-12 and r— 26, * 

16. a* + 6®+c®-2a6-2ac+26c, when a-28, 6-18 and c-l^. 

16. 05® +2/® + 1 + 2052/- 2® -2y, when 05-6 and i/-7. 
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17. ®*+F®+2xy-2a:-2j/+36, when a;~23and y-18. 

18. ®®+4F*+l~4®y-2a:!+4y, when (c=26 and v~12. 

19. a:“+9y®r6ity — 2a!+6y+64, when ®“49 and ^“16. 

20. 9aj*+i/®-6a!y+6iB-2y-24, when a;— 14 and y“«38. 

21. If a+6+c=12 and a*+6®+c®=60, find the valueof a6+oc+6c. 

22. If a +6+0=13 and <i6+ao + 6c=60, find the value of a* + 6®+o*, 

127. Powers of Binomials : Involution. 

By actual multiplication it may be seen that 
(a+6)®-a®+2a6+6*\ 

(o-6)*-a*-2a6+6®/ 

(a+6)®-a®+3a®6+3a6®+6»l 
(o - 6)® -a® - 3a®6 + 3a6» - 6® I 

■(a + 6)* = a* + 4a®6 + 6a®6® + 4a6® + 6*1 
{a-6)*-a*-4a®6+6a®6® T4a6®+6*J 

(a + 6)® - a* + 6a*6 + 10a»6® + 10o®6® + 6o6* + 6®\ 

(a - 6)» -a® - 5a*6 + 10a®6® - 10a*6* + 5a6* - 6®/ 

(a + 6)® - a® + 6a®6 + 16a*6® + 20a®6* + 16a®6* +6a6® + 6®1 
(a - 6)® -a® - 6a®6+ 15a*6® -20a®6» + 15a»6* -6a6® + 6,® J 

Note. On examining the above cases we observe that : 

(1) The total number of terms in the resulting expression is one more thm the 
index of the bino7nial. Thus, in the fifth power the jiumber of terms is eix, in the 
mixth power the number of terms is eeven ; and so on, 

(2) Any power of O’-^b differs from the same power of a-^b only in this that 

the signs of the terms of the former are alternately + and ~ , whilst those of the 

latter are all + . 

• 

(3) The first term is a raised to a power equal to that of the binomial, and the 
^last term is b raised to the same power. Thus, in the fourth power ^ the first term is 
a^ and the last b* ; in the fifth power y the first term is a^, and the last b^ ; and so 
on. As to the other terms the power of a in any term is one less, whilst the power of b 
is <yne greater than that in the preceding term, 

(4) The co-efficient of the second term is the same as tfis index of the power to 
which the binomial is raised ; and if the co-efficient of any term be multiplied by the 
index of a in that term, and divided by the number indicating the poeition of that 
term, the result gives the co-efficient of the next term. Thus, if we multiply the co- 
efficient of the eecond term by the index of a in it and divide the product bp two, we 
get the co-efficient of the third term ; given, if the co-efficient of the third term be 
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multiplied by the index of a in it and the product divided by threep toe obtain the 
co^efficient of the 4th term ; and so on. 

(5) The co-efficient of the teryts equidistant from the beginning and the end are 
the same ; in other words ^ the co-effiicient of the term which has any number of terms 
before it^ is equal to that of the term which has the same number of terms after it. 

The laws observed abovSt a proof of the universal truth of which i 3 beyond the 
scope of our limits ^ furnish us with a ready means of raising a binomial to any power 
without the process of actual multiplication. The following examples are intended to 
illustrate the application of those laws. 

[The resulting expression in each case is called the expansion of the corres- 
ponding power of the binomial.] 

The operation of raising any expression to any power is called Involution, 

Example 1. Kaise a + 6 to the seventh power. 

The total number of terms in the expansion— 8. 

The first term -a’ 

„ 2Qd „ «7a®6 

3rd „ 

.. 4th .. 

Now ‘since the four terms from the end will have respectively the 
same oo-emcihnts as the four terms from the beginning [law (6)J the next 
four terms of the expansion will respec^tively be 35a*6* 21a*6* lab" 


[ Laws (3) and (4) ] 


Hence, we have 

(a + -a’ + 7a®6 + 21a®i* + 35a*&* + 35a*b* + 21a*h* + lab" + b"r 


Exaitaple 2. Expand {x — y)". 
The total number of terms in the 
The first term**ai® 

„ 2nd „ - -Sx'’y 
. 3rd - 

4th 

„ 5th „ ~JU^x"y" - 


expansion ->9. 


28a;®]/* > 

- 66x"y" ^ t (2), (8) and (4) J 
10x*y" ) 


The <»-e£Boient8 of the remaining four terms need not be calonlated 
as the co-efficients of the first four terms only will now reapnear in tha' 
reverse order. 


Henoo, we have 

(» - y)® - a;® - 8aj^y + 28£c®y ® - 66®®y ® + 7(te^y * - 66fl;®y * 

+28aj®y® -8®y’ +y^^ 
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ISxamide S. Expand {2x - 3y)*. 

The total number of terms in the. expansion's. 

As we have 2a! for a and 3y for b, we must have 
The first term~(2a!)^ 

.. 2nd --7(2a:)*(3y) 

3rd -i§4<2a:)»(3v)« - 21(2x)*(3tf)* , 

„ 4th --^2a:)*(3y)“--35(2a!)*(3y)* J 

We can now write down the remaining four terms which will 
respectively be 35(2a!)®(3y)*, -21(2a!)*{3y)*, 7(ite)(3y)* aud -(3y)’. 

Hence, we have 

(2a! - 3y)» -{2a!)’ - 7(2ai)*(3y)+ 21(2a!)*(3y)* - 35(2a!)*(3y)* 

+ 35{2a!)»(3y)* - 21(2a!)*(3y)‘ + 7(2a:)(3y)* - (3y)’ 

- 128a!’ - 7(64a!")(3v) + 21(32a!'')(9y *) - 35(16a!*)(27y») 

+ 36(8a!*X81y *) - 21(4a!*X243y *) + 7(2a:X729i/*) - 2187y’ 

- 128a!’ - 1344a!*y + 6048a!*y* - 15126a:*y‘' + 22680i"y* 

- 20412a!*y * + 10206aT/" - 2187y’. 

Example 4. Find the value of 

a!*+6ai*+16a!*+20x®+15a!®+6a!-»8, when *— V3-1. 

The given expression , 

— (x* + 6a!® + 15a!* + 20a!* + 16a!* + 6a! + 1) - 9 
-(*+l)*-9 ' 

-(V3)*-9-9-9-0. 

EXERCISE 72 


Expand : 


1. 

(x+l)». 

2. 

(x+1)*. 

3. 

(a+i)*. 

4. 

(a+6)“. 

6. 

(x-y)®. 

6. 

(m-w)’. 

7. 

(x+2)*. 

8. 

(x+2)®. 

9. 

(x+D*. 

10. 

(x+3)*. 

11. 

(x-1)®. 

12. 

(2-x)*. 

13. 

(2x-l)*. 

14. 

(*-y)®. 

15. 

(3x-2)®. 

16. 

(1-a)*. 

17. 

(1-c)’. 

18. 

(l-3x)®. 

19. 

(l-2x)’. 

20. 

(2x-a)* 


21. (x-a)**. ^22. (3x-2o)®. 

Simplify : 

25 . (x+l)®-(x-l)*. 24. {x-l)*+(x+l)*. 26. (x+a)’-{x-a)’. 


Find the sum of the oo-efficients in the expansion of : 

26. (x+a)*. 27. (x+a)*. 28. (x+o)*. 

29. (x+a)’. 30. (x+a)*. 
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Find the value of : 

31. + 5x^ + 10a?* + 10a?* + 5 j? +32, when a? =» - 2. 

32. a?*-6a?* + 15a?*“20a?^ + 15a?*-6a?, when a?— i/2+1. 

33. 16a?* - 32a?® + 24a?* — 8a? - 80, when a? 2. 

34. a;* + 12a?® + 54a?* + 108a? + 81, when a?“ -5. 

36. a;* + 8a?* + 24a?* + 32a? — 609, when a? =* — 7. 

128. Formula (a+b~hc)(a^ + 6*+ c* - 6c - ra - ab) 

- i(a + 6 + c){(b - c)« + (c - a)* + (a - 6)®> 

»a® + 6* + c®-3a6c. 

[ (a + fe + c)(a* + 6* + c*-6c-ca-a6) 

= (a + h+c)\{a^ + 6® - ab) - (ac + 6c) +c*} 

= (a + 6 + c)K^t + 6)* — 3a6 — c{a + 6) + c®} 

= (a + 6 + c)\{a + 6)* ~ c(a + 6) +c® - 3a6} 

= (ci + 6)* + c* -^3ct6(a + 6 + c) 

“ (a + 6)* - 3a6(a + 6) + c* - 3a6c 
=»a* + 6*+c*-3a6c. ] 

Cor. Conversely, a* + 6® + c® - 3a6c ■= (a + 6 + c)(a® + 6® + c® - 6c - co 
— ah). Hence, we can ^always resolve an expression into factors when- 
ever it is or the form a® + 6® + c® - 3a6c. 

Note. Since a’* +6®+c’ — be— ca— a6 = J{(6— c)* + (c-a)* + (a — 6)*}, we hav» 
a* + b»+c»-3abc = i(a+b+c){(b-c)^+(c-a)»+(a-b)*}. 

Example 1 . Multiply a?® + 1 /® + + a?y + a? 2 ? - yjs? by a? ~ j/ - 

Putting a for a?, 6 for -y and c for -£?, wo have 
{x-y-z){x^ + y^ + z^'¥xy + xz-yz) 

-»(a+6+c)(a® + 6*+c®-a6-ac-6c) 

»a® + 6®+c®-3a6c 
«a?®-y®-«?®-3a?y5r. 

Example 2. Kesolve m® - n® + 1 + 3wn into factors. 

Putting a for w, 6 for -n and c for 1, we have 
m®-?t® + l + 3wn“a® + 6® + c®-3a6c 

“(a+6+c)(a® + 6*+c*-a6-ac-6c) 
“(m-n+l)(m®+w® + l+wn-m+n). 

Example 3. Show that (a? - 1 /)® + (y - a?)® + (;? - a?)® 

-3(a?-y)(y-a?)U-a?X 

Putting a for a? - 2 /, 6 for 1 / - ;8? and c for - ®, we have 
a + 6 + c ■= (a? - y) + - a?) + (s - a?) - 0. 
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Hence, - y)® + (y - + (0 7 a?)®} - 3(x - yXy “ “ ®) 

a® + 6® +0® - 3a.5c ‘::: 

«(a+5+c)(a® + 5®+c®^a5-ac-5c) 

«0x(a® + 5®+c®-afe-ac-i^c)=0 ; 

. * . (£c - i/)® + (i/ - 2;)® + (2 - aj)® = 3(a; - y)ly - - rr). 

EXERCISE 73 

Multiply : 

1. x^+y^ + s^-xy + ivz + yz by x+y-z. 

2. ~p^+4q^+r^ + 2pq+pr-2qr by p-2q-r. 

3. 4x^+9y^+js^ + 6xy + 2xj3-3y2 by 2aj - 3i/ - 2?. 

4. a® + 45® + 2a5-3a + 66+9 by a-2i + 3. 

5. 9a® + 256® + 15a6 + 12a -206 + 16 by 3a - 56 - 4. 

w' 

Resolve into factors : 

6. ( a;®-»*-l-3ari/>j7. 0 ;“ -y^+Sccv+S. 

Find the value of : 

9. a;® + 1/® + 18xy - 216, when x + y-6, 

/ 10. a® - 86® - 24a6 - 64, when a - 26 *= 4. 

, 11. (5 - a)® + (s - 6)® + Is - c)® - 3(s - a)(s - 6)fs - c), when ?s - a + 6 + c. 
'^12. Showthat (a-26)*+(26-3c)» + (3c-a)» 

= 3(<i-26)(26-3cX3c-a). 

13. Showthat (z+y — 2z)’ + (y + z~2xy + (e + x-2y)^ 

= 3(a! + y - 2z)(i/ + z — 2 !C)(z + a; — 2y). 

^44. Show that (a + 26 - 3c)® + (6 + 2c - 3a)® + (c + 2a — 36)® 

« 3{a + 26 - 3o)(6 + 2c - 3aXc + 2a - 36). 

16. Showthat (2p-63 + 3r)*+(2a-6r+3p)®+(2r-5p+33)® 

- 3{2iJ - 5g + 3r){23 -5r+ 3pX2r - 5p + 3g). 

16. Find the value of a!® + y® — «®+3a!*j;®z®, whon®“a* — 6®, 
y’“2ah, z»»a®+6*. 

17. Find the value of ®®+i/® + z®-3xyz, when *=658, j/=>668,’ 
*-674. 

129. Formula (a-byiia-c){b-c) 

-a“(6-c)+6*(c-c)+c*(c-6) ' 
wm bc(b- c)+ca(c - o)+ ab(a - b). 

[ (a - 6)(a - c){6 - c) - {a® - o(6 + c) + 6cK6 - c) 

- a®(6 - c) - o(6® - c®) + 6c{6 - e) 

- a*(6 - c) + 6®(c - a) + c®(a - 6). ] '' 
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Cor. /. Conversely, a*(6-c)+6*(c-a)+c*(a-6) 

-(a-6)(a-cX6-c). 

Hence, we know at once the factors of an expression which is of 
the form a*(6-c)+6*(c-a)+c*(a-6). 


Cor. 2. Since a-c- -(c-a), we have 

(a-6)(a-c)(6-c)*- *-(a-6)(6-c)(c-a). 

Hence, the above relation can also be put in the form 

a*(6-c)+6*(c-o)+c*(a-fc)--(a-6)(5-o)(c-a). 


Cor. 3, Since a*(6-c) + 6*(c“a)+c®(a-fc) can be put in the 
form ab[a — 6) + bcQ) — c) + ca(c — a), we have also 

ab{a - 6) + bc{b - c) + ca(c - a) — - (a - h){b - c){c - a). 
Example. Simplify (a+26 + 3c)*(a-26 + c)+(6+2c+3G)®(i-2c+a) 
* +(o+2a+36)*(c-2a+b) + (a-2fc+c)(6-2c+a)(c“2a+6). 


Patting rr for a + 26 + 3c, 
y for6 + 2c + 3a, 
and z for 0 + 20 + 36, 


we have y^z=^a’^2b-¥c 
£f-a5*6-2c+a 
x-y^c^^a-^b 


Hence, the given e^xpression 

^ -■aj*(l/-j?) + y®(2?-®)+af®(a;-i/) + (i/-«)(2P-a:)(«-y) 
- -(y-«)(i8f-a;)(a?~y)+(y-£f)(a?-«)(a?-y)**0. 


< EXERCISE 74 

1. Show that (j? - 2y + z](2x - y - z){y - 2« + cc) 

• (® - y)*(y “ 2 ;? + x) + (y - 2 a: + y) + U -»)*(»- 2 y + «). 

2. Show that (o + b)^(b - o) + (6 + c)®(c - 6) + (c + o)®(a - o) 

+ (6 - a)(c ^b)(a^o)"' 0. 

3. Besolve into factors 

2(o-6+c)*(a-c) + 2(6-c + a)*(6-a) + 2(c-o+6)®(o-6). 

4. Besolve into factors 

(® + y)*(y - a:) + (y +«)•(«- y) +(«+ a:)*(aj - 

5. Simplify ^(o- 6 -c)®(6-c)+2(6-c-o)®(o -a) 

* +2(o-a-6)®(a-6)y8(o-6)(6-o)(o-o). 

6. Simplify^a;-yXy-«X®-2y + £r)\ / "J 

+(v - zXz- x)(y •-^+x)4-(z - xXx-y)(z •-2x+yt'') 

+(x-2y+z)(y^2z+x)(z-^2x+y). 
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130* Formula ib-\rc)(c + a){a + b) 

- a*(6 + c) + 6*(c+ a)+ c®(a + ft) + 2a&r 

- a(ft*f i:®)+ ft(c*+a*) + c(a^+b^) + 2flftr 
« ftr(ft + c) + f a(c+ u ) + aft(a + ft) + 2aftc 

- (fl + ft + cXbc-h ca-hab) - abc, 

[ (ft + c)(c + fl)(u + b) 

» (6 + c){a + b){a + c )\ » (& + c){a* + a{b + c) + 6cJ 
■■ a*( 6 + c) + a{b + c)* + bcQ) + c) 

— a^(b + c) + a(b^ + + c*) + 6 ®c + 5 c® 

. '■a®(5 + c) + 5®(c + a) + c*(a + 5) + 2a5c. C re-arrauging the terms] 

But, a®(6+c) + 5®(fl + o)+c®(a+5) 

- a(6® + c®) + 5(c* + a®) + c(o® + 6®) C ro-arranging the terms ] 

- (fe®c + 5c®) + (c®a + ca® ) + (a® 5 + o5®) 

“ 6c(6 + c) + ccl(c + o) + (ib(a + b) 

“ bc(a + 5 + c — a) + cti(c6 + 5 + c — 5) + ab(a + 6 + c — c) 

“5c(a + 6+c)+ca(u+5+c)+a5(a+5+c) 

-5ca -ca5 -a5c 

■“ (a + 5 + c)(fcc + ca + at) - 3a5c. Hence, the lesult follows. ] 

131. Formula (a+ft+£:)(ftc+Cflr+a&)-P+3flftr, where P.stands 
Cor any of the equivalent forms ^ ^ 

(i) a®(ft+£:)+ft®(c+a)+r®(a+ft) ; 

(ii) bc(b+c)+ca(c-ha)+ab(a+b) ; 

(lii) a(ft®+c»)+ft(c®+a®)+r(a*+ft®). 

r Prom Art. 130, we have by transposition, or by direct multiplioa- 
tion, (a + b + c)(bc + ca + at) 

« a*(t +_c) + t®{c + a) + c®(a + 1) + 3atc 
- a(t® + c®) + t(c* + a®) + c(a® + 1 *) + 3atc 
tc(t + c) + ca(c + a) + at(a + 1) + 3atc. ] 

Example 1. Find the product of 
. (2a? + 3y + 5zK^5i/g + 102 ra? + 6a?y ). 

Putting a, b and c for 2a?, Sy and Saf respectively, we have 
a+t+c—2a?+8F+6«, 
tc + ca + at — ISye + lOafo? + 6a?y 
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. ' . (2a; + 3t/ + 5z)(15yz + lOzx + 6xy) 

•=^{a-¥b-^c)(bc-^ca-hab) 

= a^(b + o) + a) + c^(a + 6 ) + Sabc 
= ix^&y + 6z) + 9y\6z + 2a;) + 25z^{9x + 3y) + 3-2x.3y.6z 
= 12x^y + 20a;*« + 46y^z + 18y^x + bOz^x + 76z^y + 90xyz. 

Example 2. Show that (a; + 3i^ + 12z){12yz + 42fa; + xy) - 12xyz 
=^(y + 4 ar)( 120 + x)ix + 3y). 

Putting a, b and c for x, 3y and 12^; respectively, we have 
a + f> + C“a;+3y + 122 r. 
bc + ca+ab”^ 36yz + 12zx + 3xy 
=» 3{12yz + 42ra; + xy), 
abo^36xyz. 

The left-hand side=iK^ + 6+c)(6c + ca+ab)-a6c} 

“ i{b + c)(c + a){a + b) [ Art. 130 ] 

= K3i/ + 122 j)( 122 ; + a;)(fl; + 3y) 

[ restoring values of a, c ] 
= (y + 4:z){12z + x)(x + 3y)» 

EXERCISE 75 

Write down the products of the following ; 
v/ 1 . (x+ 2y){2y + 3 ; 3 ;)( 3 a + x ). ' ^/2. {Sx + y){y + 62 ;)( 52 ; + 8 a;). 

3. (a + 26)(26 + 3c)(3c + a). \/i. (3a; + y + lO 0 )(lOy« + 302ra; + 3a;i^)* 

5. (x+2y+z)i2x+y+z){x+y+2z). 6 . (a - 26)(26 - 3c)(3c + a). 

Simplify the following •' 

, 7. a(6+c-a)® + i(c+a~ft)*+c{a+6-c)^ 

^ +( 6 +c-a)(c+a-fe)(a+ 6 -c). 

8 . c(b + c — (i){c + a — 6 ) + €l{c + a — b)(a + 6 — c) 

\y + b{a + 6 — c )(6 + c— a)+( 6 +c— <i)(c + a — 6 )(<z + 6 — c). 

{y+z)^(2x+y + z)+{z+x)%x+Qy + z)-¥{x + y)^[x+y + 2z) 

-{2x+y + z){x+2y'¥z){x-i'y + 2z)+2liy+z){z-^x){x+y), 

10. 2a{b + c - a)® + 2b{c + a - fe)® + 2 c(a + 6 - c)® - 3 a 6 c 

‘^ 2 (a+ 6 +c){(c*^— 6 ){a+ 6 — c)+(a +6 — c)( 6 +c—a) 

^ 4*(6+c— a)(o+<i— t)J. 

11. Prove that ^ + 

x{( 0 +a?-y)® + (a;+y-;sf)*}+(a?-l-a;-y)}(a?+p-^)® 

+ (l/+«-a;W+ 2 (p+?-a?)(«+a?-y)(a?+y-«)-» 8 ay;?. 
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1S2. Formula (a+6+c)*-o*+a»+c®+8(6+c)(<;+a)(a+*)- 

[ (a+6+c)®“](a+6)+c]® 

-(a+6)®+c®+3(o+i)oKa+&)+ci. t 57 ] 

= {a® + 6® + 3a6(a + + c® + 3(o + 6)c(a + 6 + c) 

= a® + 6® + c® + {3o&(a + 6) + 3(a + 6)c(a + i + c)] 

= a® + i® + c® + 3(a + i>)Jo6 + c(o + i + c)} 

— a® + 6® + c® + 3(a + 6))c® + c(a+ 6) + a6} 

= a® + 6® + c® + 3(a + b){c + 6){c + o) [ Art. 61 ] 

=a® + 6® + e® + 3(6+c)(c + a)(a + 6). ] 

Cor. (a+6+c)®-a®-6*-<!®=3(6+ c)(c + o){a + b). 

Example 1. Factorise 8(a! + j/ + z)® - (y + s)* — (2 + ~ + 1/)** 

Put a, b and c for y + z, z+x and x+y respectively. 

We have a + b+e=2(,x + y + z). 

. ' . The given expression 

= {2(!r + y + z)]* - (p + 2)® - fa + a;)® - (a; + j/)® 
«*(a+ft+o)®-a*-6®-c® 

= 3(6 + c)(c + o){a + b) [ Cor. ] 

- 3(2x + p + z){a! + 2p + z)(a: + p +2z). [ restoring the 

values of a, 6, c } 

Example 2. Show that 

(a; + p + z) ® “ (p + z - a;) ® + (z + ® - p) * + (a: + p - z) ® + 24!rpz . 

Put a, b and cfor p + z-x, z+a:-p and%+p-z respectively. 

Wo have a+b+c^(y+z-x)+iz+x-y)+{x+y-z)’=x+y+z, 
6+c-(z+a!-p)+(x+p-2)“2a!, 
o+a~{x+y-z)+{y+z-x)’^2y, 
a-\-b—{y+z—x)+{z+x-y)‘‘2z ; 

.'. (a!+p+z)®=(a + 6+c)®”0®+6®+c®+3(6+c)(c+o)(a+6) 

- (p + s - a:)® + (»+ X - p)® + (» + P - 2)* + 3.2!C.2p.2z 
-{p+z-x)®+(2+«-p)®+(®+p-2)®+24a!pz. 

EXERCISE 76 

1. If o+l»+c“0, show that a*+6*+c®*“3o(c+ttXa+6) 

- 36(5 + cX6 + a) - 3c(c + o)(c + 6) - 3a6c. 

2. If 2* “®+y+ 2, prove that («-»)® + (s-p)®+(s-2)*+3!epz-s*. 

8. Prove that (2!C-p-z)®+(2p-z-®)®+(22-®-p)® 

- 3(2a: - p - zX2p - 2 - ®X22 - » - p). 
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4. Simplify (3® - y - ;ar)® + (3y - ir - a?)® + (Bar - « - y)® 

- 3(y + + ®)(® + y)* 

6. Show that (2a; - y - z)^ + y ® -I- «® + 3(v + 2p)(2a; - y)(2x - «) 

« (2x - y - 3«)® + y * + ^js® + 3(y + 32r)(2a5 - y)(2aj - dz). 

6. If 2s“a;+y + ar, prove that 

s® + (s - 2®)® + (s - 2i/)® + (s - 2«)® - 24(s - x){8 - i/)(s - js) 0. 

7. If 3s*»2(a;+y + 2f), show that (s-iz-js?)® + (s-«~a;)® 

+ (s-a;-i/)® + 3(y + i-s)(:8f+a;-5)(a;+i^-3)»0. 

8. Simplify (6 + c — g)® + (c + g — 6)® + (a + 6 — c)® — (a + 6 + c)® + lOSd&oi 

9. Simplify (x + y + 2)® - (y + 2f)® - (^ + a?)® - (rr + y)® + a;® + y® + a® . 

10. Factorise a;® - (2a; - y - 2)® - (2y - 2 - a;)® + (y - 22)®. 

11. Besolve into factors 

64(a; + y +2)®“(2a; + y + 2)®-(a? + 2y + 2)®-(a5+y+22)®. 

Find the value of : 

12. a® + 6®+c®, when h + C“10, c+a—16 and a + 6— 20. 

18. a;® + y® + 2®, when a;*-32, y— -25 and 2— -7. 

14. («+y + 2)®-(a; + 2-y)®-(y+2-a:)®-fa;+y-2)®-23a;y2, 

when a;«i0, y»64 and 2»2. 

16. (6® - y - 2)® + y ? + 2® + 3(y + 2)(6a; - y)(6a; - 2), 

‘ when a?» Vi and 2-17. 

133. Recapitulation of the Formulae. The different formulas 
treated of in Chapter lY as well as in the present one are grouped 
below to facilitate any reference to them. It is desired, however, that 
the student should commit ^t hem so fully to memory that the necessity 
oven for occasional references may be altogether done away with. 

1. (a + 6)®»a® + 2a6 + 6*. 

IL (a-fe)®-a®-2a5 + 6®. 

III. (a+5){a-6)-a®-6®. 

IV. (a + 6)®«a® + 3a®6 + 3a5® + 6»\ 

«»a®4 5® + 3a6(a + 5). j 

V. (a-6)®-a®-3a®5+3a6®-6*l 
-a»-5®-3a6(a-6). J 

VI. a® + 5®*«(a + 5)®-3a6(a + 6) I 
■* (a + fe)(a® - 06 + 6®). J 
VIL a®-fc®-(a-6j® + 3afc(G-5) i 
• (a-0 (G® i 

VIII. (a;+a)(a?+6)*ir* + (a+6)a;+a6. 

IX. (a;-a)(a; + 6)—a;® +{fc-'a)®— aft. 

X. (a?-a)(fl5-5)—a;®-(a + 5)a?+a6. 
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XI. (a; + a)(a5 + h){x + c) ■■ a;® + (a + 6 + c)j?* + (6c + cfl dH^x + (ibc% 

XII. (x - a)(x - 6)(a; - c) -• a:® - (a + 6 + c)j;® + (6c + ca + ab)x - a6c. 

XIII. a® + 6®+c®-3a6c-(a+6*fc)(a‘‘^ + 6®+c®-6c-ca-a6) 1 

- i(a + 6 + c)Ki - c)® + (c - a)® + (a - 6J®}. i 

XIV. (a-6)(a-c)(6-c)--(6-c)(c-a)(a-6) 

-a®(6-c) + 6®(c-a)+c®(a-6) 

•^bc(h- c) +ca(c - a) + a6(a - 6) 

- - {a(6® - c® j + 6(c® - a®) + c(a® - 6®)}. , 

XV. (6+c)(c+a)(a + 6)-a®(6+c) + 6®(c+a) + c®(a+6) + 2a6c 

- a{6® + c^) + 6(c" + a®) + c(a® + 6*) + 2a6c 
“ 6c{6 + c) + ca(c + a) + ab(a + 6) + ^6c 

- (a + 6 + c)(6c + ca + a6) - a6c. 

XVI. (ft + 6 + c)(6c + cd + a6) \ 

— (6 + c)(c + ftXft + 6 ) + abc ) 

« ft®(6 + c) + 6®(c + ft) + c®(ft + 6) + 3ft6c V 

6c(6 + c) + ca(c + ft) + ft6(ft + 6) + 3ft6c 
- ft(6® + c®) + 6(c® + ft®) + c(ft® + 6®) + 3a6c. / 

XVII. (ft+6+c)® — ft® + 6® 4-c® 4-3(6+c)(c+o)(ft+6) 

- ft® + 6® + c® + 3{a®(6 + c) + 6®(c + ft) + c*(ft + 6)1 + 6ft6c. 
or, (ft+6+c)®-ft®-6®-c®«3(6+c)(c+o)(ft+6). 

The followiDg useful results are deserving of notice. They can b& 
deduced from the above formulae or verihed by actual multiplication. 

XVIII. (ft+6)® + (ft-6)®-2(ft® + 6®). 


XIX. (ft+6)»-(ft-6)*-4ft6, 

XX. (o+t+c)®“a? + 6*+c®+26c+2co+2a6. 

XXL {fcc+«i+o6)®-6*c*+c*a®+a*6»+2ate(a+6+c). 

XXII. (6-<!)+(c-a)+(a-6)-0. 

XXIII. o(6-c)+6(c-a)+c(a-6)-*0. 

XXIV. i\{b - e)* + (c - a)* + (a - 6)*l - a* + 6* + c* - 6c -ca - ab. 

XXV. (a+6)*+(a-6)»-2a» + 6a6*. 

XXVI. {a+6)»-(o-6)*-6a>6+26». 

XXVII. (a“ + o6 + 6*)(a* - o6 + 6*)- a* + a“6* + 6*. 

XXVIII. ((i+6+c)(6+o— oXc+®“ W® 

. -26V + 2c*a*+2a*6»-a*-6*-c\ 


XXIX. (a+6)*-a*+4ffl*6+6a*6* + 4a6*+6*. 

XXX. (a + 6)* -a» + 5o*6 + 10a»6“ + 10a*6* + 5o6* + 6‘. 
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HARDER FACTORS AND IDENTITIES 

I. Factors 

We have already explained in Chapter XII how simple expressions 
of the types a® - 6®, a® + 6® , a® — 6® and occ® + fca? + c can be resolved into 
factors, and shall in this section consider factorisations of a harder type. 

134. To factorise expressions of the form 
a*+6*+c®-3a6£:. 

Since, i®+c®*=(6+<5)®-36c(6+{;), we have 
a® + 6®+c®-3a6c 

*= a® + {{b + c)® — 3bc{b + c)i — Sabc 
« }a® + (6 + c)®} - 3&cJ(^ + c) + a} 

=* {<z + (& + "• ct{b 4* c) + (6 + c)*} — Sbcia + fc + c) 

={a+6+(jHa®-a6-ac+6®+26c+c®-8M 

=*(a+ + c)(a® + fc® +c® - 6o - ca-ab) 

= i(a + & + c){(6 - c)® a)® + (a - by\. 

i 

Example 1. Factorise a® - 6® + c® + 3a6c. 

The given expression 

«a'®+(-6)®+c®-3a(-fc)c 
«}a+(“dl^cHa®+(-6)®+c®-(-6)c-ca-a(-6)} 
«(a-6+c)(a*+6®+<j® + fec-ca+a6). 

Example 2. Factorise ®® - y® +6»y +8. 

The given expression 

* ®® + ( - y)® + (2)® - 3®( - y).2 

«{a;+(-y) + 2Haj®+(-y)® + 2®-{-y).2-2a:-a:(-y)} 

« (a? - y + 2)(aj® 4- y ® + 4 + 2y - 2ic + a:y). 

Example S. Resolve into factors ®® + 32a?® -64, 

The given expression 
«a;®4-8fl;®-644-24aj® 

«(®®)®4-(2«)®4-(-4)®-3.a?®.2a?.(-4) 

-i»®4-22J4-(-4)H(aJ®)*4-(2r)»4-(-4)®-2aj(-4)-(-4)r®-aj*.2r} 
» (a5* 4- 2a? — 4X® * 4- 4a?® 4* 16 4- 8a? 4- 42C® — 2® ®) 

» (a?® + 2a? - 4)(a?^ - 2»® 4- 8a?* 4- Sa? 4- 16X 
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p Example 4. Find the quotient of a® + i)® + 1 - Sab by a + 6 + 1. 
Since, a® + 6* + 1 - 3a6 « a® + 6* + 1® - Sah.l 

»(a + 6+lMa® + 6® + l®-6.1-l.a-afe} 
*= (a -H 6 + l)(u® + 6® + 1^— h^a"- ab) ; 

. ' . the required quotient * a® + 6® + 1 - & - u - ufe. 

EXERCISE 77 

Factorise : 

1. x^ + y^-z^ + Sxyz, 2. p®~8q®-"7*®-6pqr. 

3. 8a;®-27|/®-;2®-18a;2/3. ^4. a®+86® + l-6a6. 

5. 8a®+276®-64 + 72a6. 

6. Find the quotient of as® - y ® + Sxy + 8 by a? - y + 2. 

7. Factorise (c® + 5a;® + 8 

8. Resolve into factors 

(a: - y)® - (y 2?)® + (2; - a?)® + 3(y - - a5)(» - y). 

8. Factorise u®- 18a® + 125. 

Find the quotient of : 

10. ®® + 27 - 6y(26y ® - 9aj) by a;® + 26y® + 9 + 5xy - 3a? + 15y. 

11. a® + 6®-c®+3a6c by a + b-c. 

12. a;®-i/®-l-3a?y by a?-i/-l. 

13. a;® - 81/® + 27«® + 18a?y2; by a; - 2y + Sz. 

14. 8a® - 276® - c® - 18a6c by 4a® + 96® + c® + 6a6 + 2ac - 36c. 

15. Factorise 14a® -46®+ 9a® 6. 

135. To factorise expressions of the form 
(a + 6+ c)(&i:+ ca + a&) - a6r. 

The expression B{a + (6 + c)Ha(6 + c) + 6c} - abo 
“ a®(6 + c) + a(6 + c)® + 6c(6 + c) 

=* (6 + c){a® + a(6 + c) + 6c} 

“ (6 + c)(a + 6)(a + c) ** (6 + c)(c + a)(a + 6). 

Cor. /. (a+6+c)(6c+ca+a6)— (6+c)(c+a)(a+6)“a6c. 

Cor. 2, (6 + c)(c + a)(a + 6) + a6c » (a+ 6 + c)(6c + ca + a6). 
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• 

13ft To factorise expressions of the form 

(1) P+2ahc, 

and (11) P+Safrc, where P stands for any of the equivalent 

forms (1) a*(h+jc)+6®(£:+a)+i;*(a+6). 

(2) bc{b^c)^ca(c-¥a)^ab(a'^b). 

(3) a(fi*+£:«)+h(£?^+a*)+€r(a*+6a). 

(i) Taking the Ist value of P, we have 

P+ 2a6c - a®(6 + c) + 6®(c + o) + c®(a+ 6) + 2afco 
“ a*(6 + c) + a(6® + 26c + c®) + 6®c + 6c* 

[ arranging in powers of a ] 
■« a®(6 + c) + a(6 + c)® + 6c(6 + c) 

“ (6 + c){a® + a(6 + c) + 6c} 

«(6+c)(a + 6)(a+c)«(6+c)(c+c)(a + 6). 

(ii) Taking the 2nd value of P, we have 

P + 3a6c — 6c(6 + c) + ca(o + a) + a6(a + 6) + 3a6c 

■■6c(6 + c)+ca(c+a)+o6(a+6)+a6c+a6c+a6c 
• }6c(6 + c) + <i6c} + )ca(c + a) + o6c} + {a6(a + 6) + a6c} 
■■6c(a+6+c)+ca(c+a+6)4-a6(a+6+c) 
^«(a+6+c)(6c+ca+a6). 

*137. To factorise expressions of the type Q, where Q stands 
for any of the equivalent forms 

(1) a*(6-c)+6*(c-a)+c*(a-6). 

(2) bc { Jb ^ c )+ ca ( c -^ a )'\- ab ( a^bY 

(3) -{a(6*-ca)+6(ca-a*)+i?(a*-6*)>. 
hVom the first form of Q, we have 

a®(6-c) + 6®(c-o)+c®(a-6) 

— a® (6 - c) - a(6* - c®) + 6®c - 6c® 

[ arranging in powers, of a ] 
“ a®(6 - c) - a(6* - c®) + 6c(6 - c) 

- (6 - c){a® - a(6 + c) + 6c} 

-(6-c)(a-6)(a-c)- -(6-c)(c-a)(a-6). 

Cor. Putting a®, 6® and o® for a, 6 and o respectively in the 
above, we have 

0^6® - o») + 6^c® - a®) + c^(a® - 6®) 

- -(6*-c®Xo®-a*)(a*-6®) 
--(6“c)(c-a)(a-6)(6+c)(c+aX«+6). 
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Example. Factorise (x - a)%b - c) + (a; - - a) + (a? - c)®(a r- &). 

The exp. - (a;® - 2aaj + a^){b - c) + (a;® - 25aj + 5®)(c - a) 

^ + (a?® - 2caj + c®)(a - 6) 

■= a;®{(& - c) + (c - a) + (a - 6)} - 2a:{a(5 - c) + b{c - a) + c(a - 5)} 

^ +{a®(5-c) + 5®(c-a)+c®{a-5)} 
[ arranged in powers of a? ] 

«aj®.0“2a5.0-(5-c)(c-a)(a-5)=* -(6-c)(c-a)(a-6). 

138. To factorise a®(5 - r) + b^(c - a) + c® (a - 6). 

a®(6 - c) + 6®(c - a) + c®(a - b) 

= a®{6-c)-a(6®-c®)+6c{5®-c®) [arranging in powers of a] 

- (6 - cHa* - a(5® + 5c + c®) + bc{b + c)} 

-(5-c)l-6®(fl-c)-5c(a-c) + a(a®-c®)} 

... ^ ^ ^ ^ [ arranging in powers of b ] 

“ (5 - c){a -c){-5®-5c+ a(a + c)l 

« (5 - c)(a - c){c(a - 5) + a® - 5®} [ arranging the last factor 

in powers of c ] 

— (5 - cXa - c)(a - 5)(c + 5 + a) « - (5 - c)(c - a)ia - 5)(a + 5 + c). 

Note. It must he observed that (i) as soon as the given expression is arranged 
according to powers of a, one of the factors^ namely ^ 6-c, heayhies obvious ; (\i) when 
the expression within larger brackets is arranged according to powers of .b, the next 
factor, a--c, becomes obvious ; fiiij when the expression now within larger brackets 
is arranged according to powers of c, the third factor, a—b, becomes obvious. 

139. Cyclic Order. There is a certain peculiarity in the arrange- 
ment of three letters a, b, c in the different expressions of Arts. 137 
and 138. Thus, in any of the equivalent forms of Q in Art. 137, we get 
the second term by changing a, b, c of the first into 5, c, a respec- 
tively ; the third term by changing b, c, a of the second into c, a, b 
respectively ; and the first term by changing c, a, b of the third into 
a, 6, g respectively. The orders in which the letters, a, 5, c are to 
changed successively will be best understood in the following way : 

Let the letters a, 5, c be arranged 
round the circumference of a circle as 
shown in the diagram, starting from the 
letter a and moving in the direction of 
bhe arrow-head we notice that the 
order of the letters is abc. Similarly 
starting from b and c successively and 
noving in the same direction, we notice 
;hat the orders of the letters are bca and cab respectively. 

1-16 
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, The letters a, ft, c when arranged in this manner, are said to be in 
oycUc (yrder. 

Thus, a, 6, c are arranged in cyclic order in the following : 

(i) 6+c, c + a and a+6 ; (ii) h-c, c-a and a-6 ; 

(iii) 6+c-a, c+a-6 and a+6-c ; 

(iv) 6c, ca and ah \ (v) a®(6-c), 6®(c-a) and c®(a-6) ; 

and so on. 


140. To factorise 

In this expression also the letters occur in cyclic order and we can 
at once proceed as in the last example. 

a®(6" -c*) + 6»(c» -a*)+c®(G" - 6") 

[ arranged according to powers of a ] 
« (6 “ c){a®(6 + c) - + 6c + c®) + 6®c®} 

■= (6 - c){ - 6®(a® - c®) + ha\a - c) + a^c(a - c)} 

[ arranged according to powers of 6 ] 
■■ (6 - c)(a - oM - 6*(a + c) + 6a* + a*c} 

- (6 - cXa - c){c(a* - 6*) + a6(a - 6)} 

[ arranged according to powers of c ] 

- (6 - c)(a - c)(a - 6){c(a + 6) + ah\ 

« - (fr- c)(c - a)(a - 6)(6c + ca + a6). 

141. To factorise (a+6+c)®-a®-6®-c®. [ See Art. 132, Oor. ] 

142. To factorise 26®i;®+2c®a®+2a*6®-a^-6'^-c^. 

The given expression 

— 46 ®c* - (a^ + 6* + c^ + 26*c* - 2c®a* - 2a*6*) 

-(26c)*-(a*-6*-cT 

-{26c+(a* -6* -c*)H26c - (a* - 6* -c*)} 

- {a* - (6* - 26c + c*)H(6* + 26c + c*) - a*} 
-{a*-(6-cm6+o)*-a*} 

- {a + (6 - c)Ha - (6 - c)H{6 + c) + aH(6 + c) - aj 

V ■■(a+6— c)(a-6+c)(6+c+a)(6+c-'a) 

* (a + 6 + c)(6 + c “• aXc + a — 6)(a + 6 “ c). 
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EXERCISE 78 


BesolTe into factors ; 

1. a*(6-c)+6*(c-a)+c*(a-6). 

. 2. &V(6“-c®)+c»aV-a")+a®6®{a*-6*). 

- 3. a*(6-c)+fe®(c-a)+c*(a-6). 

. 4. 5c(fe®-‘o®)+oa(o®-a®)+a6(a*~6®)" 

^ 5. 6®c®(6— c)+c®ffl®(c— a)+<i®6®(a— 6). 

V®* a5(j/~s)*+y(«-a)*+s(®-y)*+8a!i/«.\/ 

,^7. a!®(y-s)®+y*(s-a!)®+2*(a!-y)®<, 8. (y-*)®+(«-®)*+(a!-y)®. 

9 . (»® + 2® + 4Xy - a)+(i/* + 2y+4X»-®)+(«* + 2«+ 4X® - »). 

10. {® ® - (i + c)® + icK^* - c) + - (c + a)® + coKc - a) 

+ {®® - (a + 6)® + o6K« “ W- 

11. (® + 6X® + cX& — c) + (® + cX® + aXo — a) + (® + aX® + ^X® ■“ &)• 

12. <i(6+c)*+6(c+o)*+c(a+6)*~3ffli»c. 

13. 8®®-(»-s)®-(s+®)®-(®-y)®. 

14. a*(5» -c»)+ 6®(c® -a®) +c®(a® - 6®). 

16. ®®(i/* - z*) + i/®(s* “®*) + a®(®* -y% 

16. 8(a + 6 + c)® - (6 + c)* - (c + a)® - (a + 6)®. 

17. yz{v + a) + zaiz + ®) + ®v(® +tf)-®*-y®-s® - %Byz. 

V 18. (®+l)*(y-a)+(l/+l)®(s-®)+(«+l)*(®"W)« 

19. (® + l)®(i/ - s) + (tf + l)®(a -®) + Ca + 1)®(® v)' 

20. ®(y-a)®+yU-®)®+a(®-y)®. 

21. 26*c*tf*a* +2c*o®s®®® +2a*6*®*y* — a*®* — — c*s*. 

22 . 723/*s® + 18s*®® + 8®*j/® -®* -81«*. 

23. Eind the value of 26®c®+2o®a® + 2o*6*-a®-6*-c*, 

when 6+0— o“7i c+a— 6“"10 and a+6— e“3. 

24. Evaluate a®(5+c)+6®(o+a)+o®(o+6), 

. when a+6+c*“20, 6c+ca+a6*18 and a6o“87. 

26. Evaluate (a+6+c)®-o®-6®-c®+3o6c, 

when a+6+c“13 and o*+6*+o**69. 


1 43. Factors of Reciprocal Expressions. 

Definition. An algebraical expression in which co-efficients of the 
terms equidistant from the beginning and end are same, is called a 
reciprocal or recurring expresssion. 

Thus, ®® +4®® +6®* +4®+l is a reciprocal expression. 
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Example 1, Besolye into factors + 2a5® + 3x^ + 2a5 + 1. 

The expression »= (x^ + 1) + (2aj® + 2aj) + 3a;® 

* [ collecting terms with equal co-efficients ] 
-|(fl;® + l)*-2a;®}+2fl;(a;® + l)+3a;® ^ 

■« (a;® + 1)® + 2a?(a5® + 1) + 3a;® - 2a;® 

«(a;® + l)® + 2(a;® + l).a;+a;® 

“ i(a;® + 1) + a;}® « (a;® + a; + 1)*. 

Example 2. Factorise - 5a® - 12a® - 5a + 1. 

The expression = (a^ + 1) - (6a® + 5a) - 12a® 

[ collecting terms with equal co-efficients ] 
= {(a® + 1)® - 2a®t - 6a(a® + 1) - 12a® 

-= (a® + 1)* - 5(a® + l).a - 2a® - 12a® 

■*a;® -5a:ki-14a® [ putting a; for a® + l ] 

«(a3+2a)(a;-7a) 

= (a® + 1 + 2a)(a® + 1 - 7a) [ restoring the value of a? ] 
« (a + l)®(a® - 7a + 1), 

144/ Factors by trial. 

Example 1. Eesolve into factors a;® - 2a;® - 6a; + 6. 

On inspection *we find that the given expression can bo split up 
into parts each of which is divisible by a; - 1. 

Thus, the exp.«a;^-a;®-a;®+a;-6a;+6 

« (a;® - a;®) - (a;® - a;) - (6a; - 6) 

•"a;®(a; - 1) - x{x - 1) - 6(a; - 1) 

« (a; - l)(a;® - a; - 6) « (a; - l)(a; + 2)(a; - 3). 

Note. It is important for the siitderU to observe that the given eapression 
vanishes when 1, —2, or 8 is substituted far x. Thus, it may be remembered aa a 
general rule that if any expression involving x vanishes when jc=a, x~~ais 
a factor of that expression. 

The above general rule leads to the following particular oases : 

(1) If ia any expreeslon containing integral powers of x, the sum of the 
co-efficients is zero, x— 1 is a factor of that expression. 

(2) If in any expression containing integral powers of x, the sum of the 
co-etticients of odd powers of x is equal to the sum of the remaining co-efficients, 
X - 1-1 is a factor of that expression. 

Thus, in example 1 above, the sum of the co-efficients of the 
expression* 1 +( “ 2) +( — 6) + 6=* 1 2 — 6 + 6*0. 

Hence, a;-l is a factor of the expression. 
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« Again, in the expression the odd powers of a; are 

0” and X, 

The sum of their co-efficientS”^l+3»4 and the sum of the 
remaining co-efficients « 3 + 1 *■ 4. 

These two sums being equal, the expression 0^+ 30^+30+1 must 
have (0 + 1) as a factor. 

Example 2. Besolve into factors 0® + 60* + II0 + 6. 

The sum of the co-efficients of odd powers of 0*=* 1 + 11 ■*12 and the 
sum of the remaining co-efficients *6+6- 12. 

These two sums being equal, 0+lmuBt be a factor of the given 
expression. Now, grouping the terms into parts each of which is 
divisible by 0+I, wo have 

the expression— 0® + 0® + 60® +60+60+6 

— (0® +0®) + (60® + 60) + (60 + 6) 

— 0 ®( 0 +l)+ 60 ( 0 +l)+ 6(0 + l) 

— (0+l)(0® + 50+6)*(0+l)(0 + 2X0+3). 

Example 3. Resolve into factors 80® + 160 - 9. 

Putting y for 20, the given expression 

- ( 20 )® + 8.20 - 9* 1 /® + 8 y - 5 . 

Now, the sum of the co-efficients of i/®+8y-9 

-1+8-9-0. 

Hence, 0-I is a factor of this expression. Next, arranging it into 
parts such that each part is divisible by y-1, wo have 

l/®+8y“9*y®-y+9y-9*2/(y®-lJ+9(y-l) 

i)\y{y + 1) + 9H (y - i)(i/ * + y + 9) 

- (20 - 1)(40® + 20+9). [ restoring the value oiy] 

Example 4. Resolve into factors 

0® + 40^ - 130® - 130® +40+1. 

We notice that the sum of the co-efficients of odd powers of 0 

-l+{-13)+4--8, 

and the sum of the remaining co-efficients 

-4+(-13) + l-- 8 . 

These two sums being equal, 0+I must be a factor. 

Now, grouping the terms into parts each of which is divisible by 
0+1^ we have the given expression 

— (0® +0^) + (30* + 30®) - (I60® + 160®) + (30® + 30) + (0 + 1) 
-0*(0+l)+30®(0 + l)-160®(0 + l) + 30(0+l)+(0+l) 

■■ (0 + 1)(0* + 30® - 160* + 30+1). 
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The factor x* + 3aj® - Iftr® + 3®+ 1 is a reciprocal expression. Hencei 
proceeding as in Art. 143, we have 

oj* + 3®* — 16®* + 3® +.1 

»(®^+l)+(3®® + 3®)-16®*, 

[ grouping terms with equal co-efficients ] 
- {(®* + 1)* - 2®*J + 3®(®* + 1) - 16®* 

« (®* + D* + 3(®* + 1).® - 2®* - 16®* 

“ y * + 3yx - 18®* [ putting y for ® * + 1 ] 

■»(l/“3®)(i/ + 6®) 

« (® * + 1 - 3®)(®* +1 + 6®) [ restoring the value of i/ ] 

“ (® * - 3® + 1)(®* + 6® + 1). 

Hence, the given expression = (® + l)(®*- 3® +1)(®*+ 6® +1). 

£Sxample 6. Eesolve into factors ® * + ® * - 21® - 38. 

By trial we find that the given expression vanishes when ®*= -2. 
Hence, ® — ( — 2)**® + 2isa factor. Thus, we have 

ajs + jg* _ 21® - 38 (®® + 2®*) - (®* + 2®) - (19® + 38) 

[ splitting into parts divisible by ®+2 ] 
’ ="®*(®+2)— ®(®+2) — 19(®+2) 

«= (® + 2)(®* - ® - 19). 

146. Factors of Homogeneous expressions of two dimen- 
sions. 

The following examples will illustrate the process : 

Example 1. Besolve into factors 6a* + 7ab + 2fc® + llac + 7bc + 3c*. 
If a—0, the expression becomes 26* + 76c+3c*, 

which*=(2b+c)(b + 3c), ••• ••• (1) 

If ft-O, the expression reduces to 6a* + llac + 3c®, 

whioh«(3a+cX2a + 3c). ••• ••• (2) 

If c— 0, the expression reduces to 6a* +7a&+2&*, 

which *= (3a +2fe)(2a+i>). ••• ••• (3) 

Now, comparing the results (1), (2) and (3), we notice that the 
given expression must be«(3a+2b+c)(2a + 6 + 3c), [since it is these 
factors which reduce to the form (1) when a =0, to the form (2) when 
6—0, and to the form (3) when c— 0 ]. 

Alternative Method : Arranging the terms in descending powers 
of any one of the letters, say a, we have 

the given expression— 6a* + (76 + llc)a + (26* + 76c + 3c*) 

— 6a* +(76+ llc)a + (26 + c)(6+ 3c). 
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Now, split the product of ( the oo-efi5cient of a* ) and ( the term 
independent of a ) into two factors whose sum »= the co-efficient of a. 

Thus, split 6x(26+c)(6+3c) into factors whoso sum *=76+ 11c. 
By trial, the factors are 2(26 +c) and 3(6+ 3c). 

Hence, the given expression 

*=* + 2(26 + c)<i + 3(6 + Sc)(i + (26 + c)(6 + 3c) 

®= 2(i{3(i + (26 + c)J + (6 + 3c){3(i + (26 + c)} 

= (3a + 26 + c)(2a + 6 + 3c). 

Example 2. Factorise - 3xy + - 2yz - 4^?® . 

The given expression is homogeneous in a?, y and c. 

If 05=0, the given expression reduces to 22 /® -22/;?-42;®, 
which = 2 ( 2 / ® - 1 /« - 22 ®) 

=2(2/ + 2)(i/-22) 

=(2y+22)(2/-22). ••• ••• ••• (1) 

If y =0, the given expression reduces to a® -42®, 

which=(-cc+22)(-iP“22). ••• ••• ( 2 ) 

If 2 = 0 , the given expression reduces to x^-Sxy+2y^, 

which=(-aj + 22/)(-a5+y). ••• ••• (3) 

Now, comparing the results (1), (2) and *(3). the givep expression 
is evidently equal to (-x+2yt2z)('-x+y-2z)=>lx-2y-^z)(x^y + 2z). 

Alternative Method : Arranging the expression in descending 
powers of any one of the letters, say x, we have 

the expression=ic® -3^a?+(2y® -2y2-42j)=a?® -3ya?+2(y + 2 )(y- 22 ). 

Next, splitting the product of ( the co-efficient of a?® ) x ( the term 
independent of x ), «.c., 2(y + z){y -‘2z) into two factors whose sum 
= the co-efficient of a;, i.e.,-3y, 

we notice by trial that these factors are -2(^ + 2 ) and -(y- 22 ). 
Hence, the given expression 

= a; ® - 2 ( 2 / + 2 )aj - ( 1 / - 2z)x + 2{y + z){y - 2z) 

“ x\x - 2(y + 2 )} - (y - 2^){x - 2 ( 2 / + z)\ 

= (a? - 22/ - 22)(a? - y + 22). 

146. Factors of general expressions of the second degree in 
two or more letters. 

Example. Factorise 6a® + lab + 26® + 11a +76+3. 

Arranging the expression in descending powers of any one of the 
letters, say a, 

the given expression-6a®+(76+ll)a+(26®+76+3) 
=6a®+(76+ll)a+(26+l)(6+3). 
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Now, split the product of ( the co-effioient of a* ) and ( the term 

independent of a ), Le., 6x (2&+l)(6+3) into two factors whose sum-the 

oo-efficient of a, i,e., 76+11. 

* ' • 

The factors are evidently 2(26+1) and 3(6+3). 

Hence, the given expression 

- 6a® + 2(26 + l)a + 3(6 + 3)a + (26 + 1)(6 + 3) 

- 2ai3a + (26 + 1)} + (6 + 3 ){Sa + (26 + 1)} 
«(3a+26+lX2a+6+3). 

147. Factors found by suitable arrangement and grouping 
of terms. 

There are some expressions of which the factors become obvious 
after re-arrangement of the terms in a certain way, but there are others 
again which do not exactly come under this category. Hence, no definite 
method can be specified as applicable to all cases that may be practically 
included in this article. We must, therefore, content ourselves only 
with directing the student’s attention to a few important cases, more 
or less isolated, which will fairly introduce him to the subject under 
consideration. 

Example 1. Besolve into factors (3a;® - 46®)a + (3a® - 4®®)6. 

The given expression«3a;®a-46®a+3a®6-4a;®6 

« (3a;®a + 3a®6) - (46®a + 4fl5® 6) 

[ taking the 3rd term with the Ist, 
and the 4th with the 2nd ] 

^ 3a(a;® + a6) - 46(a6 + a?®) 

*=(a;®+a6)(3a-46). 

Example 2. Besolve into factors a?* + a;®y ® - , 

Combining the 4th term with the Ist, and the 2nd with the 3rd, 
we have 

a?* + a;®y ® - y *s® - - (x^ - z^) + (a;®y ® 

« (a;® + ®)(a;® - iE?®) + y ®(a;® - af *) 

-(a;®-;2®){(a;® + «®) + i/®t 
« (a; + z){x - 2 r)(aj® + y * + «®). 

Example S. Besolve into factors a;® + 7a?® - 21a; - 27. 

The' given expression « (a;® - 27) + (7a;® - 21a?) 

• (® - 3)(a; ® + 3a; + 9) + 7a;(a; - 3) 

■■ (a? - 3)f(a;® + 3a; + 9) + 7a;} 

■■ (a; - 3Xa;® + 10a; + 9) - (a; - 3)(a? + 9)(a; + 1). 
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Example 4. Eesolve iAto factors 4a® + 12a6 + 95® - 8a - 12&. 

The given exp. - (4a® + 12a6 + 96®) - (8a + 126) 

-(2a+36)®-4(2a+38) 

»(2a+36)l(2a+36)-4} 

-(2a+36)(2a + 36-4). 

Example 5. Eesolve into factors 2a® - 26c + 66® + ac - 7a6. 

Wo observe that the Ist, 3rd and the 6th terms are of the second 
degree in a and 6, whilst the 2nd and the 4th terms are of the first 
degree in those letters. 

Putting the former set of terms in one group and the latter in 
another, we have 

the given exp. =» (2a® - 7a6 + 66®) + c(a - 26) 

=» (a - 26)(2a - 36) + c(a - 26 ) 

“ (a - 26)(2a - 36 + c). 

Example 6. Eesolve into factors ®®-i/®- 0 ®+ 2yz + ® + 1 / - s . 

The given exp. = (aj® - y ® - s® + ^yz) + (a? + 1 / - «) 
«{aj®-(?/-5j)®K(®+V-2f) 

“■ (a? + 1 / - s) (aj - 1 / + s) + (aj + y - s) 

= (a? + 1 / - s) {(aj - + 0 ) - 1} 

«(a;+t/-0)(aj-y+0 + l). 

Example 7. Eesolve into factors 

a®a?® + a® - 2a6a?® + 6®a;® + (}®6® - 2a*6. 

We observe that the 1st, 3rd and 4th terms have got x® for a 
common factor, whilst the other have got a®. 

Hence, putting the 1st, 3rd and 4th terms in one group and the 
remaining terms in another, we have 

the given exp. =* (a®a?® - 2a6a;® + 6*a;®) + (a® + a®6® - 2a* 6) 

■■aj®(a® - 2a6 + 6®) + a®(a* + 6® - 2a6) 

= (a® - 2a6 + 6®)(a5® + a®) 

« (a - 6)®(« + a)(a5® - a?a + a®). 

EXERCISE 79 

Eesolve into factors : 

aj®+aj® + a?+l. v2. aj® + aj®-aj-l. 

✓B. ®®-aj®-a5+l. 4. 6c(a® + l)+a(6®+c®). 

6 . aj*-a6®+a?6®-aj®a. 6 . a6(aj®+y®)+aj^(a® + 6®). 

7. x^+xy-yz-z'^. 8. xb-ac^xc^ab. 
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9. 

(2!c*+36*)a-(2a*+3«*)6. 

10. 

{t(a + c) — 6(6 + c). 

11. 

4a»+8ac-12te-96*. 

12. 

a®®® + acxz - 6®i/® - hcyz. 

18. 

®*-»*«+v“®* -»’«*. * 

14. 

16®®-15a6+126®-26a». 

15. 

a»(a+26)+6*(2a+6). 

16. 

w® - 2w®n + 2mn® - n*. 

17. 

a*+2a»6-2a6*-5*. 

18. 

®®(® - 2i/) + y ®(2® - !/). 

v'19. 

a* + 5a* + 10a +8. 


®®- 17®® +85® -125. 

21. 

8a»+18a*6-27a6*-276*. 

22. 

®®-2®!/ + !/®-® + !/. 

23. 

4a* — 4a6 + 5* — 6a + 35. 

24. 

®* - 2a®® + 2a®®® - 2a®® + a* 

25. 

a* - 3a«6 + 4a®5“ - 6a5* + 46*. 


26. 

<a^® + 3a6 + 26® + oc + 26c. 

27. 

® ® - 4®y + 3y ® + ®s - 3i/s. 

28. 

m® + 2im - 6mw “ 4pw + 6n® . 

29. 

a® - 10a6 - 166c + 216® + 6ac. 

30. 

2®® + 4a(46 - 3a) + ®(46 + 6a). 

31. 

a®-3a(26-l)+46(26-3). 

32. 

3®(® + 2) - 2i/(4® - 1) - 3i/®. 

83. 

a®-6®-c®-26c+a-6-o. 

34. 

®® - 4y ® - 9^?® + 12 i/ 2? + 4® - 8y + 125f. 


35. 

9®® - 4s® - 24®!/ + 16i/® + 20i/ 

— 15® + 10s. 

86. 

2a®®* - 5a*®® + 3a® - 26®®* + 6a®6®®® - 3a*6®. 

87. 

2®® + (2a - 36)®® - (26 + 3a6)® + 36®. 



38. + 6*)®* - a“6(3a+ 6) + o(2fec® - a*). 

2a* - Sa* + 6a® - 5a + 2. 4(k^® - 4a* - 13a“ + 13a* + 4a - 1. 

41. 2«* + 6a?V + 4y ® + SiTjs; + 6yz + 2^®. 

42. 2sb* + ajy- Si/® -41/2-2;^. 43. a®-5a®-12a^-5a® + l. 

44. 4®® - Axy - 3^® + l^z - 9^;®. 

45. a?*-fl£D^+a®aj®-a®aj®+a^aJ-a*. ®®+7flj® + 14®+8. 

148. Miscellaneous Examples. 

Example 1- Eesolve into factors a® + 7afe® - 22&® . 

We find that the expression can be split up into parts each of 
which is divisible by a -26 in either of the two following ways : 

(i) (a®-86®)+76®(a-26); 

(ii) a(a®-46®)+116®(a-26). 

Hence, choosing the former way, we have 

a® + 7a6® - 226® - (a® - 86®) + 76®(a - 26) 

“ (a - 26){(a® + 2a6 + 46®) + 76®} 
-(a-26)(a®+2a6+116®). 

Example 2. Besolve into factors 

®® + 2(a® + 6*) + Saoj - 6l3a? + 5o). 
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Arranging the expression according to descending powers of 0i 
we have it “ aj® + 3(a - 5)® + (2a® - 5a6 + 26®) 

“ a: ® + 3(a - h)x -I* (2a - 5)(a - 26) 

- a:® + {(2a - 6) + (a - 2h)\x + (2a - 6)(a - 26) 
a;{a5 + (2a — 6)} + (a — 26){a/ + (2a 6)} 

“ {a; + (2a - h)]\x + (a - 26){ 

"(a; + 2a - 6)(a; +a -26). 

Example 8. Eesolve into factors a;® - 6xy + 82/ ® - «® + 2i^^. 

The given expression *= (a;® - 6xy + 9^®) - (2/® + 2;® - 2yz) 
Hx-dyr-iy-z)^ 

“ {(a; - 32^) + (2/ - z)\\{x - 32/) - (2/ - z)\ 

= (a? - 22/ - ;5)(aj - 42/ + 2?). 

Example 4 . Besolve into factors (a® - 6®)(a5® — 2/®) + ^bxy. 

The given expression =a®aj®-a®2/®-6®a;® + 6®2/®+4a6a?2/ 

“ (a®a5® + 6®2/® + 2abxy) - (a®2/® + 6®a5® - 2abxy) 
« (aa; + 6^)® - {ay - 6aj)® 

« {(aaj + by) + {ay - bx)^{ax + by) - {ay - 6aj)} 

■= {(a - 6)a: + (a + b)y\\{a 4* 6)aj - (a - b)y]> 

Example 5. Besolve into factors x^ + 6a;® + 4a;® - 15a; + 6. 

The given expression « {x^ + 6a;* + 9a;®) - (5a;® + 16a;) + 6 
** (a;® + 3a;)® — 5(a;® + 3a;) + 6 
“ {(a;® + 3a;) - 2H(a;® +*3a;) - 3} 

■■ (a;® + 3a; - 2)(a;® + 3a; - 3). 

Example 6. Besolve into factors 

a;* + 2x^y + 3a;®y ® + 2xy^ + y 

The given expression « {x^ + 2a;®2/® + 2/*) + ® *1/® + (2a;®!/ + 2xy^) 

“(a;® +y®)® + (a;2/)* +2(a;y)(a;® + y®) 

* {(a;® + 2/ ®) + xy}^ - (a;® + a;!/ + 1/®)®. 

Example 7. Besolve into factors {x - l)(a; - 2)(a; + 3)(a; + 4) + 4. 

{x - l)(a; - 2)(a; + 3)(a; + 4) 

« {(a; - l)(a; + 3)H(a; - 2)(a; + 4)} 
-(a;®+2a;-3)(a;®+2a;-8). 

Hence, putting z for x® +2a;, 

the given expression ■■(£?-3 )(j8;- 8) +4 

-;0;»-ll«+28-(«-4)(;2-7) 

- (x® + 2a; - 4 )(x® + 2a; - 7). 
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Note. The stiLdetU inttat carefully notice why in multiplying together the four 
Hnomiala x—1, x-i, x+i, we combine x+8 with x-lp and x+4 loith x-2. 

Examples. Ifx+w^a 8.nd find the value of (i) 05^+1/* 

and (ii) - in terms of a and h. 

(i) a;*+y*=(a?®+i/®)®-2aj*|/* 

and the required value“(a®- 26®)“- 26* «a*-4a®6® +25*. 
(ii ) cc* - a? - xy^ + 1 /* =» x^(x - - y^x - y) 

^(x-y)(x^-y^) 

^(x-y)Hx+y) 

• *" {(a; + y)® - 4xy}(x + y) “ (a® - 46®)a. 

Example 9. Eind the value of x* -x® +a® +2, when a® +2*»2®. 

05* - a® + as® + 2= (aj* + x® + a®) - 2(aj® - 1) 

«aj®(fl5® +aj + 1) - 2(fl5 - l)(a5® + a? + 1) 

“ (a;® + a? + l){a;® - 2(aj - 1)} 

*= (aj® + a? + l)(aj® - 2a? + 2), 
and .*. the required value«(a?® + a?+l)xO=0. 

Examijle 10. Eind the value of 

c a* + 6*+c*“25®c®-2c®a®-2a®6®, whena+5—c. 

The given expression 

- - (25®c® + 2(?®a® + 2a®6* -a* - 6* -c*) 

« -(a+6-c)(a-5+cXa + 6+c)(6+c-a), [Art. 142 ] 
and "O, when a + 5—e. 


EXERCISE 80 


Besolre into factors : 

1. a;*+8»*+19a!+12. 

2. 

®*+9®*+26®+24. 

3. 

»*-6a;“+lla!-6. 

4. 

®*+5®®-2®-24. 

5. 

*•-4®“+® +2. 

6. 

®*+6®*-2®-6. 

7. 

»*-6«*+13®-10. 

8. 

®* ” 3®* “ 9®* + 12® + 20. 

9. 

**“3®*-®»+13®-10. 

10. 

®*-5®*+®®+lS®+6. 

11. 

+ 6®" - 8®* - 30® + 36. 

12. 

®* - 7®* + 9«* + 26® - 66. 

IS. 

®*-7®*+13®-16. 

14. 

®*-6®+12. 

15. 

®*-6®“+32. 

16. 

2®®-3®®-4. 

17. 

®*-9»v*-10tf*. 

18. 

a*+4a®6“96*. 

19. 

6a*-3a*b-m‘. 

20. 

8®*4'4®-3. 

21. 

2®* +6®*— 4® -3. 

22. 

®*-3»“3. 
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23. 

2a“-o»6-6*. 

24. 

3®® +8®® -8® -3. 

25. 

a;*-6a:y®+9j^®. 

26. 

®*+6®-(a*-3a6+25»). 

27. 

x*+4abx*y^ - (a® — 6®)®i/*. 

A 


28. 

a* + 2(a:* + y *)a*6® + (o!* - y ®)®6*. 


29. 

a® + (£c + y)a - 2a;® + 6xy - 

30. 

®(® + o) — 2(1* + 36(® + ®) + 26®. 

31. 

a;® + 4a;^ + 3y ® + 2yz - ai®. 

32. 

4a® - 4ffl6- 36® + 126c - 9c®. 

33. 

a;^ + 6a;® + 8a;® + 6a; - 9. 

34. 

o*-4o®6-5o®6®+6o6®-6*. 

35. 

4a;* - 20x® + 24a;® + 6a; - 9. 

36. 

as* - 2®“ + 2®® - 2® + 1. 

37. 

a* - 9a® + 30a -25. 

38. 

o® - 2o6® - (ac - 6®)®® + 6c»®. 

39. 

x^y^ + a;®!^® - s® + 2xyz + 1. 

40. 

as® (y ® - 0®) + 4®y0 - y ® + 0®. 

41. 

(a® - 5®)(a;® + 1/®) + 2(a® + b^)xy. 


42. 

a;* - 4a;® - a;® + 10a; + 4. 

43. 

o* - 6a® +16o»- 180+6. 

44. 

4a;* + IsJc® - 6a;® - 21a; + 12. 

45. 

®* - 6®®y + 6®®y ® - 6®y® + y* . 

46. 

05* - 5a;® + 14a;® - 20a; + 16. 



47. 

a* - 7a® 5 + 14a® 5® - 14a5® + 45*. 


48. 

a:* + 4®® - 11®® + 20® + 25. 

49: 

a* +4a®6 - 10a®6® +4a6® + 6*. 

50. 

®* + 8®® + 24®® + 32® - 20. 

51. 

(® + 1)(® + 3)(® - 4)(® - 6) + 13. 

52. 

(®+2){®+3X®+4)(®+6)-360. 53. 

®(2® + 1)(® - 2)(2® - 3) - 63. 

54. 

Find the value of xy{x+y)+yz{y^z)+zx{z-¥x)+dxyz, when 

«=o(6- 

•c), y = 6(c-a), z^c(a-b). 



55. 

Find the value of {y - s)(y ® - 

-*®)- 

•®{(y-c)®+®(y+c)}+*®, when 

or-a*- 

6®, y—b^-c^, z^a^-c^. 



56. 

Find the value of a;® - 2(y - 

2)®- 

6y®+20y-32, when «+y=4. 


57. Find the value of a?® “y*+4a?+14y-45, when x+y^26 and 

X^ymsQ. 

58. Find the value of Szy{x^+y^)t when ^c+y-^/31 

when x-y^ V2 ^ 

IL Identities 

149. We shall in this section consider some important identities 
of a somewhat harder type than those treated of in Chapter Xlll and 
establish their truth with the aid of the foregoing formulas and principles. 

The following general method should be remembered : 

Beduce the more difficult side of the identity to the form of the other 
w%th the help of the preceding formula, 

Jf both the sides of the identity are complex^ reduce each to its 
simplest form and establish their equality. 
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Sometimes an identity follows easily by transposition of terms or 
addition of some terms to both its sides. 


Sometimes an identity mayj)e proved very easily by substituting a 
new letter for a group of letters occurring in the identity. Make such 
substitutions wherever necessary. 

The following examples will illustrate the process : 

Example 1. Prove that 

fa - a)fa - b)[a - 6) + fa - 6)fa - c)lb - c) + fa - c)fa - a){c - a) 

« -(6-c){c-a)(a-6). 

Substituting p for x-a, q ior x-b and r for a-c, wo have 
q-p^a-b, r-^q^b-Ctp-r^^c-a. 

The loft sidie^pq(jq-~p)+qr{r-q)+rp{p-r) 

“-(a-pXr-g)(p-r) 

— - fa - b)(b -c)(c - a). [ restoring values 

of 3 -p,r-g,p-r] 

Example 2. Prove that 

(y+2)®(2a:+i( + 3)+fa+a;)®fa+2y+«)+fa+y)®fa+K+20) 

+2{y + z)(z+x){x+y)^(2x+y+z)(x+2y+zXx+y'h2z). 
Putting aioiy+Ztbior z-hXfC for cp+y, wo have 


f?+C“2a;+y+£r, c+a«a?+2y+0, a+b^x+y'¥2z. 

The left side«a*fa+c)+6®(c+a)+o*fa+6)+2a6c 
«fa+c)fa+a)fa+6) 

■»(2a;+p+;5)fa+2y+0)fa+y + 2«). 

Examples. Prove that x^+Qiy+z)x^ + l%y+z)^x-hQ{y+z)^ 

« 4(3® + 2y + 6«)y ® + (® + 6y + 2z)[x + 2«)®. fM.M.1881] 
The left sido-®® + 3®®.i2(y+«)J+3.®»i2(i/+jp)P+{2(i/+2r)}* 

« fa + 2(i/ + 2;)p ■» (® + 2y + 2^) ® « {2y + (® + 22?)} * 
«(2y)»+3(2y)®fa+ap)+3(2y)fa+2«)®+fa+20)» 

•“ 8i/® + 12|/ ®(® + 22?) + 6i/(® + 22?)* + (® + 2«)® 

- 4i/ ® fay + 3(® + 22?)} + {6p + (® + 22?)}(® + 22?)® 

“ 4(3® + 2y + 62 ?)y * + (® + 6y + 22?)(® + 22?)®. 


Example 4. Prove that 

®* + y ® + 2?® + 24®y 2? “ (® + 1/ + 2:)* - 3fa(y - 2?)® + y(2? - ®)* + 2?(® - y)®}. 
By transposition of terms, this identity is equivalent to the form 
3fa(y - 2 ?)* + y( 2 ? - ®)® + z(x - y)®} + 2ixyz ► 

-fa+y + 2 ?)*-®®-y®- 2 ?®. ••• (1) 

If the latter identity can be established, the former can be deduced 
by transposing terms. 
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Now, 3{a;(^ - - a;)® + e(x - y)®} + 2ixyg 

“ 3{ir(y ® - 2p£f + - 2zx + a?®) + z(x^ - 2xf / + y ® )} + SAxyz 
•=3{x(i/^+z^)+y(z^ +x^)+z(x^+y^) - 2xyz 

•^2yzx’-2zxy+8xyzi 

•= 3{x(y^ + ® + £D®) + z(x^ +y^)+ 2xyzl 

*“ 3 (i/ + aj)(2J + aj)(aj + 1/) (aj + + 2)® - a;® - 2/® ”* «*• 

by transposition, 

aj® + 2/ ® + 2^® + 24 a: 2 / 2 f = (a; + 2/ + 0)® - 3 {a:( 2 / - 5 f)® + 2 /(« - ®)“ + «(« “ y)*l- 
Example 5. Prove that 

- a:(6 - c)(c - a)(a - 6) a(b - c)(a; - 6)(aj - c) + b(c - a)(aj - c)(aj - a) 

+ da - b)(x - a)(a? - 6). 

The 1st expression of the right side 
« a(b - cMaj® - a;(6 + c) + be] 

« x^a{b - c) - xa{b^ - c ®) + abdb - c). 

The 2nd expression of the right side 
•^bic-^a){x^ -x(c+a)^ca} 

* aj® fe(c - a) - a;6(c® - a®) + abdc - a). 

The 3rd expression « c{a - 6){a5® - a?(a + 6) + ab\ 

« a?®c(a - h) ~ a;c(a® - 6®) + a&c(a - b). • 

The right side ( adding the columns vertically ) « 

«aj®{a(6 - c) + b(o - a) +c(a - 6)} - fl?}a(&® - c®) 

+ 6(c®-a®)+c{a®-fe®)}+a6c{(6-c)+(c-a)-(a-6)} 
« aj® .0 - a;{(6 - c)(c - a)(a - 6)} + a&o.O. [ Formulse XXVII, 

XIV and XXIII, Art. 133 ] 

" - a;(h - c)(c - a)(a - 6). 

Example 6. Prove that 
. (1 “ aj®)(l - y ®)(1 - 0 ®) - (a? + yz)(y + zx)[z + a?y) 

■= (1 + a: 2 /«?)(l - a?® - 2 /® - 2 * - 2®y;af). 

The left side ^ 

- (1 - «•)(! - y »Xi - *•) - (jgy^+y*) (ipyg+g*) 

■■ ft - (®* + »“ + + a*®* +®*y * - ®*tf “a*} - 

tCyz 

+(®yaf)®(a;® +2^® +«®)+(fiC2^«)(v*s® + a;®aj® +a:®2^®)+aj®p®jg*} 

- (1 - a?® - p® - a®) + (y ®«* + a®»* + a?®y ®) - x^y^z^ - x^y^z^ 

- xyz{x^ + 2 ^® + a®) - (y ®a® + a®aj® +a5®2^®) - aJ 2 (a 
— (1 - aj® - p® - a®) - a52^a - xyz{x^ + y * + a*) - ^^y^z^ 
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— 1 - 05* - 1/® - - a;y;ar(i? + y ® 

(1 — 05 * - y* - 55 * — 2 o 5 ^ 2 f) + xys!^ — 358 — y « — 2 f 3 - ^yz) 

- (1 + xyztl - a;*-i/*-«* - 9xyz). 

150 , Conditional Identities* We shall now establish certain 
important Conditional identities and deduce the truth of other 
identities from them. 

161 . If a+ 6+0*- 0 , prove that 

(1) a*+6*+£r*- -2(6r+ra+a6). 

We have (a + 6 + c)*«a*+ 5 *+c* + 26 c+ 2 ca+ 2 a 6 . 

0*=a*+6*+c* + 2(6c+ca+a6). 

Transposing, a* + 6* + c* »= - 2 ( 5 c + ca + ah), 

(2) a*+ 6 *+o*- 3 fl 6 c. 

We have a® + 6® + c® - 3 a 6 o 

«(<x+ 5 +c)(a* + fe*+c*-6c-ca-a6) 

=0x(a* + fc*+c®-6c-ca-afe)«0. 

.• . Transposing, a® + 6® + c® « Zahc, [ See Art. 99 , Ex. 10 . ] 

( 3 ) {lbc-¥ ca + aft)* - ft*c* + €:*a* + a*ft* - i(a*+ ft*+ r*)*. 

We have (6c+ca+a6)*“6*c®+<5*a*+a*6®+2a6c(a+6+c) 

■= 6®c* +c*a® + a*6* +2a6c x 0 
■» ft*c* +c®a* +a*6*. 

Also, from (1) above, bc+ca+ah^ -J{a* + ft*+c*). 

(6c+ca+a6)*»i(a* + 6*+c*)*. 

Hpnce, {ho +ca+ ahy ->6*0*+ c*a® + a*6® « i(a® + 6® + c®)® . 

(4) a^+ft^+i:^-2(ft*c*+c*a*+a*ft*) 

-i(a*+ft*+i?*)a. 

We have 26 ®c® + 2 c*a* + 2 a* 6 * -a^-b^-c^ 

■®(a+6+c)(6+c-a)(c+a-6)(a+6-c) 

“Ox (6+c— a)(c+a — fc)(a+ft— c) [Art. 142 ] 

“0. 

Hence, transposing, 

a* +0^ -2fe®c® + 2c®a* +2a®ft® “2(6®c® +c®a® +a®6®) 
■■Ka®+6*+c®)*. [from ( 3 )] 
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(6) a*+6*+c"- 

■■fo6£;(a“+6*+<!*) 

- |(fl* + 6* + e®W«*+ + «*)• 

Sinoe, a+(+c*«0, we have, by tranepoaifeion, a+b^ —o ; 
(a+fc)»-(-c)«. 

or, a* + 5a*b + 10o*6* + 10o*6* + 6ab* + 6* - c®. [ Art. 127 ] 

By transpoaition, 

a®+6®+c®--6a*6 - lOo® 6* - 10a»fe» - 6a6* 

- -6a6(a»+2a*6+2oi*+J®) 

- — Sa&(a + b){a* + a6 + 6*) [ faotoriaing ] 

-6afc(-c){(a +&)*“«&} [ ainoe a+6 "* -0 ] 

— 6a5<;{(o + 6)( - c) - ab\ 

•^Sabcl—ae—bo-ab) 

- -6abo(bo+ca+ab) 

-^V+6*+c*) tby(l)] 

- Ka* + 6 * + c *).3a6c 

-|(o*+6*+c*)(a*+6®+c®). . [ainoe, o®+6®+o* 

*^Sabc ] 

(6) a''+d'^+c'^*^7abc(be+ca+ab)“ 

- T^j(a» + 6* + c»)»(a*+ &■ + c*). 

Since, a+d+c—O, we have, by tranapoaitioa, a+&— — o ; 

(o+6)’-(-c)». 


or, o’ + 7a®d + 21a®6* + 36o*6® + 36o®6* + 21o*ft® + lab* + 6’ 

“-c’. [Art. 127] 

.Tranapoaing, o’+fc’+o’ 

- - 7a®6 - 21o®6* - 36o*6» - 36o®6* - 21a»6* - lab* 

- - labia* + 3a*b+6a*b* + 6a*b* + 3ab* +b*) 

■“ “7o6(o+6)(o*+2o*6+3o*fe®+2o6*+6®) [ faotoriaing] 

--7a6(-c)(a*+o6+6*)» 

— 7ofcc(o* + oft + b®)" 

•^labcibc+ca+ab)* [aain(5)] 

■■ Kbc + CO + o6) ® .3obc 

_ 7,(o_+^_+c_) _ ^ ja |- from(2) & (3) ] 

- A(o* + 6* + c»)® (o® + b® + 0®). 

1—16 
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Example 1* Prove that 

(1/ - + (« - a:)® + (a? - y)® - 3(1/ - «)(« - a 3 )(a? - y). 

Putting a for {y-z\ b for {z-x) and c for ix-y), we have 
a+64“C“y-«+jef-a5+ai-i/“0. 
a® + h®+c®«3a6o. [by (3)] 

Bestoring values of a, b and c, 

(y-zY + [z-x)^ + (x-y)^’=^S(y-z){z-x){x-y). 

EaunpleZ. Prove that 

5 

(y-g)^+(g-a?)^+(fl;-y)^ {y - z)^ + (jg - g)® +(a; - y)® ^ 
"2 * 3 

Put a for (y - z), b for (a - x) and c for (x - y), we have 
a+6 + c«i/-2i + 2;-x+x-i/'«0, 

/ . a* + + c“ - |(a« + + c®)(a® + 6® + c® ), [ from (6) ] 

a® + &® + c® a® + h®+c® a® + 6® + c® 
or, -Q *» 2 * 3 

Bestoring values of a, 6, c, we obtain 

(l/-2r)* + (2f-x)® + (x-|/)® (i/-5f)®+(«-x)* + (x-l^)* 

5 2 

v (y-g)®+(g-flg)®+(a?-v)® , 

3 

Example 3. Prove that {y+z-x)^+{z+x- y)® + (x + y - 2 ?)® 

« «3(y+2f-x)(a;+x-y)(x+y-2f)«» -24x^2?, if x+y + z^O, 

Putting a for y + 2 f-x, 6 for 2 r+x-y and c for x + y- 2 r, 
we have a + 6+c="(y + 2f-x) + ( 2 r+x-y) + (x+y- 0 ) 

«»X + l^ + 2?«»0. 

Hence, a® + 6® +c® » 3a6c, 

/. Bestoring values of a, 6, c, we obtain 
(y+c-x)®+(2f + x-y)® + (x+y-2r)® 

— 3(y + 2r-x)(0+x-^y)(x+y-2f). 

Also, since a+i+c«0, we have, by transposition, 
a- -(6+c)« -{( 2 ;+x-y) + (x + i/- 2 r)H -2x, 

6--(c+a)- -K«+y-«)+(y + «‘-®)H “2y, 
c- -(a + 6)- - j(y+ 2 f-x)+( 2 r+x-y)H -2^ ; 

/. 3a6c—3(-2x)(-2yX"22p)— -24xy2f, 

or, 3(i/+2r-x)(2P+x-y)(x+y-2f)-" -24xyx. 

Hence, (y+x-x)®+( 2 f+x-p)®+(x+y- 2 f)® 

•■3(y+«-xXx+x-yX®+y-«)** -24i»yx. 
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Example 4. If ir-a*-6c, show that 

oj® + y* + - ^xyz - (a® + 6® + c* - Saftc)®- 
We have ic+F+0«a®-6c+fe®-ca+c*-«6 
“a® + 6*+c*-6c-ca-a6 ; 
y-xr“6®-<ja-(e®-a6) 

— 6®-c*+ah-ca 
-(ft-c)(h+c)+a(6-c) 

■■ (6 — (3){(6 + c) + a} 

«(6— c)((i + 6+c). 

Similarly, jSf - a; — (c - a)(a + fe + c), 

a5-y-(a-6)(a + 6+c). 

Now, a5® + t/®+«®-3iC|/« 

-^(t + y - zY + (i3? - ®)® + (a? - y)®} 

— K^® + &®+c®-6c-ca-a6){(h-c)®(a + 6+c)® 

+ (o — a)®(a + 6 + c)® + (a — fc)®(a + 6 + c)®} 

— {a® + 6®+c*-6c-ca-a6) 

xiK6-c)®+(c-a)® + (a-fe)®Ka + 6+c)® 

" (<* + 6 + e)*(fli® + fe® + 0* •“ 6c — c(j “ <i6)® 

■“{(a + 6+c)(a® + 6® +c®-6c-ca-a6)}® * 

-(a® + 6®+c®-'3a6c)®. 

Example 5. If 5»a+6+c, prove that 

s[s - 25)(5 - 2o) + s{s - 2c)(« - 2a) + 5(s -? 2a)(5 - 26) 

“ (s - 2a)(s - 26)(s - 2c) + 8a6c. 

The sum of the first two terms of the left side 
« 5(5 - 2c)f (s - 26) + (s - 2a)} 

»■ s(s - 2o)\2s - 2(a + 6)} 

• «5(s-2c)x2c; 

and the third term ■■ (a - 2c + 2c)(s — 2a)(s - 26) 

- (5 - 2c)(a - 2a)(a - 26) + 2c(5 - 2a)(a - 26), . 

Hence, the left side 

- s(s - 2c)2c + {(a - 2c)(a - 2a)(a - 26) + 2c(a - 2a)(a - 26) j 

- (a - 2a)(5 - 26){a - 2c) + 2c{a(a - 2c) + (a - 2a)(a - 26)}, 

But a(a - 2o) + (a - 2a)(a - 26) 

■i (a ® — 2ca) + {a* — 2a(a + 6) + 4a6} 

■■ 2a ® - 2a (a + 6 + c) + 4a5 

- 2a* - 2a,a + 4a6 - 4a6. 

• The left Bide-(a-2a)(a-26Xa-2c)+8a6c. 
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Example 6. If 5—a+2)+o, show that 

(s - a)(s - 6)(s - c) - (a + 6 + c)(&c + ca + aft) - ahc. 

The left side ■=s®^-(a + &+c)s®+(fw5+ca+a&)«-a6c 
-»5®-«,s*+(6c+ca+ah)(a + 6+c)-a6c 
“ (6c + ca + {i6)(a + 6 + c) — ct6c. 

Example 7. If a + 6+c+d=0, prove that 

(a + 6)(a + c)(ct + d) “ (6 + a)(6 + (2)(6 + c) 

“ (c + d)(c + £i)(c + b) 

-=(i+c)(df + 6)(d+a). 

Since, a + 6+c+d-=0, we have, by transposition, 

Ot’¥h^ — (c+d), 
a+c“= -(6+tZ), 
a+d“ — (6+c) ; 

(a + 6Xa+c)(a+d)-(a+6){-(6+d)H-‘(6+c)} 

* (a + 6)(6 + d)(b + c) 

*® (6 + a)(6 + d){6 + c). 

Similarly, 

< (a + 5)((i + c)(a + d) ■■ J — (c + d)}(a 4* c){ — (6 + c)l 
= (c + d)(a + c)(6 + c) 

■® (c + d)(c + a)(c + b) ; 

(a + b){<i + c){a + c?) s= — (c + d)\ — (6 + d)}(a + d) 

" (c + d)(6 + d)(a + d) 

■■ (d + c)(d + 6)(d + a). 

Example 8. Prove that 

(l/+a;-aj)®+U+«--3/)®+(«+p-x)* + 24icpx 

- (2® + y - JB?) ® + (y + x)® - (a; + y - x) * - 6a?(a; - 2«)(a + v). 

Putting a for 2a; + y-5;, bfor p +2 and c for -"(sB+p-x), 
we have o + fc+c—ay+p+x, 

6 + c*2x~®, 
c+a— a;, 
a + 6-2(a?+p) ; 

/. the right side 

— (2® + p - x) ® + (p + x)® + { - (a? + p - x)} ® + 8.a;(2x - a?).!Ka? + p) 
-a® + 6® +c® +3(c+ a)(6+o)(a+ 6) 

— la+6+c)® 

•■(®+p+x)® 


[ restoring values of a, 6, c ] 
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-{(y+«-®)+U+£C-l/)+(a;+y-jaf)l* [ Since (y +0-a)+(«+fl?-i/) 

+(stj+y-2f)“a:+y+«] 

•-(y+«-a?)*+U+£B-y)®+(a;+y“S?)*+ 3 {(^+®-y) 

[Formula XVII, Art. 133 ] 
— (y + ar - a;)* + (2 + £B - y)® + (a: + y - «)® + 3 . 2 a?. 2 y .2;8f 
“(y+«-a?)® + (2+®-y)® + (a;+y-2)® + 24 a;y 2 . 

EXERCISE 81 

Prove that : 

1. a®aj + fc®y + c®2*=(a: + y + 2)(a® + fe® +c®), 

if aj®“y2*=a®, y®-2£C“6®, 2®-a?y*c®. 

2. aaj+6y+c2=(a + 6+cX®+y + «)f 

if aj*a®-fec, y«6®-ca, 2-c®-aZ). 

3« (aj-a)*(6-c)+(aj-6)®(c-a)+(aj-(5)®(a~?))+(f)-c)(c-a)(a-f))—0. 
4 . 27(a + 6 + c) ® - (a + 26) ® - (& + 2c) ® - (c + 2a) ® 

3(a + 36 + 2c)(6 + 3c + 2a)(c + 3a + 26). 

5 « 2(s - a)(s - 6)(5 - c) + a(5 - 6)(s - c) + b[s - c)[s - a) 

+c(s-a)(s-6)*=a6c, if 2s«a+6+c.* 

8. s{s - a)(s - 6) + s{s - a)(s - c) + ${s + a)(s - c) + c(s + a)(5 + 6) 

=»(s+a)(s + 6)(s + c), if s-a + 6+c, 

7 . (s - a)® + (s - 6)® + {5 - c)® - 3(s - a){s - 6)(s - q) 

■®i(a® + 6® +c® -3a6c), if 2s=*a + 6+c. 

8 . ( 3 aj + 2 y + 62)® - ( 3 a; + 2 y - 62)® - 302 {( 3 a; + 2 y)® - 252 ®} 

« ( 20 a; - y + 82) ® + (y + 22 - 20 a;) ® + S 0 z{ 20 x - y + 82)(y + 22 - 20 a;). 

9 . (a;+y+22)(a;+2y + 2)(2a; + y+2)-(y+2)(2+a;)(a;+y) 

. »=2(a;+y+2)*+2a;y2. 

10. (a + 6*+c)(a;+y+2) + (a + 6-c)(a;+y~2) + (6 + c-a)(y + 2-a;) 

+ (c + a - 6)(2 + a; - y ) ** 4 (aa; + 6y + ez), 

11. (y - 2)(1 + a;y)(l + a;2) + (2 - a;)(l + y2)(l + yx) 

+ (a? - y)(l + sfxXl + yz) “ (y - z){z - a;)(a; - y). 

12. • (a; - l)(a;® + a? + 4 )(y - 2) + (y ^ l)(y ® + y + 4)(2 - a;) 

+(2-1X2® +2+4)(a;-y)« -(y-2X2-a;)(a;-y)(a;+y+2). 
18 * a5®+y®+2®+t£?®+3(y+2)(2+a;)(a;+y)«0, if aj+y+2+iC—O. 
( 6 -c)®+(c'-a)®+(a- 5 )® (6-c)®+(c-a)®+(a“6)® 

6 2 

" ^ (6— c)^+(c*-a)^+(a*"6)^ ^ 

7 
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15. (a!+»X*+«)(«*-y«)“(®+»+*X®-*K«*+tf*). 

if «o*a*+o*, and A-a+l, [M. U. 1909] 

16. (tf+*-2!e){«+a!-^)+(a+a!-2y)(®+tf-as)+(aj+v-2»)(y+*-2!B) 

-• 3K» -«)(«- ®) +(«- ®X* ” tf) + - y)(tf “ »)}. 

17. (y-«)*+U-®)*+(®-y)*-2(a!*+v®+«“-tf£r-«®-®tf)*. 

18. (6 - c)(6 + c - 2a)* + (c - a)(c + a - 25)* + (a - b)[a + 6 - 2e)* - 0. 

19. ®“{y - a)* + 1/*(* - ®)* + a*(® - V)* - &eyz{y - z){z - *X® “ »)• 

20. a*(6*-c»)«+5V-a*)*+c*(a»-5*)* 

- 3a*5*c»(6 + c)(c + a)(a + 5X5 -o)(fi - aXa - 5). 

21 . (5 + c)(5 - c)® + (o + a)(c - a)* + (a + 5)(a - 5) ® 

- 2(5 - c)(c - a)(o - 5)(o + 6 + c). 

22. «(« - s)* + i/(a - a)* + e(® - v)* - (y - z){z - ®)(a - y^x +y+z). 

23. 4(a* + o5 + 5®)» - (o - 5)®(a + 25)»(2a + 5)® = 27o®5®(a + 5)®. 

24. 25®c®+2c®a*+2a»6®-o*-5®-c* 

“16a(8— aXs — 5)(s— c), if 2s— a+6+o.’ 

25. (s-a)®+(s-5)*+{s-c)®+3a5c— s®, if 2s—a+5+c. 

o„ (5-c)®+(c-a)®+(a-5)® (5-c)’+(o-o)’+(a-5)® 

26. ^ ^ 

. j (5-c)»+(c- a)» +(a-5)» j» 

27. (ax +by+cz)*+(bx+cy+ az)* +lfix +ay+ 5s)® 

- {(5® + cy 4i az^cx + ay + bz) + (cx+ ay + bzXax +by+cz) 

+(ax+by+czXbx+oy+az)} 

— (a® + 5®+c®-5c-co-a5X®®+y®+*®-ys-«*-»y). 

28. (ax +by+ c«)® + (5® + cy + as)* + (cx +ay+ bz)‘ 

- 8(a® + 5y + cs)(5® + cy + as)(c® + ay + 5s) 

— (a®+5*+c® - 3a5c)(®* + y* + s* - Says). 

If a+5+c—O, prove that 

29. ca-5®— a5-c*-5o-a*— 5c+ca+a5— -4(®*+6®+o*). 

30. 5®+5c+c®— c®+ca+o®— a®+a6+6®— -(5o+ca+a5). 

81. a(c + a)(a + 5) - 5(a + 5)(5 + c) — c(a + cX5 + c) - a5o. 

32. a(5+c)®+5{c+a)®+c(a+5)®— 3a5c. 

38. a(5-c)*+5(o— a)* +c(o- 5)*— 0. 

84. Jr* + F*+^®-3XF^, where J?-aa+ 5y+ os, 

r-5®+cy+as and ^•^ex+ay+bM. 

85. (2a+5+o)*+(a+35+c)*+{a+5+2c)* 

- 8(2a + 5 oXa 25 + cXa + 5 4* 20), 
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36. Prove that (3aj+y+«)®+(a?+3y+j»)®+(aJ+y+30)® 

- 3(3® + y + 0)(5C + 3i^ + 2r)(® + y + S«) - 20(aj* + 1/® + - 3»v«). 

87. If a4-6+c—l, prove that 

(a + hc){b + c) (6 + ca>){c + a).*® (c + a5)(a + 6) (1 “• ci)(l •" 6)(1 *■ o). 
Prove that : 

88. (®+2/)®(i/+«-®X;af+®-y)+(®-|/)*(®+y+£f)(aj+y-jgf) 

- ixyZ^ + (l/® - )(|/^ + 1/®^® + «*) + (2f ® - ® ®)(2f* + £f ®® ® + ®*) 

+ (®® - y ®)(®* + ®®i/® + y*). 

. 89. 2x{y + z-x)+{ 2 +x-y){x + y-z) 

“2i/(5; + ®-2/)+(®+i/-2f)(y + af-®) 

« 25f (® + y - ;») + (l/ + - ®)(5f + ® - y) 

«(l^+.xr-®)(2 + ®-y)+(£? + ®-l/)(® + l/-2j) + (®+l/-2)(y + 0-®). 

40. ®* + i/® + 2;®*a®-3a6 + 3c, 

. when ®+i/ + 2 J**a, + xyz*^c, 

41. + «) + ;2f®(j8f + ®) + ®y(® + 1/) + 3®!/;? “ 4(p® - p^®), 

when ® + |/ + 0“39 and ®® + y* + 0 ®-=g®, 

42. ®^+i/^ + 2;^«7gr*, when ®+i/“ xyz^q, yz + zx+xy^r, 

43. ®^-+i^* + 2 ;*=irg^, when ®®+iy® + ®+l/*13, 0 “ -13. 

44. (® + y + 2f)(y0 + jg® + ®y) - (i/ 4- «)(2? + ®)(® + y) = 120, 

when yz«45, jEr®*»64, ®y*'6. 


CHAPTER XXIII 

THE REMAINDER THEOREM AND DIVISIBILITY 

e 

152. Important Theorem in Division. 

Theolrem 1. If p® ® + g® +r is divided hyx-a until the remainder 
does not contain ®, the remainder will be pa^ +ga+r. 

By actual division, we have 

®-a\p®®+g'®+r/p®+(ap+g) 

/ p®®-ap® \ 

The remainder 
"•a{ap+q)+r"^pa^-^qa-hr. 

Note. Observe that the remainder is of the same form as the dividend uMh a in 
the place of X* 


{ap+q)x+r 

(ap+q')®-a(ap+g) 

a(ap+g')+r 
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Theorem n. Jf px^+qx^'¥TX’¥s is divided hy x-a until the 
remainder does not involve x, the remainder will be pa^ + 9 a*+ra*f 

By actual division, 

x-a\px^ -i-gx* +rx+slpx^ •¥iap+q)x+{pa^ +qa+r) 

fpx^ ^apx^ \ 

iap+q)x^+rx+s 

(ap+q)x^ -a(ap+q)x The remainder required 
(pa* + qa +rja? + 5 +qa*+ra+s. 

(p a^ +qa+r)x- a(pa* +qa+r) 
pa^+qa^+ra + s 

Note. Here also, notice that the remainder is of the same form as the dividend 
with a in the place of x. 

Example 1. Find the remainder independent of® when®* -6®* 
+6®+9 is divided by ®~2. 

By Theorem II, the remainder required 

"the value of ®* -5®* +6®+9, when ®=*2 
«2*-5.2*+6.2+9"8-20+12+9-9. 

Example 2. Find the remainder independent of ® when®* -216 
Is divide^ by ®- 6. " 

The remainder required— the value of ®* -216, when ®— 6 
=6* -216-216-216-0. 

Note. The student is recommended to verify these results hy actual division. 

153. Rational and Integral Expressions. We shall now 
establish a more general theorem known as the Remainder Theorem 

by dividing an expression of the type p®"+q®’*“^+r®’‘“® + + te+tn 

by ®-a, n being a positive integer and p, q, r I, m being constants. 

An algebraic expression of this kind in which every power of ® is a 
positive integer is called a rational and integral expression in ®. * 

Thus, ®®- 3® +13, ®®+p®+r, etc. are each a rational and integral 
expression in ®. 

164. The Remainder Theorem. If any rational and integral 
expression in x is divided hy x-a,the remainder independent of x, is 
obtained by putting a for x in the given expression. 

Let p®"+q®"’*’+r®""* + +te+7» be the rational and integral 

expression. Let Q be the quotient and B, the remainder independent of 
X when the above expression is divided by ®-a. 

Then, since, ( Dividend )-( Divisor ) x ( Quotient )+( Remainder ), 
we have 

pa^+q®"“*^+raf"*+ +te+m— (®-a)0+S {identically )* 
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Since, B does not contain re, it remains the same whatever value 
be given to x. If a is put for x in the above relation, we have 

pa^*+ga’‘“^+ra"“* + + Za+w-fei-a)0'+B, 

( where Q' is the value of Q when a is put for x ) 
-0x0'+B-0+B*j». 

/. The remainder iZ“pa*+ga""^+ra"*® + + lai-m. 

Thus, the remainder is of the same form as the dividend with a in 
the place of x. 

Hence, the theorem is established. 

Cor. If any rational and integral expression in x be divided by 
x+a, the remainder independent of x is obtained by putting --a for x in 
the given expression. 

Since, a;+a«“a;-(-a), the above corollary follows at once from 
the Remainder Theorem. 

Example 1. If aj*-5aj+9 be divided by 05 + 2, find the remainder 
independent of x. 

IVom the corollary, the remainder required** the vabie of the 
expression aj* - 5a; + 9, when - 2 is put for x , 

=(-2)®-5(-2)+9-»4+10+9«23. ^ " 

Example 2. If a;*+pa;+q be divided by ar+o, find the remainder 
independent of x. 

From the corollary above, the remainder required 

=*the value of a5*+pa;+q, when a;** -a 
«(-a)*+p(-a)+q«a®-pa+g. 

Note. The student is advised to verify these results by actual division. 

• Example 3. Find, without actual substitution, the value of 
a5®-19a;®+69a;*-151a;®+229a;® + 166a5+26, when a;«16. 

By the Remainder Theorem, the value of the expression, when 15 
is put for a;, “the remainder on division by a; -15. 

But the given expression 

- a?® - 16a;« - (4a?« - 60a; + (9a;® - 135a;«) 

- (16a;® - 240a;®) - (11a;® - 165a;) + (a; - 15) + 41 

- »“(» - 16) - 4iB*0B - 16) + 9a!®(« - 16) - 16a!*(» - 16) 

, -llir(a!-15)+(®“15)+41. 

Evidently, the remainder on division by 07-16x41. 

Henoe, the value required x4i. 



260 


ALOEBBA KADB EASY 


[OHAE. 


I 


166. Divisibility and Factor Theorem. If any rational and 
integral expression in X vanishes identically when a is substituted for 
Xt the expression is exactl'^ divisible by x-a and contains a? -a as a 
factor. 

Let the given expression bepaj"+g®""^+ra?’*“® + + te+m. 

The remainder on division by 

—the value of the dividend when a is put for x 

[ by the Eemainder Theorem ] 
»pa" + 5o"“^+ra*“* + + Za+w. 

The given expression is exactly divisible by x-a if the remainder 
is zero, i,e,, if pa" + g’a’‘“^+ra“‘® + + Za+m*=0. 

Also, ‘ ,* ( Dividend )«( Divisor ) x ( Quotient )+( Remainder ), we 
have the given expression 

«(a;-a)x Q+(pa**+ga*“^+ra""® + + Za+w) 

[ Q being the quotient ] 

■=(a?-a)0, if pa“+qa"“^ + + Za+m=0 ; 

a: -a is a factor of pa;**+qa;""^ + + Za;+m, 

if pa’*+qa""^+ + Zo+m*=0. 

L 

Thifs, the theorem is established. 

I. 

Cor# aj+o is a factor of + + Za?+w, if 

2 )(-a)"+q(-a)"*^+r(-a)"“® + -- + Z(-a)+m«0. 

Since, ®+a*=aj-(--a), the corollary follows at once. 

Example 1. Show that 3a;®-2a!J®+®-18 is exactly divisible by 
a; -2 and contains x — 2 as a factor. 

The value of 3®® -2a;® + a? -18, when 2 is put for a;, 

-3,2®-2.2®+2-18-24-8+2-18«0. 

Hence, by the above theorem, 3a;® - 2a;® + a; -18 is exactly divisible 
by a; -2 and contains a; -2 as a factor. 

Example 2. Show that 3a;®-2a;*y-13a;y*+10i/® is exactly divi- 
sible by a?-2y. 

Putting 2y for x in the given expression, we have 
3.(2y)® - 2.(2y)®.y - 13.(2y).y ® + lOy® 

- 24y® - 8y ® - 26y® + lOy ® - 0. 

By the above theorem, the given expression is exactly divisible 
by a;-2y and contains a;-2y as a factor. 

Example 3. Find the condition that the rational and integral 
expression aa5*+6a;**^-f ca;**‘®+ +Za;+w may be divisible by a;-l. 
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The value of the given expression, when 1 is put for x 

-a.r+ +0.1“-* + + 

■■a+6+c+ +I+m 

[ since, 1" » 1 x 1 x !• • • to n factors ■* 1 
and similarly 1"-^ — I**-* — • •• — 1 ] 
The given expression is exactly divisible by a;-l, 
ifo+6+c+ + Z+m“0, 

•• 0 ., if the algebraic sum of the co-efficients of the expression be zero. 
Example 4. Prove that aj+3 is a factor of +4a;* +6«+6. 

The value of aj*+4a;*+6a;+6, when a;= - 3 

= (-3)* + 4.(-3)* + 5.(-3)+6- ^27+36-15+6-0. 

Hence, by the corollary of the factor theorem the expression is 
exactly divisible by 2^+3 and contains a; +3 as a factor. 

Examples. If the expression 2 ;* + 32;* + 42;+p contains a? + 6 as a 
factor, £md p. 

05 + 6 — 2 / — ( — 6 ). 

The value of 25® +3aJ* + 4o5+p for 25 - -6 

-(-6)®+3.(-6)*+4.(-6)+p 
- -216+108-24+P-P-132. 

By the above theorem, ( 25 + 6 ) is a factor, if ^-132— 0 ; 

. the required value of p - 132, 

Example 6. Find the condition that a5*+3o5+p and fl5®+42?+q 
may have a common factor. 

Let 25 -a be the common factor. 

Putting a for 25 , the value of 

• 25* + 325+p-a* + 3a+p-0. ... .. ... (1) 

[ since, 25 -a is a factor of 25*+325+p ] 
Similarly, a*+4a+q-0. ... ••• ... ... (2) 

[ since, 25 -a is a factor of 25* + 425+q ] 
From (1) and (2), by subtraction, we have 
(a*+4a+g)-(a®+3a+p)-0, 

or, a+g-p-0, or, a^p-q, [transposing] 

Substituting this value of a in (1), we have 
0-a*+3a+p— (p-q)* + 3(p-q)+p 

-p*-2p^+q*+4p-3^ ; 

/• the required condition isp*-2pq+g*+4p-8g— 0. 
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166- Important Theorems on Divisibility. In Chapter X we 
* have already considered the divisibility of expressions a" + 6* and a** — 6* 
by a+6 and a — 6 in particn^r cases. We propose now to establish the 
propositions generally. 

Theorem 1. The expression a* — 6" is cklways divisible by if 
n is any positive integer^ odd or even. 

Divide a" - 6" by a - b until the remainder is independent of a. Let 
Q be the quotient and R, the remainder. 

Since^ ( Dividend )«( Quotient )x( Divisor )+( Remainder ), 

we have a^--Jf^Qy>(a-b)=*R ( identically ). 

Now, since R is independent of a, it remains the same whatever 
value be given to a. 

Let in the above relation. Then, we have 

b’* - b" - Q' X (6 - b) + jB, [ Q' being the value of Q 

when b is put for a J 
or, 0"Q'xO+R«0+B ; B«0. 

Hence, the remainder being zero, a*-b*i8 exactly divisible by a-b. 

Thus, if the division bo actually performed, wo have 

o”“b’**(a-b)(a"“^+a"’*b+a’**®b* + ab^^^ + b""^). 

Exainple. Bach of the expressions a® -b®, a®-b®, a*-b*, a*-b*, 
etc. is exactly divisible by a-b. 

Theorem n. The expression is exactly divisible by a+b, 

when n is any even positive integer^ hut not if n w odd. 

Divide a^-b^ by a+b till the remainder does not contain a 
Then, if Q be the quotient and R, the remainder, we have 

« g X (a + b) + B ( identically ). 

Since, R does not contain a, it remains the same whatever value 
be given to a. Putting -b for a in the above identity, wo have 

{-bY-h^^Qf x(-b + b)+i?, [ Q' being the value of 

when-b is put for a 

“Q'xO+B“B ; 

when n is even, (-b)""b"— b"-b***0 ; 
when n is odd, (-b)"-b**« -b^-b**— -2b’‘ ; 

JB«0, when n is even ; 

but, since 22-" -2b”, when n is odd, the remainder is not zero, when n is 
an odd integer. 

Hence, a”-b” is exactly divisible by a+b, when n is even, but not 
if n is odd. 

Thus, by actual division, we have 

— ..•.•+ah"-* — 6"-^), when n is even. 
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Example. Each of the expressions a® — ft®, a* — 6^, a® - 6®, etc. is 
exactly divisible by a + ft ; but a®-fc®, a® -6®, etc. are noi 

exactly divisible by a + fe. 

Theorem m. The expression is exactly divisible by a +6, 

if n is odd, but not if n he even. 

Divide a" +5" by a + 6 till the remainder does not contain a. Let 
Q be the quotient and B, the remainder. Then, 

a" + 5" = 0 X (a + 5) + E ( identically ). 

^ Since, B does not contain a, it remains the same whatever value 
be given to a. Let a**** - 5 in the above identity. Then, we have 

(-fe)*+5"«g'x(-5+5)+E-0'xO+B«E, 
when n is odd, (-5)*+5*«- -6"+5“-=0. 

But, when n is even, ( - 5)" + 5" - 5“ + 5" - 25*, which is, therefore, 
not zero. 

Bence, E-0, if n is odd, but not if n is even. 

a" + 5" is exactly divisible by a + 6, whenw is odd, but not 
when n is even. 

Thus, by actual division, we have 

a*+ 6*^-1 (a + • - a6""* + 
when n is odd, * # 

Example, a® + 6® , a® + ft® , + b^ are all exactly divisible by a+ 6, 

while a® + 6®, a® + 5®, a® + 6® are not so. 

Theorem IV. The expression a" +6" is never divisible by a -6, 
whether n is even or odd. 

Divide a** + 5" by o — b till the remainder does not contain a. 
Let Q be the quotient and B, the remainder. Then, 

a’‘+5’*-gx(a-5)+E {identically). 

Since, B does not contain a, it remains the same whatever value 
be*given to a. Put b for a in the above identity and we have 
5*‘+6”-Q'x(5-6)+E«Q'xO+B-B, or, B«26^ 

Since, B does not vanish for any value of n, a** +5” is never 
divisible by a-- 5. 

Example. Thus, a® + 5*, a® + 5®, a® + i®, etc. are never divisible 
bya-i. 

Example 1. Show that 3®" -4®* is divisible by 17, if n is any 
positive integer. 

The expression 3®*-4®®«(3®)*-(4®r-(81)»-(64)” ; 

.*. by Theorem I, Art. 156, the given expression is divisible by 
81-64, i.e., 17. 
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Example 2« Show that the last two digits of 2^”— 6*” areO’Si 
n being any even positive integer. ' 

The given expression =-^(2®)*- (6®)* -(64)" -(36)". 

Since, n is even, the given expression is exactly divisible by 64+36, 

by 100. [ Theorem II, Art. 156 ] 

Hence, 1(X) being a factor of the given expression, the last two 
digits must be O’s. 

Example 3. Show that 

(aj® + 3a£B® + Sa^x + a®)***+^ + (a:® - 3aa;® + 3a*a; - 
contains 2a; as a factor, m being a positive integer. 

The given expression - {(a; + a)®}®”^^ + {(a; - o)®J®*"+^ 

- (a; + a)»(®«+i) + (a; - a)®^®“+^>. 

Since, 3(2m + l) is an odd positive integer, the given expression is 
exactly divisible by (a;+o) + (a;-a), i.e,, 2x. [ Theorem III ] 

Example 4. Show that (5-c)®“+^ + (c-a)®’*+^ + (a-6)®"+^ indivi- 
sible by (b - c)(c - a)(a - 6), n being any positive integer. . 

The given expression is a rational and integral expression in 
a, b and c. 

If we substitute o for b in the expression, we have the expression 

^ - (c, - c)^n+l + ^ ^)2n+l + ^ ^)2n+l 

' - (0)®"+^ + (c - a)®»+^ + { - (c - a)l®"+^ 

«0 + (c - a)®"+^ - (c - 

Now, {-(o-o)}®”'*'f 

-{-lx(c7a)}®"+^ 

-"j-lx(c-a)}x{-lx(c-a)}x— to (2n+l) factors 

-■(-l)x(-l)x(-l) to (2n+l) factors 

x(c-a)x(c-a)x(c-a)**- to (2n + l) factors 

--lx(c-a)®“+^--{c-a)®"+^ ; 

.* . the expression 0 ; 

by Art. 166, the given expression is divisible by 6-o. 

Similarly, putting a for o, in the given expression, it may be shown 
that the expression is divisible b^ c- a ; and putting b for a, it may be 
shown that the given expression is divisible by a -6. 

Hence, the given expression is divisible by the product 
(6-c)(c-aXa-6). 

Example 6. If n be any positive integer, show that 
(a6)"-(6e)"+(ci)"‘-({ia)" is divisible by ab^bc+cd-da. 

[ LI. LI. 1873 ] 

Evidently, oft - 6c + ed - da Mg - c) + d(o - a) ■■ (c - aXd - 5). 
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Now, if we put a foro in the given expression, we have the 
expression - {abY (baY + {odY - (daY 

-(a6)"-(a6)"+(a(fr-(ad)*-0 ; 

/. by Art. 165, the given expression is exactly divisible by c-a. 

Similarly, putting b for d in the expression, it may be shown that 
the expression is divisible by d - 6. 

The expression is divisible by the product of c-a and d-5, 
by (c-aXd-6), i.e., by ab-bc+cd-da* 

Example 6. Show that + l is exactly divisible by 

(« - 1)®, when n is any positive integer. 

The given expression — 05"+^ -x'^-x + l^ x^{x - 1) - (x - 1) 

Thus, 05 - 1 is a factor of the given expression. 

Since, by Theorem I, Art. 166, a?"-! is exactly divisible by a;-l. 

. The given expression is divisible by (a: - 1) x (a; - 1), t.e., (a; - 1)*. 

Example 7. Find the continued product of 
(a; + aXaj* + a®X®* + u^X®® + 

Let A denote the continued product required. 

Then, A — (aj + aX®* +a®X®^ +^®). 

Multiplying both the sides by a? -a, we have 
{x - 6) A - {(a; - aXa? + a)Ka?* + a®X®* + a*X® ® + <»®) 

-{(a;® - a^X®* + a*)K«^ + a*X®® + a®) 

-Ka?*"a^Xa:^ + a*)Ka:®+a®) 

-(a?®-a®X®®+a®)-aj^®^a^® ; 

. A^- — =a5^*+a;^*a+a?^®a* + +a;a^^+a^®. 

aj — a 

Example 8. If a; + a bo the H. 0. F. of a?® +pa? + g and a:® +p'a? + g', 
show that a— S* 

p-p 

Since, 05+ a is the H. 0. F. of the two expressions a;®+pa;+g and 
®*+p'aj + g, these expressions must be exactly divisible by a5+a. 

By the Divisibility Theorem, we have 
(-a)®+p(-a)+g«0, a®-pa+g"0, 

and (-a)®+p'(-a)+g'—0, i.e., a®-p'a+g'—0. 

By subtraction, (a*-p'a+gO-(a*-pa+g)—0, 
or, oCp-pO+g -g-0. 

Transposing, a(p-p')-g-g' ; /• 
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EXERCISE 82 

Find the remainder, without actual division, when 

1. sB* + 2®*+3®*+4aj + 5 is divided by »-8. 

2. Sir® + 5®^ + 11 is divided by aj + 1. 

8. Saj® + 7aj* + llaj + 2 is divided by 3a? - 1. 

4. 4a;®+5£c*+9aj+7 is divided by 2a;+3. 

5. aaj® + 6aj®+ca;+(i is divided by aa^+h. 

In the following examples, show that the first expression is 
divisible by the second : 

6. 6aj® +13a;^ + 17a/+6 by 2aJ4‘l. 

7. flpa5® + (2p + ag)a;® + {2g+ar)aj+2r by fla?+2. 

8. 6aj^ + 13a;®!/ + 18a;®y® + 23a;^® + 10^* by 3a;+ 22/. 

9. a®^ + b®*' by a+b. 10. 64a;® -7292/® by 2fl?+3i/. 

11. a;®*-2/®“ by a; + 2/ ( n being a positive integer ). 

12 . by a;®2/®(a;-2/). 

18. (3a+2b)**‘+^ + b®"+^ by a+b ( n being any positive integer ). 

14. a;**+^-aa;®**-a;a®"+a®**+^ by (a; -a)®. 

15. 64+32a;+l^®+a;® by a;®+4a;+4. 

16. Find the condition that + 9a;* - 7a5® + lloa; + 5a? may contain 

a;+l as a factor. 

17. For what values of a will 3a5®+9a:*-7a;®-5a;®-4aaj+3fli® 
contain a;-l aaa factor ? 

I 

18. What must be the form of m in order that a* -a;" may ha\e 
both a"+a;* and a* -a;* for divisors, n being any positive integer ? 

[M.M.1875] 

10. If n be any positive integer, show that 

(a;® + 7a; + 6)* - (2+ a;)®", is divisible by 3a? + 2. 

20. Show that the quotient of 3a;® +a?®- 11a; + 7 when divided by 
X - 1 is exactly divisible by ® “ 1* 

Show that each of the following expressions is exactly divisible by 

to-iXi-cXc-a): 

21. <»‘6*(a-6)+6*o*(6-c)+o*a*(<5-a). 

22. a*6*(a - 6) + 6*c*(6 - o) + c*o*(c - a). 

23. o*(6-c)*+6*(o-a)®+o*(o-6)*. 24. (a-6)»+(6-c)»+(c-a)». 

26. a’6^(o-6)»*+6"<}’(6-c)*»+cV(c-a)«». ^ 

26. Show, by the principle of divisibilty that (a-i-6+0X<>&+^+ca) 
-die contains the factors 6+c, c+a and a-¥b. 
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27. Show that {ax + by){bx + cy)icx + ay) ~ {ay + bx){by + cx){cy + ax) 

contains the factors x-y, a^b^ b~-c and c-a, [M. U. 1874] 

28. Show that a"(5“C) + 6”(c-a)+c”(a-6) contains each of the 

factors a-b,b-c and c-a. * [P. U. 1916] 

29. Eesolve a®C6^-c^) + 5®(c*— a®) +c^(a“- 5®) into factors by the 
principle of divisibility. 

SO. Show that a*‘{b^ -c^)‘^b^{c^ -a^)+c\a‘^ -b'-^) is divisible by 
(5 + c)(o + a){a + b){a - h{b - c)(c - a), 

31. Show that the last digit in (41)“ - 1, where n is any positive 
integer, is zero. 

32. Show that 7®™-l, whore wis any positive integer, is divisible 
by each of the factors 2, 3, 4, 6, 8, 12, 16, 24 and 48. 

33. Show that 17® + 13^ - 6® + 2^ is divisible by 3. 

34. Show that as® - as - 6 and - 11® 4- 14 contain a common factor 
of the form ®-w. 

35. Show that the expression t81)”*.(121)”‘ - 1, whore m is any 
positive integer, is divisible by 100. 

36. Find the continued product of (1 + ®)(1+®®)(1+®*)(1+®®)(1 + ®^®). 

37. Show that 13“ « 12(13"“^ + 13“'® + + 1) + 1. n being any 

positive integer. • ^ 

38. Find the continued product of 11 x 101 x 10001. • 

39. Show that ®" - n® + w - 1 is exactly divisible by (® - 1)® . 

40. Show that a^{a - 1) + 6'“(6 - 1) is not divisible by a + 6, m being 

any positive integer. • 

Write down the quotients in the following divisions : 

41. ®® + y®by®+i/. 42. x^-y^hyx+y. 43. x'^ -y’* hy x~y. 

44. by ®® + 2 /®. 45. by ®-i/. 

46. If® + 3b6the H. G. F. of a®® + 5® + 2p and a®® + 3®+p + 6, 
find p and a. 

47. If ® -5 be the H. 0. F. of 6®®-p® + 5 and ft®®— 2®-2p, prove 
thatp-5 and 5*^. 

48. If®-abe thoH. C. F. of q®® + 2®+p and g®®+®+r, prove 
that a“r-p and q(r-p)® + 2r-p=0. 

49. Find, without actual substitution, the value of ®®- 3®® + 5®^ 
-15®® + 13®® -39®® + 7®® -21®® + 17® -61, when ®«3. 

50. What is the value of 32®® - 48®® + 40®® - 60®® + 26® - 38, when 

®-r6? 


1-17 



OHAPTEB XXIV 
HARDER H. C. F. AND L. C. M. 

157. In Chapters XIV and XV we have explained the methods 
of finding the H. 0. F. and the L. G. M. of compound expressions, whose 
factors can be determined easily. We shall now proceed to consider 
more difficult cases. 

1. Harder Highest Common Factors 

158. If the H. G. F. of two or more compound expressions be a 
compound expression, it cannot generally bo found by inspection. In 
such cases the following methods should be adopted. 

159. The ordinary method of finding the H. C. F. of two 
multinomial expressions which have no monomial factors. 

Rule. Arrange the two expressiofis according to descending powers 
of some common letter ; divide the expression which is of higher degree^ 
in that letter by the other, or if they he of the same degree, either of them 
by the other ; if there be any remainder, take it for a new divisor and 
the preceding divisor. for the dividend, and continue the process till there 
is no rerhainder. The last divisor will he the H. G. F, required. Of any 
divisor and the corresponding dividend either may be multiplied or 
divided by any number which is not a factor of the other. 

This rule may be^^roved as follows : 

Let A and B stand for two such expressions both arranged accord- 
ing to descending powers of some common letter'*' and let the index of 
the highest power of that letter in A be not less than the index of the 
highest power of that letter in B. 

Divide A by B, and let Q be the quotient and G, the remainder. 

Then, we must have G^A-BQ, ••• ••• (1) 

or. A-J3Q+C. ••• ••• (2) 

From U)t it is clear that every common factor of A and B is a 
factor of G [ for if A^pa and B=p6, we have 0«p(a- 60) ]. Hence, 
if M denote the H. G. F. of A and B, H also is a factor of G, and is, 
therefore, a common factor of B and G. 

It is clear, therefore, that the H. G. F. of B and G is either H or 
an expression of higher dimensions than H. • • • • • • (a) 

Now, from (2), it is evident that every common factor of B and G is 
a factor of A, and is, therefore, a common factor of B and A. Hence, 

*The letter is called the letter of reference. 
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the H. G. F. ofB and G also is a common factor oi B and and 
therefore, cannot be of higher dimensions than H. 

Hence, from (a), the H. G. F. of B and C^is H. 

Thus, the H. G. F. of B and G is the H. G. F. required. 

Similarly, if be divided by G, and D be the new remainder, the 
H. G. F. of G and D is the same as the H. G. F. of B and G, and is, 
therefore, the H. G. F. required. 

Now, divide C by D, and let there be no remainder. Then D is 
the H. G. F. of G and D and is, therefore, the H. G. F. required. 

Cor. /. As the H. G. F. of any divisor and the corresponding 
dividend is the H. G. F. required, it is clear that, for the sake of con- 
venience, either of them may be multiplied or divided by any«mono- 
mial expression which is not a factor of the other. [See Note 8, Art. 100.] 

Con 2. In dividing by B if we stop before the complete* 
quotient is obtained so that q is the partial quotient and C' the corres- 
ponding remainder, then the H. G. F. of B and G just as the H. G. F. 
of B and 0 is the H. C. F. required. Hence, by Cor. 1, in dividing C' 
by B (or if convenient. B by G' when C' is not of higher degree than B) 
we can multiply or divide either of them, if necessary, by any monomial 
expression which is not a factor of the other. 

The following examples will illustrate the process : 

Example !• Find the H. 0, F. of and 

- 17a; - 12. , 

The H. 0. F. required is evidently the H. C. F. of 3a;® -7a;® -ISa; 
-8 and 3(2a;®-3a;®-l7a;-12) [Oor. 1]. Let us, therefore, multiply the 
2nd expression by 3 and divide the product by the 1st ; 

2a;® -3a;® -17a; -12 
3 

3a;® - 7a;® - 18a; - 8\6a;® - 9a;® - 6ia? - 36/2 
/6a;® -14a; ®- 3 6a; -1 6\ 

605® - 15a; 

Hence, the H. C. F. required is the H. 0. F. of 3 j 5® -7a;®-18a;-8 
and 5a;® -15a;-20=5(a;®-3a;-4), and is, therefore, the H. G. F. of 
3a;® - 7a;® - 18a; - 8 and a;® - 3x - 4, [ Cor, 1 ] 

We must proceed then as follows : 

5)5a;®-1 5a;-20 

a;® - 3a; - 4\3a;® - 7a;® - 18a; - 8/3a; + 2 
/3a;® -9a;® -12a; \ 

6a5-8 
2a;® - 6a;- 8 

Hence, the H. 0. F. required —a;* -3a; -4. 

*The quotient obtained is said to be complete when the remainder is of lower 
degree in the letter of reference than the divisor. 
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’ Example 2. Find the H. C. F. of 

22a;» 78a;® - 16a;^ and 2a;® - 78a;^ - iix. 

The 1st expression *»2a;®(lla;^-39a;“~ 8). 

The 2nd expression = 2a:(x* - 39a; - 22). 

Hence, by Note 7, Art. 100, the H. C. F. required " 

-= ( the H. C. F. of and 2x ) x ( the H. C. F. of 
llx^ - 39x® - 8 and a;* - 39a; - 22 ) 

= 2a;xX. putting Xfor tJie H. 0. F. of the multinomials 
Now,' let us find X, as in the last example : 

•x*-39a;-22\llx^- S9a;®- 8/11 
jllx^-mx -242\ 

-3)- 3yx“+ 429a; + 234 
13) 13r^-143a*- 78 
a;®“ iia;- 6 

a;®-lla;-6\a;^“39a; -22 (x 
/a;^-lla;^- 6a;\ 
li)iix^-33x-22 
a; " - 3x- 2 

»^-3a;-2\a;®-lla; -6 /a; + 3 
• /x®- 3x*-2x\ 

3i^-9x-6 

3a;2-9x-6 

Thus, X«x*-ar-2. 

Hence, the H. C. F. required «2xlx*-3x- 2). 

Example 3. Find the H. 0. F. of 12a;*a®+54.r®a» + 6a;'*a* -72xa® 
and 8x®a + + 160a;*a® + 180x®a* + 72x^a® . 

The 1st expression =6a;a®(2a;® + 9x^a + xa^- 12a®). 

The 2nd expression = 4x®a(2x^ + 15x®a + 40x®a® + 45xa® + 18a*). 
Hence, if X denote the H. 0. F. of the multinomial factors of the 
given expressions, wo must have the required H. 0. F. *( the H. C. F*. 
of (ka* and 4x^a ) x 2xa x X, 

Now, to find X. 

2x® + 9x*a + xa^ - 12a*\2x* + 16x®a + 40x®a* + 45xa® + IQa^lx 

/2x*+ 9x®a+ £C®a® -32 a;a® \ 

3a)Ba;®a + 39x*a“ + 57xa® + 18a* 

2a;® + 13x^fl +19xa®"+ 6a® 

Hence, X is the H. 0, F. of 2a;®+9x®a+xa“- 12a® and 2x® +13x®a 
+ 19xa® + 6a®, and as they are both of the same degree we can divide 
either of them by the other. 
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2aj® + 9x®a+a;a^ ~ 12a*\2a;® + ISx^a + ldxa^ + Ba^ll 
)2x^ + 9x^a + x a^- 12<z® \ 

+ 18:ra‘i + 18a** 

2x.® + 9xa + 9a^ 

■^9xa + da^\2x'^ +9x^a+ xa^-12a^/x 

l2x^ +9x^a+9xa^ \ 

-4a‘^)-8a;a3-12a'* 

2aj + 3a 

2.t; + 3a\2a;® + 9ira + 9a® lx + 3a 

/2r® + 3®a \ 

6a;a + 9a® 

6a;a + 9a® 


Thus, -X’=2a; + 3a. 

Hence, the H. C. E. required = 2ra(2JC + 3a). 

Example 4. Find the H. C. E. of 
4a;* + 11a;® + 27a;® + 17a; + 5 and 6a;* + 14a;® + 36a;® + 14x + 10. 

The second expression = 2(3a;* + 7x® + 18x® + 7x + 5), but 2 is not a 
factor of the 1st expression. Hence, the H. C. E.* required js the 
H, 0. E. of the Ist expression and 3a;*+7a;® + 18a;® + 7a; + 5. 

^ 4a;* + 11a;® + 27a;® + 17a; + 5 

_ - 

Sa;* + 7a;® + 18a;® + 7a; + 5\ 12a!* + '33 a;® + 81a;® + 61a; + i5f 4 
)l2a;* + 28a;® + 72a; ® + 28a; + 20\ 

6a;®4- 9a;® + 23® - 5 

3a;* + 7a;® + 18a;® + 7a; + 5 
5 

5a;® + 9x® + 23a; - 6\ 15a;* + 35a;® + 9da;® + 35a; +'25/3a; 

;i5x* + 27a;® + 69j;®-15x _\ 

8a;®+21a;® + 5da; + 25 
5 

40a;® + id5a;® + 2^a;"+ 125/8 
40a;® + 72a;® + 184®- 40\ 

33 )33x®+ 6ar + ip 
a;®+ 2a; + 6 

a;® + 2a; + 5\6a;*+ 9a;® + 23a;-5/5a;-l 
/6a;® + 10a;® + 25a; \ 

-a;®- 2a;-6 
-a;®- 2a;-5 

Thus, the required H. 0. E,«a;® + 2a;+5. 
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Example 5. Find the H. C. F. of 

4®* - 16®“ + 108 and 6®* - 14®“ - 40®“ + 36. 

The first expression “4(®“ -4®* +27). 

The second expression “2(3®“ — 7®“ -20®“ +18). 

Hence, if X denote the H. C. F. of the multinomial factors of the 
given expressions, the H. 0. F. required “2X. 

Let us then find X. 

a;*-4®“ + 27\3®*- 7®“-20®* + 18/3® + 12 
/3®*-12®*+81® \ 

12®*-"?®“ -20®“ -81®+ 18 
12®* -48^“ +324 

41®"'- 20®“ -81® -306 
®*-4®®+27 
41__ 

41®“ - 20®“ - 81® - 306141®* - 164®“ + 1107 lx 

20®“-81®“^306®\ 

-9) - 14^“ + 81®“ + 30to + 1107 
'i6®“- 9®“- 34®- 123 
41 _ 

6'56®“ - 369®“'^" 1394® - 6043/16 
656®“ - 320®“ - 1296® - 48961 
-49)- ■ 49®“- ‘ 98®- 147 
®*+ ^+ '3 

®“+2®+3\41®“- 20®“- 81® -306/ 41® -102 
/41®*+JB%!» + 123®_ \ 

■ -102®“ -204® -306 
-10Ste“- 20^-306 

Hence, the H. 0. F. required “2(®* + 2® +3). 

EXERCISE 83 

Find the H. C. F. of : 

1. 2®“+6®-3 and 2®“ + 3®“-32® + 15. 

2. 3®*+16®-12 and 3®* + 4®“-28® + 16. 

8. 2®* - 3a® - 20a® and 2®“ + 3a®“ — 45a*® — l(X)a“. 

4. 3®* + 7®“— 14®* — 24® and 6®* — 10®“ — 24®*. 

J6. 6o*-lla“-8a+2and 3a“ + 20a*+23a-10. 

6. 6a“ - 25a* J + 3^6* - 125“ and 4a“ + 12a*5 -lab*- 306“. 
3®“+6®*+5®+2 and 2®“+5®*+5®+3. 

8. 4®“ - lx*y + Ixy* - 3p* and 3®“ - lx*y + Ixy* - 4p“. 

9. 6®*+7®“+5®*+2® and 4®*- 18®*— 8®“ — 10®“. 

10. 3®* + 10*“+7®*+4®+l and 2®“+3®*-7®-3. 
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11. 4a;® + 18a;® -8® -3 and 3a;^ + 13a;® + 9a;®+9a;+2. 

12. 12a® + lla®a;+6aa;®+a;® and'21a® + 17a®a;+9aa;®+a;®. 

18. 36a® + 31a®a; + 13aa;® + 2a;® and 66a® + 64a®a; + 22aa;® + 3a;®. 

14. 70a;® - 9aa;® + lla®a; + 6a® and 91a;® - 26aa;® + 20a®a; + 4a®. 

15. 76a;® - 36a;® + 24a; + 4 and 86a;®- 36a;® + 26a; +6. 

16. 36®® - 34® ® + 3® + 2 and 49®® - 49® ® + 6® + 3. 

17. 4®® + 2a®® + 14a®®* + 10a®®® + 24a^®® and 

6®® + 21a®® + 30a®®* + 24a®®®. 

18. 4a* + 32a® + 72a® + 44a + 8 and 6a* + 64a® + 138a® + 78a + 12. 

19. 2®* - 19®® + 21® - 6 and 6®* + 21®* + 3® — 6. 

. 2)9. 12®* - 30® ® + 126® + 90 and 16®* - 26®® + 146® - 76. 

21. 18®* + 117®® + 162®® + 72® + 9 and 12®* + 68®® + 72®® + 108® + 20. 

22. ®® -6®® +6® +12 and ®*-8®® -24®-32. 

23. ®* + 6® ® + 3®® - 14® - 40 and ® ® - 4®® + 46® + 76. 

24. 4®® - 8®®a® + 28®®a® - 24®a* + 24a® and 

6®* + 24®®a - 12®®a® - 24®a® + 96a*. 

25. 9®**- 18®®!/ “ 13®®!/® “ 38®y® - 12^/* and 

6®* +4®*!/ + 5®®i/® + 4®®!/® +8i/®. 

26. 2®® -11®® -9 and 4®® + 11®* +81. 

27. 32a* + 104:a®-20a®-122a+30 and 60a® + 10a* -46a®. + 45a® - 60a. 

28. ®® + 2®*-6®®-7® + 3 and 3®® -3®* -18®®+®® + 2® +3. 

160. In some cases the H. C. F. may be found more easily 
by the application of the following principles! 

If A and B denote two expressions having no monomial factors ^ and 
if m^n.p^qhe any four numerical quantities such that mq-np is not 
equal to zero, then the H, G, F, of A and B is the same as the 
H.» G. F. of mA+nB and p A ^-qB, numerical common factors, if any, 
being left out. This may be proved as follows : 

Lot H denote the H. C. E. of A and B, and W the H. G. F. of 
mA + nB and pA+qB, after removal from them of any numerical 
common factors that may occur. 

Now, since every common factor of A and B is a factor of mA+nB 
and also of pi4+gB, therefore, H is a common factor of mil +njB and 
pA+qB. Hence, H'; is either equal to H or is an expression of higher 
dimensions than H. ••• ••• ••• ••• (a) 

Again , since q{mA + nB) - n{pA + qB) = (mq - np)A , 
and m(pi4 + qB) -p{mA + nB) « {mq - np)B, 

it is clear that every common factor of mA + nB and pA + qB is a factor 
oi(mq-np)A, and also of (mq-np)B. Hence, as mq-np is only a 
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Dumerical quantitv, every common factor of those expressions other than 
numerical must be a factor of A as well as of B, Hence, H' is a 
common factor of A and B and therefore, cannot be of higher dinxensions 
than H, 

Hence, by fa), which proves the proposition. 

Con 1 . The H. C. F. of A and B is the same as the H. 0. F. of 
A +B and A -B- Here m = l, p=*l and 7 — - 1 . 

Cor. 2. The H. C. F. of A and B is the same as the H. C. F. of 
A±B and B : here n=±l. p = 0 and^ = l. Similarly, it is the 

same as the H. C. F. of ^ ±B and A. 

Example 1. Find the H. C. F. of 

a;*+a;®-5fl;®-3.r + 2 and +x^ + Sx-2. 

Let A^x^+x^ 

and B«a;* -3aj® + a;® + 3 . 0 ;— 2. 

Then, A + B^ 2a;^ - 2a;® - 4a;® * 2a;®(a;® - a; - 2), 
and ^-B-4a;®-6a;®-6a;+4=2(2a;®-3a;®-3;r + 2). 

Hence, by Cor. 1, fhe required H. 0. F. is the H. 0. F. of 
a*®fa;®-a5-2) and 2a;® -3a;® -3a; + 2, and therefore, of a;* -a; -2 and 
2®* -3a;® -3a; +2. 

Lot i4'«o;®-®-2, 

and B' = 2a;® - 3® ® - 3® + 2. 

Then, i4'+B'=2®®-2®® -4®«2®(®® -®-2). 

Hence, the required H. C. F. 

= theH.C. F. oE.4'and.^' + B' [Oor. 2] 
=®®-®-2. 

Example 2. Find the H. C. F. of 

4®^ + 11®® + 27®® + 17® + 5 and 3®* + 7®® + 18®® + 7® + 5. 

Let ^ « 4®^ + 11® ® + 27® ® + 17® + 5, 

and B*=3®* + 7®® + 18®®+7®+5. 

Then. i4-B-»®* + 4®® + 9®® + 10® = ®(® ® + 4® ® + 9® + 10), 
and 3^ - 4B = 5®® +9®® + 23® - 5. 

Hence, the H. C. F. of ®® +4®®+9® + 10 and 

5®® + 9®® + 23®— 6 is the H. 0. F. required. 

Let i'-®®+4a;®+9® + 10, 

and ^ B'* 5®® + 9®® + 23® -5. 

Then , A' + 2B' « 11®® + 22®® + 55® =- 11®(® ® + 2® + 5), 
and 5A^ - B' -= 11®® + 22® + 56 « 11(® ® + 2® + 5). 

Hence, the H. 0. F. required is the H. C. F. of ®(®® + 2® + 6) and 
a;® +2® +6, and is, therefore =®® + 2® +5. 
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Example 3. Find the H. G. F. of 

2®*-ll®®-9 and 4®'’+ll®*+81. [0. U. 1866] 

Let i4-4®* + ll®*+81, 

and B = 2a!«-ll®®-9. 

Then. A-W = H®* + 22®“ + 99 = 11(®^ + 2®“ +9), 

and A +9I1=22®® + 11®*-99®“ = 11®®{2®®+®*— 9). 

Hence, the required H. C. F. is the same as the H. 0. F. of 
®*+2®*+9 and ®®(2®“+®“-9), and, therefore, of ®*+2®®+9 and 
^*+®“- 9 . 


Let 4'“®* +2®* +9, 

and B’“2®®+®“-9, 

Then, yl'+B'— ®* + 2 ®®+ 3 ®“*=®“(®® + 2r+3). 
Hence, the H. C. F. of 

and ^3(-C'\ay)l 

Now, since B'+ 3 C'*= 2 ii 5 ®+ 4 i»® + 60 ; 

=2a:(a;® + 2x + 3) ; 

theH. C. F. reqd.^the H. C. P. of C' and B' + 3C' 
*=a:* + 2ir4-3. 


EXERCISE 84 


Find the H, C. F. of : 

1. a;®-3a:*-4a; + 12and;K3-7aj‘-' + 16a;-12. ^ 

2. 2jj» - 17a; + 12 and 4a;^ - 2a;» - 34a;^ + 41a; - 12. 

3. 4a;® + 13a;* + 19a; + 4 and 2a;® + 5a;* + 5a; - 4. 

' 4. 3a;® - 5a;* + 7 and 6a;^ - 7a;® - 5a;* + 14a; + 7. 

5* 6a;*-lla;® + 16a;* -22a; + 8 and Gic^-lla;® -8a;* + 22a;-8. 

‘6. 2a;^ + 19j;® + 20a;* -31a; + 3 and 2a;* + 7a;®-64af* + 62a;-16. 

7. 3a;* - 7a;® - 27a;* - 6a; + 2 and 3a;* - 13x’® - 40a;* - 9a; + 3. 

8. 5a;* - 18a;® - 7a;® + 12a; + 3 and 5a;* - 23a;® - 9a;* + 16x + 4. 

9. 2a;* - 5a;® - 17a;* - 2a; + 2 and 6a;® + 23a;* + 34a;® + 21a;* - 2a; - 2 

10. 6a;® + 9a;* - 13a;®- 4a;* + 9a; -3 and9a;® + 12a;*-18a;®“5a;*+12.r- 4. 

11. a;® -a;® +8 and a;® -a;* +4. 

12. 3a;® + 139a;* - 44 and 39a;® + 139a;* - 16. 
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161. The H. C. F. of three or more expressions, whose 
factors cannot be easily found. 

Let A, B, G stand for any three expressions of which the H. C. F. 
is to be found. 

Let O denote the H. C. F. of A and B, and JS that of O and C. 

Then O being the product of all the elementary common factors of 
A and B, every factor of G is a common factor of A and B, and therefore^ 
every common factor of O and 0 is a common factor of ^4 , J5 and G. 

Hence, H also is a common factor oi A, B and 0. Therefore, the 
H. C. F. required is either H or an expression of higher dimensions 
than H. ••• ••• ••• ••• ••• {p) 

But, since every common factor of A and B is a factor of O, tvery 
common factor oi A, B and C is a common factor of O and 0. Hence, 
the H. C. F. required is a common factor of O and C, and therefore, 
cannot be of higher dimensions than H. 

Hence, by (P), the H. C. F. required «£r. 

By a similar reasoning it follows that if 2) be a fourth expression, 
then the H. 0. F. of H and D is the H. G. F. of A^ B, C and D. 

Thus, we have the following rule : 

Tojind the n,0, F, of any number of expressions A^B^G^ D, rfc. 
first find thfi H. 0. F. of A and B, then the H. G. F. of this result and G, 
and so on ; the result obtained last of all is the H. G, F, required. 

Example. Find the H. C. F, of 2®* - 7®® - 17®® + 68® - 24, 

3®^ + 14®* - 11® ® - 70® + 24 and 5®* + 9®® - 47® ® - 81® + 18. 

Let us first find the H. C. F. of the first two expressions. 

Put A * 2®* - 7®® - 17®® + 68® - 24, 

and B 3®* + 14®® - 11®® - 70® + 24. 

Then, -4+B-=5®* + 7®®-28®®-12® 

»= ®(5®® + 7® ® - 28® - 12), 
and - 3il + 2B « 49®® + 29®® - 314® + 120. 

Hence, the H. 0. F. of A and B is the H. C. of 6®® +7®® -28® 
— 12 and 49®® + 29®® — 314® + 120. 

Let - 5®® + 7®® - 28® - 12, 

and B' - 49®® + 29® ® - 314® + 120. 

Then. 104' + S' - 99®® + 99® ® - 694® 

*99®(®®+®-6). 

Hence, the H. C. F. of A and B is the same as the H. C. F. of 
5®® + 7®®-28®-12(-4’) 1 

and ®®+®-6(«C' say). * 
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Now, i4^-20'“6a!*+6a!*-30®-6!r(«*+«-6) ; 

the H. 0. F. of A and B-the H. 0-F. of O' and 4' -20' 
■■ir*+a!-6. 

Hence, the H. 0. F. required is the H. 0. F. of a!*+a!-6and 
fkc* + 9®* - 47®“ - 81® + 18, which can he found as follows : 


®* + ® - 6\5®* + 9®“ - 47®“ - 81® + 18/6®“ + 4® 

|5z *+5 ®“ - 30®“ \ 

4®“ — 17®“ - 81® + 18 
4®“+ 4®* -24® 


-3)-2i®“-57®+18 
7®“ + 19®- 6/7 
7®“+_^j-42l 
12)12® + 36 
®+ 3 


®+3\®“+ ®-6/*-2 
/®“+3® \ 

- 2® -6 
— 2®-6 


Thus, the required H. C. F.=®+3. 


EXERCISE 85 


Find the H. G. F. of ; 

1. 2®* + 7®“ - 6® - 4, ®* + 8®“ + 11® - 20 and 2®“ + 19®“ + 49® + 20. 

2. 2®* + 3®“ + 8®“ + 15® - 10, 2®* - 5®* + 12®,* - 25® + 10 

and 2®* -5®“ + 10®“ -20® +8. 

3. 2®* + 7®“- 19®“ -14® +30, 2®* + 5®* -16®* -10® +24 

and 2®* + 5®“-10®“+5®-12^ 

4. 2®*-4®“-69®“-2®-35.2®*-6®“-55®“-3®-28 

and 2®* + 18®* + 41®“ + 9a + 20i 

6.' 3o* + 28a“6+52a6“-48ft*, 3o“+4a“6-28a6“+166“ 

and 3a* + 10a“6 - 44a6“ + 246*. 

6. 6a* + 5a“6-34a6“ + 166*, 6a®-37a*6+67a6“-206* 

and 3a* - 8o“6 - 31a6“ + 606*.- 

7. 3®* + 11®* - 32®“ - 44® + 80, 3®* - ®* - 52®“ + 124® - 80, 

3®*+2®*-20®“-8®+32 and 3®* + 2®* -83®“ -60® +200- 

8. 6®* + 14® * - 58®* - 37®“ + 66® + 24, 6®* - 28®* + 17®* + 64®“ 

— 39®— 18, 6®*+8®*— 79®*— 36®“+106®+36 

and 2a* -2®* -31a* +61®* +42® -72- 
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162. L. C. M. of Iwo expressions whose factors are not 
obvious by inspection. 

Lot A and B stand for two such expressions, and suppose their 
H. 0. F. is found to be R, 

Divide A and B by IT and let the respective quotients be a and b. 
Then, we have A = aITl 

B^bRf 

Hence, since a and b have no common factors, every common 
multiple of A and B must necessarily contain a x H x 6 as a factor. 

Hence, the L. C. M. required « aHb» 

But anb~aJiHb)=jjy. B 

or, -[aB)b= A 

Hence, the required L. 0. M. =^x B, or «= -4 x 

Thus, to find the L, G. M. of any two expressions we have to divide 
•one of them by their H. G, F. and fmiltiply the quotient by the other. 

Cor, If L denote the L. 0. M. of A and B, we have LxH^Ay^B ; 
that is, the product of the L. G. M, and H, G. F, of any two expressions 
is equal to the product of these expressions. 

Note. If any two expressions have no common factor ^ their L.C.M, is evidently 
•equal to their product. • 

Example. Find the L. 0. M. of 

6a;® + 25aj® + 16a; + 7 and Ga;® ~ Ila;® — 8a; — 5. 

6a;3-lla;2-8a;-6\6a;® + 25a;® + 16a;+ 7/1 
/6a;® -11a;®- 8;^ 5\ 

12)36a;®V24a;+i2 
■“3a;®+ ^+1 

3a;® + 2j; + l\6a;®-lla;®- 8a;-6/2a;-6 
/6a;® + _4_a;®+ 2a; \ 

■"-16a;®- 10a;"- 6 

Thus, the H. 0. F. of the given expressions- 3a;* + 2a; + 1. 

Hence, the L. 0. M. required 

- (2® - 6)(6a!» + 25x* + 16aj + 7) 

= 12a:* + 20®* - 93ir* - 66® - 86. 
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EXERCISE 86 

Find the L. 0. M. of : 

^ 1 . 3a;® + 2£C®-lla; + 4 and 3x® + 14aj® + 18a;-8. 

^ 2. 6a;» + 17ir® + 9a;-4and6a;»-7a;®-27(r + 8. 

3. 12x^ - 4x2 - 25x + 12 and 12x'2 - 23x2 + 7x + 12. 

^ 4 . 9x® - 12x2 - 16x + 20 and ISx® + 12x2 - 25x - 20. 

^ 5. . 4x2 - 10x2 - 18x + 45 and Gx^ +8x2 . 27x - 36. 

1/6. 4x^ + 4x2 ^ ^ ^ ^ 0^4 ^ ^ ^2 + 5j; + 2. 

7. . 8x* - 6x2 - 8x2 + 9x - 6 . 12x2 ^ 20x2 _ + g. 

'^S. 4x^ + 8x2 ^ 2ix^ + I8x + 27 and 3x* + Gx® + 17x2 + ig^ + 24. 

9. If h be the Highest Common Divisor and Z, the Lowest 
Common Multiple of two quantities X and and if h + l^x + y, prov& 
that + + [P. 0. 1891] 

163. L. C. M. of three or more expressions whose factors^ 
are not obvious by inspection. 

Let A, Bt G stand for three such expressions ; to find their L. 0. M. 

Let L denote the L. C. M. of A and R, and M that of L and 0. 

Then evidently every common multiple of L a^d C is a common 
multiple of il, C ; ... ... ... ... • (1) 

also every common multiple of -4, J5, C is a commhn multiple’ 
ofC. ... ... ... ... ... (2) 

From (1), ill is a common multiple of A^B, C. Hence, either M 
or an expression of a lower degree than M is the L. C. M. of -4, J5, 0. 

But an expression of a lower degree than M cannot be the L. 0. M. 
of 4., B, C ; because from (2), the L. C. M. of 4, B, G is a common, 
multiple of L and C. 

Hence, the required L. C. M. «ilf. 

, Thus, to find the L. G. M. qf any number of expressioris A, B, 0, 
do., we have first to find the L, 0. M, of A and B then the L. G.M, of 
the result and G, and so on ; the last result thus obtained is the 
L, G. M, required. 

Example. Find the L. C. M. of 

6x2-llx+3, 4x2 -4x- 3 6x2 + 25x-9. 


\6a:*+25j:- 9/1 

1 3®-l\6®®-ll®+3/l 

)&c*-lla:+ 3\ 

j6®®- 2® ( 

12)36® -12 

1 - 9x + 3 

3®- 1 

1 . 9x+3 


Thus, the H. 0. F. of 6x*“llx + 3 and 6x2 + 25x-9«3x-l. 
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Hence, the L. G. M. of these expressions 

- — * 3' ^- h ex* + 25a! - 9) 

-(2® -3X6®“ +25® -9) 
-12®“ + 32®“ -93® +27. 


Now, to find the L. C. M. of this expression and 4®“ -4®-3. 

4®“ - 4® - 3\12®* + 32®“ - 93® + 27/3® + 11 
J l2®“-12®“ - 9® _ \ 

44®“ -84® + 27 
44®“-44®-33 
-20H40®+iro 
'2®- 3 

2®-3\4®“-4®-3/2®+l 

/4®“-6® \ 

■ "2®-^ 

9x-3 

Thus, the H. 0. F. of the expressions considered— 2® -3. 

-Hence, their L. 0. M.- 3"-{12®“+32®*-93®+27) 

‘ * = (2® +1X12®“ +32®* -93® +27) 

- 24®* + 76®* - 154®* - 39® + 27. 


EXERCISE 87 

Find the L. C. M. of : 

1. 3a;®-l(te-8, 4a;®-20x+9 and 6x^ + iv-2. 

2. 3x^ - 23a? - 8, 6a?* - 7a? - 3 and 2a?* - llx + 12. 

3. 6a?* - 19a? + 10, 12a?* - 11a? + 2 and 8a?* + 10a? - 3. 

-4. 2a?^ + 4a?® + a?* + 6a?-3, 4a?*+8a?®-7a?®-6a?+3 

and 8a?^+4x®-2a?*-3a?-3t 



CHAPTEE XXV 
HARDER FRACTIONS 


164. In this Chapter we shall consider fractions of a harder 
type than those treated of in Chapter XVI. 

I. Reduction of Fractions 

165. A fraction is said to be reduced to its lowest terms, when 
its numerator and denominator have no common factor. In all cases 
where the numerator and the denominator can be factorised by inspec- 
tion the reduction is effected by simply removing the common factors. 
Otherwise, divide both the numerator and the denominator by their 
highest common factor. 


Example 1. Eeduce to its lowest terms 

+ c) + b^[c + fl) + c^(a + 6) + *Sabc 

rn. t 4.' (a + 6 + c)(a’* + 6* + c®-6c-ca-o&) 
The fraction=^- - ^ 

— ^ ^ + b^ + c^~-bc -‘ca'^ab ^ 
bc+ca + ab 


Example 2. 
The fraction 


Simtilifv +y +e)^-(v + e)^ - {?,+ ?)® - k+ »)*. 

^ ^ 3i2x+y’^z){x + 2y + zj{x + y + 2z)^ 

^ 3f2a; + y + z) (x +2y + z)(.x + y + 2s) 

* 3(2£C + y + z)(x + 2y + s j(a; + y + 2s) 


[Ex. 1. Art. 132] 


= 1 . 


Example 3. Eeduce to its lowest terms 

3x^- 21ax^ + ISa^ x-n a^ ^ 
2a;® + 10aa;‘^~4a“a?-4ba® * 


[C. U. 1889] 


The numerator =■ 3(a;® — 9ax^ + 26a®a; — 24a®). 
The denominator =« 2(a;® + 6ax^ - 2a®a; - 24a®). 
Now, to find their H. C. F. 

a;® + 6aa?®- 2a®a;-24a® 

Uax )Uax^-2S a'^x 
X- 2a 
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X “ 2a\x^ - 9ax^ + 26a “a; - - lax + 12 a 

ja;®-2aa;^ \ 

-7aa;‘‘+26a=*a;-24a^ 

-7ax^ + lAa^x 

12a'‘‘x - 24a* 

12a^-24a* 

Thus, the H. 0. F. required = a; - 2 a. 

Hence, the required result 

_ 3(sc* “ 9aaj^ + 26a^a; - 24a®)-*"{a; - 2a) _ 3(a;®- 7a® + 12a®)^ 

21®* + 6 a®*'* - 1 ^*® - 24a*)-*-(® - 2a) 2(®* + 7a® + i2a*) 

Example 4. Reduce £ 3 ^ 9 ^^ 17 ^^ 5 ^ lowest terms. 

[O.U. 1870] 

The H. C. F. of the numerator and the denominator of the given 
fraction can be found as follows : 

2®^ - ® ® - 9® *'* + 13® - 5 [ See Oor. 2, .\rt. 160 ] 

7®* -19®'-* + 17® -5 
2®)2®t-ar* + 10®^- 4® 

®*- 4®*'*+ 6®-2 

®®-4®’‘'* + 5®-2\7®®-19®’* + 17®- 6/7 
/7®®-28®®+J5®-l4\ 

9)9®*-!^+ 9 
®'*- 2®+ 1 

®‘'*-2® + l\®® -4®’* + 5®-2/®-2 

» /®®^2®®+ ® \ 

-Sto* + 4®-2 
-^®+4®-2 

Thus, the H. C. F. required=®® — 2® + l. 

Hence, the required result 

(2®^-®®-9®® + 13®-5)+(®*_-2®+l) ^1+3 ® 76 
(7®*-iy®* + i7®-6)+“(®^~i^+^ “ “7®-5 


EXERCISE 88 


Reduce to the lowest terms : 
- ®® + 4®®+®76 

i*+®-2“ ■ 

. a®+2a®6-2a6® + 3fe® 

a*-6a*6+5a6^-46*’ 

K 3 ®®+4®®y-7®y^+ 2y®. 
2 ®* + 9®*y + toy * - 62 /* 


„ ®®-7®+6 

®*+2®*-13® + 10 

. ® * + (26® - a®)®® + 6^ 

®^‘+2a®*+a®®®-6^ 

ft 1 + 3®-®® -3®^ 
l-® + 2®®+®®+3®^* 
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zzvj 


7. 


9. 


11 . 


18. 


14. 


16. 


17. 


18. 


. 19. 


20. 


x*-x®-x4-l 

8. 

x*+x®+26 

®*-2x“-»’‘-2x + l 

**-9x“+8ap-M’ 

2r*+3rt.r»4-.'5n«*-21a® 

10. 

•2r*+®*-3x* + 2x+8 

4x'^ - i2ax'' + iOtt’^x - i5a^ 

3x*+x^-4x® + 3x+4' 

9x®-7a“i-2a» 

12. 

2a»-16a*fc+44aft*-42fe» 

9x® + Cox* -5a*x — 2a“ 

9a:* + 30x“ + 12x*-6x-45 

8®* + 28x* + 16x» - 4x - 48 

8a“+6a“6-24o6“-636* 







'4a‘ - 6i*b + 3a’^P -ab* 


24 r»+iar* r/-2RB V-24xV-12xw * 

45x'‘v +30r*i/“ - 1^*1/* —20x1/* ~ 10|/® 

(f , + „)« fh- r) + ( r i-n)’'( o-a) +(a+ h)'‘la-b ) 

(6 + c)*l6 - cj + (c + a)*(c - a) + (o + 6)’'(o — 6) 
(l-a!‘'yi -v‘)(l- gV -(vz+x)(e.T+v )(xv +e\ 
1 - ** - 1/* - a* - 2ri/a 


(x+p-2z)‘'+(}f + z-2ry + (z+x -2y) ‘ 
i^x+p-2z)lv + g)(y+z-2x) •* 

(u — z)^ + ( z - x)* + (x — y)^ 

I* - i/Kx - a) + (1/ - xXi/ - «) + {2 -*)(« - tf) 

lx*-%c*y - 63rv« + 18y® 

&* - 3a:*y - 4ite*y * + 27a;y * - 18y* 


u 


[P. U. 1912] 


II. Addition and Subtraction of Fractions 


166. We know f ^ + go that the snm 

a a a a 

of any number of fractions 'which have a common denominator is a# 
fraction whose denominator is the same and whose numerator is the 
sum of the numerators of the given fractions. 

Hence, to obtain the sum of any number of fractions which have 
hot the same denominator we must first of all reduce them to equivalent 
fractions having a common denominator by the method of Art. 106, and 
then proceed as above. 


Example !• 


Simplify 


2a 

(ic-a)*'^(a?-a)" 


^(a-a)*"®* 


[M. M. 1865] 


The expression 


^ g® 2afx-a) (fl;-a)® ^ o®+2a(a?-a)+(ap-tt)® 
“(x-o)* (x-gf ’^t®-gj*‘"' (x-g)* 

^ ]g4-fx-gH® ^ X® 

Ix-gf “(x-g)"’ 


1-18 
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Enmpl. 2. Sioplity .•n+.'flS' 

To simplify example^ like this, we combine two suitable terms ; 
then the result thus obtained with a third, and so on. 


Thus, we have 


1 (a!+2)-(!r-2)_ 4 




r* -4 ' 


_4 ,4_._^«®+4)-g®*_-4)^_32 _ 

**“4 x*+i — 16 ®* — 16 


32 


32 32(a;*+16)+32(®*-16) 


Lastly, + V®-256 

04^4 

=^8“ 2 ggi which is the required result. 

BxampleS. Simplify 


Instead of simplifying all the terms together, it is convenient to 
combine them by groups. 

Thus, the given expression^j^-l 

b . . 


_ 1 1 _(a+26)-(a + fe) 

Now, wehave^-^j^-^^ 26 “ (a+&Ko+ 26 ) “(i+ 6 )(o+ 26 ) ’ 

1 1 _(a+46)~(a+3&) _ b 

a+36"o+”46“ la+3hKo+46) ■■fa+36Ka+46)' 
, 6 b 

Lastly, (a+5)(o+26)“(a+36Xa+46) 


and 


of which the numerator ' 


Hence, the reqd. result’ 


b{a + 3&)(a + 46) — b(a + 6)(a + 26) 

“ (o+6Xa+26j(a+ 36X0 + 46) ’ 

= 6(o® + lab + 126») - 6(o» + 3o6 + 26») 
" 6(4a6 + 106*) = 26®(2a + 66). 

26*(2o+5b) 

(a + 6)(a + 2b)[a + 2b){a + 46) 


Example 4. Simplify -,^|^2+o*---&3+a;*^&6- 

[P. U. '1904] 

The first denominator *aj*-3a?+2-(a?“ l)(a? - 2). 

The second denominator — a?®-4a; + 3*(a?-- 3)(a; - 1), 

The third denominator * a?® - fix + 6« (a; -2)(®- 3). 

TheL. 0. M. of the denominators *-(aj-l)(»-2)(a;- 3). 
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Hence, the given expression 

x + 3 x+2 . ^ , x + 1 

(aj-l)(aj-2)^(a;-3)(a;-I) (£D-2)(a5-3) 
— (jg + 3)(fl / — 3 ) + (a< + 2)(ag 2) + (a ? + ~~ 1) 
(a?-l)(a5“2)(a;-3) 

aj®-9+a5®-4+aj®-l 3®^ -14 


(x - l)(ic - 2)(a3 - 3) (a; - l)(a; - 2)(® - 3) 

£!zample 5. Simplify 

The L. 0. M. of the denominators* (a +a;)(a+?/)(a+ a?). 

/ . The given expression 

s. 2 ){x-y) +(a+x )(y -z)+{a+y){z-x) 
^ “ (a+a;)(a+i/)(a+ 2 r) 

The numerator * a\{x - 2 /) + (v - 2 ?) + U - a;)l 

+z(x-y)'\rx[y-z)'{‘y[z-x) 
*0. [simplifying] 

. ’ . The given expression 

0 


Otherwise \ 


and 


(a+«)(a+2/)(a+2?) 

Since, 

1 1 _ (a+x)-(a + y)_^ x-y ^ 

a +2/ a+a? {a+x)[a+y) (a+a?)(a+ 2 ^)’ 

1 1 _ ^ (a + 2/)_- + «) ^ y-g 

a+z a+y^ (,a+y)[a+z) (a+v)(a+ 2 ?V 

g^a; 

a+x a+z (a + 0 )(a+a;) (a+ 2 ?j(a+aj)’ 


'We have the given expression 
1 1 


+ J_._ .1 + 

a+y :a+£C a-¥z a + y a+x a+z 


Example 6. Simplify 

Such expressions are easily simplified by adding and subtracting 
a suitable fraction. Thus, adding and subtracting the given 

<l'— 0. 

expression 

a , a , 2a^ . 4a“i>® a 
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M _® i « _a(a+W+(o-6)a _ 2a* 

o-6^a+6 “^rr^- 

*-»!„ 2a* , 2a* _2a*(a* +**)+2a*(a*-6*) 4a* 

*8““' a” - 6^ ^a* + 6* 

4a* . Aa*fe* _4a* + 4a*fc* _ 4a*(a* + 6») 4a* 

““ a* - 6* +a*^ S^-'6*~ 

. . The given expression 

_ 4a* a 4a*— a(a + /)) 3a*-ah a(3a — 6) 

o*-fr*~o-<» a*-6* ■ “ o*-'6'*'“‘o*-T“ ' 


EXERCISE 80 


Simplify : 


tC JC , OiC 

, a (a!±A*)!_«_A-2 

a6(a-6)‘ b a ^ 

. 1 2 1 < _1 

XTa^2j}^a^x+a'^2x-a 


m X 0 

cc-l a;’^ + l x + 1 l-oj^ (a-6j(a?-a)^{6-a)(a?-6)* 

9 1 + 1 + 2 

®*-3a;+2^a?'*-6j; + 6^ir^-a(r+15 

-ft 1 . 1 . 2 _ 

^ • »’‘+6aaj+4a*^ir^ + llaa?+28a^'^®*+20ax+91a*" 

fi i |. 2® 1 

v" * aj’*+3®+2 x^+4a;+3 ®*+5i/+6 

f 2 L ^ ^ ^ 

* l—jc+o;^ i+sc+oj* 1+®*+®*' 

io 1 _JL_ . 2® 1 g -2 6® 

’ i+®+®® 1-®+®’*^!-®'*+®*’ * «-2'~®* + 2®+4'^®*+8* 

1 1 . 12a® 

ac«-6a®+9a“"^’‘+t)a®+9tt-’^4®*-81a^* 

-a L 4. 1 + L 

(®+aXa;+2a)^(®+2a)(®+3aj (® + 3a)(®+4a) 

d ’^b . b^c I C'^d 

(®+aK»+&) U+^X®+c) (®+cXx+d) 
a*-3a+2^a*-5a+6^a^-4a+3 


®-3a 2®+6a ^''* + i8a**"^ 

»~i ®-fl ®-2 « + 2 

g ^.3 . _3.. _J 

Q o-c , _ brc 

\y _ uxi'" “*“/T "Tv/" ■ “tv* 
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• (» + l)S5B+a)* (a! + l)*‘^®+l ® + 2 

«0 a(r-S) ®-l • 

(®-4X*-6) (®-3Xa5-4) (®-6)(®-3) 

21 ^ I- ^ I 4 . 8 16 


377 

[A. U. 1913] 
[A. U. 1911] 


(a “ 6)(a - c) ^ (6 “ - c) ^ (e-a)(c - 6) 

24 1 2 . 1 

aj*-fi®+6 ?^ + 3‘^aj*-3®+2 


25. 



, 

'*’(i-a)(a?-6)(»- c)(aj - d) 


IlL Complex and Continued Fractions. ^ 

167. Complex Fractione. A fraction which contains d fraction 
in its numerator or in its denominator or in .both, is called a complex 
fraction. 

XX • 

Then, are complex fractions, which are, therefore, 


merely divisions of fractions. 

We have already considered simplifications of such fractions in 
Art. 111. 


158. Continued Fractions. 

Fractions of the type 

35 + are called continued fractions. 



To simplify srich fractions^ begin from the bottom and prooeed 
iKpwards step by step as in Arithmetic. 
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Example 1. Simplify -1+ ^ jl TT 


f = “S’!.’ we have, by simplifying from the 


Smoe, l-a+r-ayr“a+6 
bottom, the given expression 


2(a + ft) - 


2{a + b)- 


(a + 6)* “ ^ 2o» + 2a6-(a‘‘> 2ffld+fe‘*) 


“ -1 + 


a* _-a® + 6® + a*_ 5* 


Example 2. Simplify 


[A. U. 1912] 


1+- V 
1 + 


Proceeding from the bottom, the given expression 
1 1 1 

1+ ^1 1+ J+i.i.i4.;r 

I 1 . X l-vX-rX 

^ + i + ® ^ 1+a; i+a: 

X 

1 ^ 1 1 + 2® 

1 j. l.'h® l+a? 2+3® 

^1 + 2® 1 + 2® 

1 3 

Example 3. Solve r- 


By example 2 above, we have 

the left-hand side*^-“-^= | • 

or, 3(2+3®)-=4(l+2®), i.e., 6+9®-4+8®. 
or, 9® -8® “4- 6, [transposing] 

or, ®*'-2. 
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EXERCISE 90 


Simplify : 

1 , 

2 . 


/ y _ « \| 

« _ ® W ® _ y \ 

\s 1/ /' 

, ® «7\y ®/ 



\w“ «*/' 

i«* ®®/\®* y‘l 


4. 


a + b ^ c 
a — h b'-c c-a 
ffl+* + *+c+c+_« + 3' 
a-b b-c c-a 


1+ ^ 
a b + c 


3. 


i 

a 


1 

i + c 


xh + 


6^ + c*-a‘" 
26c 


1 + 


a 

l+a + 


6. 


[B. U. 1926] 

:+_£*- • 

x-a x-b g-c 

aa: +:M+_c^_(o + 6+c) 

a:-a a:-6 ®-c 

[C. U. 19211 
1.1.2 


2aj|^ 

i-a 




1_ 1 
^ a+flc 


[C. U. 1870] 


^ +' --+ “ 
a—® 6 — cc c~® 




8 

X 


, 1 _ 1 __ 1 
x-a^x-b x-c 


8. 


6® 

'a®' 


•1 

6 


A' 

a 




9. 


2(a;-l) a;-2^2(a;-3) 


(a?-2XaJ~l)^(a;-l)(il~3)^(a:“2X®-3) 

a 


. x + y .x^ + y^ 

^^10. 

g-y a? ~y 
aj + ^ X^+y^ 

'C-'lS'. a*+ 


a - -^4 

a+ , 
a-h 


yi5. 


a;^-2a:3/ + 

®±y.._. 

. t®— 

ic + y- -^ - 

® + y 


41. 


.^14. 


16. 


^6 + 


Jt2. 


X 


X — - 


x-1 


c2 + 


/ 


1 - 


x+i 


m 


vi^ ~ 


m' 


Tn 


m+— 
m + 1 


^(® + 2) 


.-1 


A. + Q4. _2a;"-32 

®+2 
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Solve: 






*+- 


1 + 


19. 1+- 


yf 1 
2 -® 
1 


I/' 


3+ 


4 

3 


13 

'9 




20 . 


2® 


— 1. 


1 +- 


1 + 


8+i 

OB 


a+- 


1-x 

a 2 

"" 3‘ 




X 


169. Fractions invoTving Cyclic Order. Certain fractions are 
easily simplified Tvhen the cyclic order of letters is maintained. 


Example. Bimplily 

Considering the denominator, we see that the factor a— c is not 
in cyclic order. 

Since, o— c— -(c-a), (a-fcXa-c)— - (a 


ah 


he 


Hence, the first fraction —-i — v- 

(a-^Kc-a) 

Siipilarly, the second fraction *» 


and the third fraction 


ah 


(c-a){b-c) 

The.L. C. M. of the denominators - (6 -c)(c-a)fa- 6). 
* * . The given expression 


.-f- 


hc 


Ua - 6X<5 -a)''' (a “ by(b- c) {c- oX6 -c) 

_ hc( h ^r)- ^ ra(e — nl\ 4 - a^a — ^ { b — c Ve — aV a ~ h) ^ ^ 
(6-cXc-aXa^) 


^ . ah 1 

-6X6-c)’*'(c-a)(6-c)| 


' ^170. ^Important Results in Cyclic Order. The following results 
can' be easily verified and are very useful in simplifying many harder 
examples in fractions involving cyclic order. 

then (i) X+F+jg'—O ; (ii) aX+bF+cZ-O ; 

(iii) a^JT+b^F+c'F'-l ; (iv) 6cX+caF+abF—l ; 

(v) a»X+6»F+c»Z-a+6+c ; 

(vi) a^F+b*F+c^^ ■■a* + i)*+o®+bc+ca+a6. 
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Bx.bpI.1. Simplil, 

The given expression •-(a®-6c)X4-(6®-ca)r+(c*-a6)-^ 

[adopting above notations] 

- a«X+ 52 r + 0®^ - (fcc2r+ caY + a6Z) 

■■ 1 “ 1 [Kesnlts (iii) and (iv)] 


example 2. Simplify 

'on^-^na^hc-¥ra ph^ ’ ¥qah^C’¥ rb . pc^+qroAc^+rc 
la-h)(a-o) (6-c)(h-a) (c-aXc-6) 


The given expression 

- (pa* + qa^bc + r(i)X + (p6* + qah^c +rb)Y-¥ (pc* + qabo^ + rc)Z 

[adopting notations] 

- p(a*X+ 6* r+ c*^?) + ga6c(aX+ r+ c^ + r(aZ+ 6y + c^ 

■•p(a+fe+c)+^aic.0+r.0"p(a+6+c). • ^ 

Example 3. Show that 

1 . 1 . 1 

(t - m%l - n)(x + /) (m- n%m - l)(x + w) (n - l%n-m%x -f n) 

1 

(»+J)(a;+mXwc+n) 


Putting a for ® + Z, 6 for a;+m and c for a?+w, we have 
a- 6 —Z-w, a-c—Z-n, 6 — c—w-n, eto. 

The given expression 

__1 . 1 . 1 

"^a -’ 6 X 0 -c) b(b - aHb - c) c(c - a)tc - b) 

J^r ^c . , ah 

“ dbc L(a - b){a - c) (5^ a )(6 - c) (c - aXc - 6 ). 

« ^( 6 cX + ca Y+ a 6 ^) 

I 

abc Z)(® + m){x + ») 


[restoring values of a. &« 0 ] 
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171> Fractional Identities : Miscellaneous Examples. 
Example !• Show that 


-A. WW , 14# 

— a ■“ “ ITa T 


X a® x ^ x ’^ 
Let us divide xhy x^-¥a^ : 
x^ + a^\x I 1 

a x' 


x’*(x^’¥a^) 


Hence, proceeding no further with the division, we have 

//.8V 




1 

a® w 

a* V 

®“a; 


a:’ x^ 

^ 1 



X 

i*’*'®* 

“ *7 "J" >7 

X^ x^ 


Example 2. Find the value of 


JC + 2a,a; + 26 , 


[0. U. 1865] 


The given expression 

“ (a:"-2a)(i -"25)^“^® “ ~ ■*■ ^ 

“ (x-2c^x -25)^^“ ■'■ - 4o6] + 2 

“0+2. [',■ (a + b)x*’^ab] 

- 2 . 


.4a . . 4fe .ft 
— 2a^a!— 26^ 
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Example 3. If ^ ’ show that 

a 0 c a+o + c 

1 . i . 1 1 

^7 + ^7+ ^7 (a+fe+c)^ a'^ + 6’+c^ 


Since, 


Hence, 


1 ^1^11 ^^±ca±ah.^ 

a+6+(j a h c abc 
(a + 6 + c)(6c + ca + a6)**(z6c, 
or, (<x + 6 + c){bc + ca + ab) - abc = 0, 
or, (6 + c){c + a)(a + 6) = 0 ; 

any one of these factors, say, 6 + c=0. 

6=*“C. = -c'', or, 6'^+c'^=0. 


Also, since 6 = -c, ^ ; 

'be 


1 




Hence, h’ o’ ~ c’ " o' ~a'^' 

, l^l^l 1 1 

Similarly, +c" “a-^d’Vc"’ 

Hence, the identity is established. 


(a + l+cf * + 

[•.• i"+c"=0] 


Example 4. Beduce to its simplest form 

•’j?)* j. “ j/)^. 


[C. U. 18661 


We have, the 1st fraction 


Similarly, the 2ad fraction 
and the 3rd fraction 


Hence, the given exp.= 


te .+ {y «)} 

\(x + 2?) + y\\(x +0) - y\ 

(x+y - z){^c - y ’\r z) ^x + y - 
{x+z+y)(x+z-y) x+y + z 
+ ag-aKy-ag + a) ^ y , 

(a;+y + 2f)(a; + y ~2f) a5 + y + 2f 
( g+a; - y)(g~a; + y ) _ ^ ® - y , 

(y + g + a;)(y + g— a;) a7 + y + g 
(a; + y - g) + (y - a? + g^ + (g + a? - y ) ^ ® +.V_4l^ - 
a; + y + g cc + l/ + g' 


Example 5. If a; + y + g = a?yg, prove that 

l-yg'^i-ga?'‘’i-a;j^ l-yg’l-ga?'l-icy' 
® + y+g=a;yg, we have 
y+g*»ajyg-ir“a;(yg-l). 


Since, 
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Similarly, and^--». 

Theleft8ide-.:i^+^-+:^ 
l-yz 1-zx 1-xy 

" -(a5+y+«)— -xyz 

^ y + g jg+g; a?+y . 
l-^yzl--zx l-a?y 

Ezampla 6. Show that 


[0. U. 1867] 


Wo have 

-4+<l*(j\+^)+^(l."+o*) 

•V • . the giYen expression 

lEzample 7« If 2s «■ a + 6 + c, show that 

1 I 1 I 1 1 ^ ofec ^ 

s-a^s-6^s-c s s(s-a){s-6)(s-oy 
1 . 1 ^ 2s-a-‘& ^ c 

s -a'^s - 6"*(s - aX« “ fe)"(s -a)(s - 6)* 


We have 
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Hence, the given expression 

^ c ^ c_ ^ sfjt - r) 4- - a)rs - b) 

(s-a)(5-6) s(s-c) sU“aX«~6)(s-c) 
« '~s (a’\-h’^c)‘^ab 

** s[s - a)(5 - b){s - c) 


Example 8. Show that 

- *j<a* + b» - c*) + -ifW + c» - o*) + - ~ (c» + a* - b») - 2(a + fe + o).. 

Putting 2s* for a* + i* + c*, we have 

+ (a* + 6® + c*) - 2c* ■« 2(s* - c®), 

6* + c* - a* -= (a® + 6* + c*) - 2a* = 2(s * - a*), 
c* +a* - 6* - (a* + 6* + c*) ~ 26* = 2(s* - 6*). 


Hence, the given expression 

. 2jl + 1 (a. -«•-.•)+} )j 

-ajiv + J-f + l-.’) 


“2(<i+6+c). 

Example 9. Show that 

a , a* , g* 1 ( a+1 a^ + l\ 
2‘\a-l o«-l/ 

a 1 1 (g+l)*-( o*+l) 

a‘'-l“ 2 V-l“ 2’ o*-i 

1 / o+l o*+l \ . 
"2 ■\a-l"o’‘-l/ ’ 
a* 1 2ffl* 1 (o» + l)*-(g* + 1) 
o*-l“ 2 g*-l“ 2' g*-l 

_ 1 /g*+l o*+l\ . 

“ 2 V-l“g*-l/ ’ 


_oi 1 _2^ 1 (g^ + D^-fg^-H) 

a«-l“2V-l 2* g®-l 
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I 


Hence the given expression 


1 l/g+l + ■ /o* + l a* + l\ ■ /«* + ! 
“ 2 I W- 1 ‘a* - 1/ \o“ - 1 o* - ir U* - i 
1 fa;+l at+l\ 

“ 2ia-i~a®-ir 


a* + l 
"S«-l 


)1 


d. 


Example 10. Show that 

r a + d b + d 7 c+<^ 

^^Xa-h){(i-c) ^^\h-a){b-c) ^ (c-aj(c-6) 

Since, & - a *= - (a - 6), 

and (c-a)(c-fe)«=[-(a-c)] x [-(fe-c)]-»(a-c)(&-c) ; 

. . the given expression 

T _ fl+d , — (fe-hd) , 7 c + d 

“•(a - 6j{a - c) “"-(o - bth - c) ^ ®®-(o - o){b - c) 
bcia + d)(h — c) - ac(fe + d)la - c) + ab(c + d)(a — ^ ^ 

** (a-b){a’^c)(b-c) 

N ow, the numerator *= abc{{b - c) - (a - c) + (a - fe)} 

+ d{bc(b - c) - ac{a - c) + a6(a - 6)1 
« d{6c(6 ~ c) - ac(a - c) + ab{a - 6)} 

« d{a"(6 - c) + 6 *(c - a) + c*(a - 6)} 

« d(a - 6)(a — c)(6 - c). 

Hence the given expression =d. 


Example 11. Simplify 

V . 6« , CV . 

(a - 6)(a - c){x +a){b- a)(b - c){x + 6) ^ (c - a)(c - 6)(a; + c) 
The given expression 

-6 ^ 

(a - 6)(a - c)(a; + a) (a - 6)(6 - c){x + b) {a- c)(6 - c){x + c) 

_aKb -c)(x + 6)(a? + c) - 6*(a - c) {x + c){x + a) + cHa - b){x + a)(ic + 6) 
(a — b)(a — c)(6 — c)(x + (i){x + 6j(a: + c) 

Now, the nuxperator 

®* a®(6 — c)Ja5® + x(b + c) + be} +b^{c~~ a){x^ + x{c + a) + ca} 

+ c*(a - b){x^ + aKa + 6) + ab\ 

« x^a^i,b - c) + 6"(c - a) + c*(a - 6)} 

+ x\aHb^ - c») + 6"(c« - a») + c»(a* - 6»)} 

+ a6cja(6 - c) + 6(c - a) + o(a - 6){ 
^x^\aHb - c) + 6®(c - a) + c*(a - 6)} =x*(a - 6)(a - c)(6 - c). 

Hence, the given expression 
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Example 12. Simplify 




“v +/ 


(a - b){a - c) (6 - c)(b - a) (c a){c - 6) 
The given expression 


[0. U. 1887] 


(a-6)(a-c) (6-c)(a-6) (a-c)(6-c) 

^ a^ b - o] - h^(a - c) + c^(a - b) 

“ (a“6)(a-c)(h-c) 

Now, the numerator « a®(6 - c) + 5®(c - a) + c“(a - 6) 

— (a - 6)(a - cX6 -* c)(a + 6 + c). 

Hence, the given expression *“a + 6 +c. 

t Alternative Method i 

1 1 1 

(a - b)[a - c) (a - &)(6 - c) (a - c)(fe - c) 

The given expression 

f a® 1 . 

* l(a - fe)(6 - c) (a - c){b - c)f ^ (a - i)(fe - c) (a - c)(6 - c) 


Since, 


a® -6® 




+ + a®+<ic+c® 


’(a-fe)(i-c) (a-c)(h-c) 
b-c 


b c 9 


Example 13. 


If ^+p+^-ii-i-oV=0- V’coYe that a-6-c. 


1 + 1+ i_ 1-A_ 1 


=0. 


or, 


be ca ab 

[Formula XXIV, Art. 133] 

Now, as none of the terms of the left-hand expression is negative, 
this equation cannot hold unless each of those terms is zero. 


Hence, 

1 

b 

1 

n H-i 

n 

o 



1 

-1=0: 

* as ft 


c 

• « l/**ia* 

and 

1 

a 

- J »0: 

a — b. 

Thus. 





t This method is due to my friend and pupil Babu Bimala Charan Shome, 
Head Assistant, Forest Surveys, Dehra Dun. * 
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Prove that : 

1 . 




ax+x* bx+x* cx+x’‘ x a+x b+x c+x 


[B. U. 1920) 


1+ y* . 1+ y 

. • 7-. I _\7' 


2 1 

+/I if yz+zx+xy^^l. 


(x +y)(sD±z) ly + z}(y + x) (z-h x){z + y) 

3. + -^ + ^ j“l + (^ + ^X^+«)U + Wi if abc“l. 

4 . -i^- + rT^— if ic+co+ai-O. 
a*-bo b*-ca c^-ab 

- x+yz ._y±2* . g+gy o 

(y+g)U+g)^(y+g){y+g)^(g+®)(g+y) ’ ^ 

gi X y z _ 4xyz _ 

®‘ if®+y+g-®»g. 

7. (X^+*Zf+£=Jf\( .* + _IL+ H x+»+g-0. 

\ X y z l\y-z z-x x-yf 

a 1 1 If 1 .,..1 j.i .1 

■■ o*^6‘‘^o‘* a*+6“+c‘ (a+6+o)*’ o ^ 6 o a+6+<x* 

9 {q_-b)* 3 

*• (c-o)ia-6)^ta-6Xt/-c/^(6-cXc-o) 

(6*-c*)"+(c*-o»)»+(a*-6*)’ (f>+c)(o+o)(o+6) 

o*(6 - c)“TP(c - o)" + c''(o - by abe * 




12 - i 5 ^«-®*+»V+»*+^p^- 

13 . 

X y z* yz zx xy 

tA tcy*g* + vz*x* + zx*y* 

’ x*y*z^ x^ y ^ z 

1R 3a-6 _ _1 . 1_ J. 

*®’ (a-lXa-2Xa-3) i(o-2Xa-3)'^{o-3Xa-l) (a-lXa-2y 

1 A 3g*-14 ^ g-1 g-2 ■ x-3 

(*+lXg+2)0e+3) 0r+2X»+3)'^G+3)(g+l)‘*'(g+lXg+2)‘ 

ij. ^-i-ii.+a.*-!to*+^‘- 
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18 . 

19 . 

20 . 
21 . 
22 . 

23 . 

24 . 

25 . 

26 . 

27 . 
• 

28 . 

29 . 

BO. 

31 . 

32 . 


when X ■ 


a a . a® . a® . 
aj* - a® “ a:* a;® a;®(i* - a®' 

aj® + a® “ a?® »® ^ a;® " a:®(aj® + a®) ** ^ a® ” a® ^ g®(a3® + a®)’ 

aj* — 1 « M o Q b* — 1 

;“T- =* 05 ® - 005 ® +a®a; -o® +•—— • 
x + a x + a 

Find the value of ‘ when 

26-05 26+05 05^-46® o + 6 

Show that ® ■‘‘I + ®- - ■ - 3 

_ 6o6 c 2(o6 + 6c+co) 

{a5-o){o5-6)(o5-c)’ * a + 6+c 

T/ a6 + 6c + ca , ,, , 

If 05= —f . — * show that 

a + 6 + c 

0 + 205 6 + 2a; . c+2a5 q_ . 

o — 2 o5 6 — 2o5 c — 2o5 (o — ^)(6 — 2o5)(c — 2® j 

Find the value of 

0 5®-(6 + c)o 5 . 05® - (c + ojx . a5® -_(o + 6)05 , ^ _ 3o6c 

(05 - 6)(o5 - c) ^ (o 5 - c)(a5 - o) (05 - o)(05 - 6) o6 + 6(5 + CO 

Find the value of • 


Find the value of 


" 2 — when ISBS] 

05* + !/ 0 + 6 0 — 6 ■' 

The given expression = _“^ii = J 

, X- a5* + 3o6a5®-10o®6® ^o® + 2o6 + 6* 

Find tho value of a* - 2a6 + 6*’ 

when + 

Find the value of y^ +Qaby^ +18a»6'* ^ a* + 6*’ 

when 05=0 + 6 and y^a — b, 

fw- 1 Ai _i _ o5* + o6o5®-2o*6® o®+o6 + 6® 

Find the value of a.*j,»4.(a,» + 2i,»)afc+^“6® ~a*-a6 + fc*’ 

when 05 = 0 + 6 and y^a — b. 
Simplify i+jli+ - x*^i- 

Simplify + (^)T_fe. 

( a + 2f.)®-6® , (a-fc)»- 4&® (2a+3fe) ®-fe« 

Simphfy +fc)»_ 4 ft* + (« _ 26)» ^ (2a + 6)® - 96® ‘ 

£,. a!*-(®-l)* , a!*-(a!®-l)® . a!®(®-l)*-l 

Simplify +a,.(*+i)* _i + ' 
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83. If 2s>° a -I- 6+0, show that 

, o«+fc«-e« ^s-aHs-b) 

• 2a6 ™ ab 

84. Simplify 

85. Simplify ^^«+f>-c)+^^(i>+c-a)+^^(c+a-6). 

86. Simplify +®*-w’). 

87. Simplify ^(a»+6»-c*)+^(6»+c»-a«)+^(c»+o--&»)- 

fto Tt ^ fe*+c*-a* j i* j . -i. 

M- n V 2^^ and . find m its 

Blmplest form, the value of {b + c)x + (c + a)y + (a + b)z. 

89. If find the value of p + g+r+pgr. 

X'^c x^a x^b 

40. Show that fj--- + — + -nr^ + /—^i + • 

\b-o o-a a-bf (6-c)* (o-a)* (a-b)’ 

A 4 at j-u-d. 1 . 2® . 4®* . 8®’ _ 1 16®‘* 

41- i+®‘''i+®^'‘*’i+®*'*’i+®'« i-«"r=^' 


Simplify : 


42. 

48. 

44. 


16. 
y 46. 
^4l 
48. 

50 . 


(o - hX« - o) • (5 - a)(o -oylc- o)(c - ii)' 

a* , fc* , . 

(a-b){a-o){b-a){b-e}{c-a)(c-b) 
g*+yg I v’+ex ^ g*+®y 

(x-pX-c-g) (y-«Xy-®) 

2a’ -be 2b’ -ca . 2e’-ab 

{a-b){a-e)'*'(b-c}(b-a)'*‘{e-a){,o-b)’ 
x’-yz y’+zx . z’+xy 

(x - pX® -^r(y+ gX» - ^ U - ®Xg + v) 


[A. U. 1926] 


[0. U. 1866] 


11 , 1 

®(®-pX»-g)^y(»-®)(y“g) z(z-xXe~y) 

1 , 1_ 4__! 

(a - bXa—oXx — a}{b—aXb—cXx —b) (c - oXc — 6X® “ <*) 


[0. U. 1872] 
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a*+ha + k 'h^ + hh+k e*+he+k 

(a-bXa-ci^x-<£) [fi-aj^o-by^z—ci 

■ ' ,.(i 

62. Show that — W — pX — ; -r i ^ -a+b+i. 

64. Show that 

65. Provo that J(i,* -«^6" -oTj 

j ah 1 

■*■ c(c • - 6*Xc* - o* ) ” o6o 

fut Qj i:/.. bc(T.-a)^ , rfi(r-h)* , ah{x-eY 

56. Simplify 


MISCELLANEOUS EXERCISES V 


1. Express the following as the differenoe of two squares : 

(i) (j: + 7Xi?+9Xj:+ll)(x+13) ; 

Jii) (aj + l)(.r + 2)(a? + 3)(a?+4)-15. 

Factorise 7(2f+5c)*-(aj-y)®-(l/ + ^)®, 

3« Simplify (a - b)\a + 6 - 2c)* +(6 - c)*(6 +c - 2a)* 

+ (c - a)*(c + a - 26)®, when a + 6 + c—b, 

4. If x-^V’\rz^^yZt show that 

. . y , g IQxyz 

1 — 4«® i — 4|/* 1 — 4g* (1 — 4x®Xl “ 4i/*Xi “ 4g*)* 

5. If 2«— a + 6+c, show that 

1 /6® +c® -a*\*_43(«-a)(s-6)(s"-c) 

— 26;^ — ) 

«. Show that 

26c 2ca 

,(a+6Xa»+6*-c*l^ . a , ^ 

+ 2i6 '*«+o+fl. 
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7. Find the value of 

8. Show that (a5® - 1 /®)® + (i/® - 0 ®)® + ( 2 ® - a;®)® is divisible by each 
of the expressions £C® - 1 /®, y® - 2 ;® and 2 ® - a:®. 

II 

1. If £p+i/ + 2:-=16, «y+i /2 + 2;a;*=75, find the value of ®®+y® + a:® 
-Sxyz. 

2. Show that (a + h - 2c)® + (6 + c - 2a)® + (c + a - 26)® 

« 3(a + 6 - 2cX6 + c - 2a)(c + a - 26). 

3. Show that (6 - cX6 + c - 2a)® +{c-aXc + a -26)® 

+ (a - 6){a 4- 6 - 2c) ® « 9(a - 6X6 - c)(a - c), 

4. Simplify *^(6 -aXc-"i»)'^ca(c-iXa-6)'*'of>{^ 

5. Find the value of ^ when a;“ - — . and 0 == — , • 

X x + l a-^o a-ro 

C, Find the H. 0. P. of a64-2a®-36®-4:6c-ac-c® and 9ac + 2a® 
-5a6+^c*+86c-lfi6®. 

7. Bind the L. C. M. of 6a;®-lla?® + 5a;-3 and 9a;®-9a:* + 5x-2. 

8 Resolve into factors 

fa - 6)(6 + c)(c + a) + (6 - c)(c + aXa + 6) + (c - a){a + 6X6 + c). 

• III 


1. Expand ^ j ^ series of descending powers of x, 

2. Show that (a + 6 + c)® - a® - 6® - c® = 3(a + 6X6 + c){c + a). 

Hence, prove that 

' (a;+y+2?)® -(y + e-a;)®-U+ic-y)®-(a;+y-2?)®«24a;y2;. 

3. Find the value of a®-6®+c® + 3a6c, when a*=*4278, 6«1’2346 
and c = *8067. 

4. Show that (a;-a)®(6-c)+(£c-6)®(c-a) + (a?-c)®(a-6) ^ 

*(a-6Xa-cX6-c). 

6, Find the H, 0. and L. C. M. of 

6®® -25®* + 23a? -6, 2a?®-7®+3and 6a?®-7®+2. 

6. Find the H. 0. F. of ®*+ll®-12 and ®® +ll®®+64. 


7. 


Sinaplify 


— t 6®(c+a) c®(a+6) 

(c-aX6-a) (a-6Xc-6)'*^(a-cX6-c)' 


8, Show that a®(6*-c®)+6®(c®-a®)+c®(a®-6®) is exactly divi- 
sible by each of 6-c, c-a and a-6. 
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. IV 

1. If a + 6«2, ab^l, find the value of a® + 6*. 

2. Besolve 2(a® + ft®)— ab(a^ + b^)(2ab - + 36®) into fivd factors. 

3. Find the value of a® + 6® +c® -3a6c, when a =2658, 6 = 2664 
and c=2678. 

4. If a;=6 + c-a, y-c-^a-h and z^a + b~c^ prove that 35® + ^® 
+ s® - ^yz = 4(a® + 6® + c® - 3a6c). 

6. Find the value of when and 

6. Show that 8(ffl+i+c)»-(a+6)“-(6+c)»-(c+a)* 

= 3(2a + 6 + c)(a 4- 26 + c){€b + 6 + 2c). 

7. Find the L. C. M. of 

-3xy-10y^, aj® + 2aji/~35y® and a?® -8a;7/ + 15i/® ; and 

resolve into simple factors the quotient when the L. 0. M. of the 
above expressions is divided by their H. C. F. 

8. Find, without direct substitution, the value of a?* -18a;* + 47aJ® 
— 31a;® + 19a; - 60, when x = 15. 


V 

!• If a;=»^ l/=* " and show that 

m — c ru’-a m — b • 

x-^y + z + xyz^^O. 

9 Ti 0 b ,d . a® , c® b^ .d^ 

8. Find the value of when + 

(a;~a — 6) 0 + 6 

4. If ’ show that the value of is 

a + c a® + c® (a+c)® 

the same for all values of a and c. 

5. Besolve the following into factors : 

(i) 6a® + 43a®6-66a®6® + 43a6®+66* ; 

(ii) 12a;* - 37a;® + 45a;® - 37x + 12 ; 

(iii) abx^ + (ac + 6®)a;® + (2a6 + 6c)a ;® + (ac + 6®)a; + ab. 

6. Show that (a; + y)^ - (y + 0)® + (0 - a;)® = 3(a; + y)(y + z)(x - z). 

7. Find the H. 0. F. of : 

(i) a;®-(a+p)a;®+(q+ap)a;-ag and a;®+aa;®-3a®aj+a® ; 

(ii) X® - y® - 0® - Zxyz and a;* - 2a;y + y® - 2a;0 + 2i/0 + 0®. 

8. ^ Show that, if a rational and integral expression in x vanishes 
when a’ is put for x the expression contains a; - a as a factor. 
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1. Show that 

(a*-a + lX^-c)+(6*-T6+l)(c-a)+(c*-c+lXa-h) 

- (a» - a + IW - c») + (6* - 6 + l)(c* - a“) + (c» - c + iXa* - 6“X 

2. Show that >” - -.+j ^j-O, 

(®-a)(a?-6) (aj-6Xaj“c) (jy-cX-c-a) 

8« Prove that a(fe-c)® + fc(c-a)* + c(a-fc)®“0, when a + 6+c-»0. 

4, Express (a3* + j/* + j8;* + 2ajj/)*-2(j:+y)*«® as the sum of two 
perfect squares. 

6. Simplify 


y z yz zx xy 

6. Find the 0. F. of 

(i) a;® + (5w - S)x^ + 3m(2w - S)x - 18w* 

and a5®+(m-3)a;*-wi(2w+3)a;+6w® ; 

(ii) 10a;® - 54a;* + 87a; - 45 and 5a;® - 36a;® + 87x* - 90a; + 54. 

7. Find the H. C. F. and L. C. M. of 

2a;®+a;®-9a;*+8a;-2 and 2a?®-7j5® + lla;®-8a?+2. 

8. Show, without actual division, that a;®®-y®® is divisible by 
a?-y ; and that the remainder when it is divided by a;+y is -2y®®. 


1. Divide the continued product of l+a?+y, l-a;+y, l+a?~y and 
a?+y-l by l+2a;y-a;*-i/®. 

8.' Prove that 2K5 + c - 2a)® + (c + a - 2A)® + (a + 6 « 2c)® J 

-f(6+c-2a)*+(c+a-26)*+(a+5-2c)*l®. 
4. Heduce the following to their lowest terms : 

l"a ; 4-a;® 1-g 

(i) M I ; /:i\ 1+g+a;® l■^ag 

a+6 airb l+a;+a;®‘*’l-a; 
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6. Express 41®® - 60®y + 104y ® in the iform of {px + gy)® 

+4(g'®-py)®, finding the numerical values of p and q. 

6. Find the H. G. F. and L» G* M. of 

6®® -17®® + 11® -2 and 12®®-4®®-3®+l. 


7. Show that m-n is a factor of 

(a + fc)(m® + n®) + am{n - 3m) + bn{m - 3n). 

For what value of a is ®® +5® + a dinsible by ®-3 ? 

8. Show that the last digit in 3a'*+i+2®*+^ is 6, if n be ^any 

positive integer. [M. M. 1868] 


VIII 

1. Show that 

{a - b){x - a){x - fe) + (6 - c)(® - b)(x - c) + (c - a)(x - c)(® - a) 
■■(a-6)(6-c)(a-cX 

2. Show that 4(a® +ab+ fe®)® - (a - fc)®(a + 2i)®(2a + 6)® 

« 27a®6»(a + 6)®. [M. M. 1888] 

8. If 2s “* a + 6 + c, show that 16s(s - aXs - b)(s - c) 

-2a®6® + 2a®c® + 26»c®-a*-6*-c*. *[a U. 1867] 

4 . Besolye into factors 

(a* - 6*)* + (c“ - d»)® - (a + fe)*(c - d)* - (a - 6)*(c + d)K 

. [M. M. 1876} 

s (» - sXy + g)* + (z - a!)(g + jg)* + (x - j/Xa ; + »)* 

** ^ (v+aXv-s}*+U+a:)(«-®j“+(x+i/X*~J^)* 

[M. M. 1892 ; B. M. 1888} 

6. Simplify [O.U. 18613 

(ar-yXic-*) iy+-«Xy“®) U-®X*+y) 

7. Show that 2*’'-l is divisible by 15, if n be a positive integer. 

[M. M. 187^- 

8. Find the H. C. F. and L. C. M. of 

• ** + 2®*+!, ®*+x*-®*-l and **-1. [0. XJ. 1869] 



CHAPTER VI 

SIMPLE EQUATIONS AND PROBLEMS 

I. Simple Equations 

172. We have already explained the process of solving easy 
simple equations in Chapters Y and XVII and shall now consider the 
subject more fully. 

173. Solution of equations facilitated by suitable transposi- 
tion and combination of terms. 

The following are typical examples. 

Example 1. Solve i(x + 1)^ + 9(a: + 2)® « 13(aj + 3)^ 

Simplifying the sides, we have 

4(a;® + 2x + 1) + 9(a!?^ + + 4) = 13(a:* + 6a; + 9), 

• or, * 13x* + 44a; + 40«13a;^ + 78a; + 117, 

*or, ISx^ + 44a; - 13a;® - 78a; »= 117 - 40, [ transposing ] 

i.e., —34a; =*77; a;=» — JJ=» —2^. 

Example 2. Solve (a; - 2)® + (a; - 6)® + (a; - 10)® = 3(a; - 2Xa; - 6)(a; - 10). 
Transposing, we have 

{x - 2)® + (a; - 6)® + (a; - 10)® - 3(a; - 2)(a; - 6)(a; - 10) « 0, 
or, ^{(a; — 2) + (a; — 6) + (a; — 10)}[{(a; — 6) — (a; — 10)1® 

+ Ka;-10)-{a;-2)J® + }(a;-2)-(a;-6)P]-0, 

[ factorising the left side by Art. 134 ] 
or. i(3a; - 18)KlO - 6)® + { - 10 + 2)* + ( - 2 + 6)*} »0, 

or, ^(3a;-18).96=*0 ; 3a;-18**0, or, x^6. 


174. Fractional Equations. 


Example 1. 


Solve 


lx-11 

6 


31a;-41__ 7a;®-4 
24 56a; -47 


♦ 


By transposition, we have 

;^-4^31a;-:41 7a;-lJl^(31a;-41)-jS»®-44) 3(® + l) a?+l 
56a;-47 24: 6 24 24 “ 8 ' 
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Multiplying both sides bjf 8(56a:— 47), we have 
8(7a!»-4)=(x+l)(56r-47). 
or, 56iE*-32- 56x*+9!r-^7 : -32=9!c-47. 

Hence, Sx- -32+47-15 ; x=V-l|. 

Eamptel!. + 

By transposition, we have 

2^ _25-ix x-5t_ix-2 

3x+2 x + 1 x + 1 3x+2“ V+i’ 

Hence, (x-5i)(x + l)-(ix-2)(3x + 2 ), 

or, x*-(4t)x-5Ha:“-(5^)x-4. 

Hence, (5J-4|)x=5i-4, 

or, Ax-U-f; a!=fxV = V-=>3i. 

Examples. Solve -? 2 +^f-g-^ 83 . 

x|-3=iT3+x-|3’ x-2+x^6=x + 3+ Js' 

Hence, by transposition, xls’txlz- x-6' 

ix - 2)(x + 3) “ (a; -p3)(® - 6 ) 

Multiplying both sides by ir+3, and dividing by 15, 
we have 

x-2 x-6 

Hence, a? - 6 = - 3{jr - 2 ) ; 

4a; —12, or, a; -3. 


We have 


8+^ 9 « ^ . 

2x-idx-l » + l'*'a; + l’ 


Hence, {gl-i-^iil+fsi-i-sll}”®- [ by transposition ] 


12 . 12 
°5’ (2x-i)rx+l)'^{3x-l)(x+l)”^- 

_1_+_L „o 

2x-1^3x-l 


Hence, 
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Multiplying both sides by (2®— we have 
(3®-l)+(Ste-l)-0. 

Therefore, 6®— iJ, or, ®— f. 


^pleS. Solve 


We have 


2^ + ® 2a+x a + 6+a: 
a-c . h-c _(n-r)+(h-c)_ a-c 

> T~r~ , _ 


h-o 


a + 6 + x a + 6+ir a + 6 + fl? 


2fc+a? 2a+a? 

Hence, by transposition, 

(®”®){26 + ®”a+6+a:}“(^~®){a + 6 + ®” 2o+®}’ 


Hence, 


“ ‘’^■(26 + xKaTb + ®) “ " ®^-(o + ft + ®X2a + ®)' 

Jl-j5 ^ fe -C . 

2^+a?*"2a+a?* 

(a •“ c)(2a + £c) " (6 — > 
a:{(a - c) - (6 - c)} -= 2h(b - c) - 2o(a - c), 
or, a;(a - fc) « 2(6* - a*) ~ 2c(6 - a) 
«2(6-aX6 + a-c) 
-=2(a-6Xc-a-6) ; 
a;«2(c-a-6). 

Exercise 92 


Solve the following*equation3 : 

/I. S(«+l)*+4(»+3)““7(»+2)*. (®-oX®“6)“(®“0~b)*. 

(® - o)“ + (® - 6)* + (® - c)* •» 3(® - aX® - bX® “ c). 


4. 


6 . 


6. 


8. 


9. 


10 . 


11 . 


f* + o)® + (® + 6)* + (® + c)* •= (® - 2a)* + (® - 26)* + (* - 2c)*. 

9R®-73 14® -9 13® -16 
21 " 3 ~16®-9 

95®-159_19®-29 17®-47 , 91®-2l , 24r-93 13*+9. 

“ 35 “ 7 “23®-59 66 ■^35®-138" 8 

117X-26, 16®-77 13®+4,31 
135 "^23® -110“ 16 27’ 


6®-7» 

13-2® 


4-2® + ^ 






2r+8i 13®-2, ® 7® ®+16. 

9 "l7®-32'^ 3 “l2” 36 

41-35® 7-2®* 1+3® 2®-2*. 

105 ■“14(®-D“ 21 “ 6 
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.o A __2 6_. 

x-l x+1 7(*-l) 6tSte+4)^2®+8 8a:+4 

3 6 7 2 

11 7 3 2 

12(ii®-19)'''9(13a: - 14) “14® -19 “13® -14 
60 . 87-1® 85 . 49-A® 

fe-l'*'l^-i"'l2®-l‘^ 3®-l ‘ 

17 (U)a;+19H i®+8 20H-(11)® , (U)®-9 
2®+6 “'®+8 2®+6 2 (®+ 8 ) 

(91g)®-82 , 65®+414 75®+5i l , (4ig)®-29 
4u;+7 ^ + 29 8^5+29 4® + 7 


1 2^ 3 
®-l^®-2 ®“3’ 


20. -X- + _i I_. 

4®+i 4®+6 4®+8 


_16 8_^ 7_ . „2 -i 

8®+li 3®+17 3®+6 ’ 5®4 

_ 8 _ _ 12 _ _6 ? 1 , 

^+17“^+26“2®+26 2®+33 


5® +7 6® +13 6® +13 6® +19 


8 ^'*' 4 ®+ 13 " 4 i + 8 “"’ 6 t 6 ®’^ 6 ®+ 19 “ 6 *+ 7 ’ 

„« _ 9 _. _1 8 _. 27 

’ ■ 3 - 7 ®'*' 7®+18 12 - 7 ® 2 ®- 6^®+6 8®-6 

„ _ 9 . .JO 8 _. 29 -jg gO— 

3® — 4*^4® + ! ®+7 ’ 3®'“8 4®-*13 ®+9 

/'an ® + ^ ® «li * I M **'*' ^. 

a; — c **®“0 ®“6 * ax“b bx^a ®+c 

„a »»(®+a) . n(® + 6) j__ , aa c ■ a-b _a-c 

. *2- ®+o+®+6 ®+c 

lu 2 ^-36 _ 26-3a 6 (a-fc) . «g 1 , 2 8 ^6, 

. ® — a + 6 ® + a*"6 ® + a+6 ’ ®"“6(i ®+3a ®*~2a ®*“{i 

175. SolnUoti of fractional equations facilitated by the' 
division of each numerator by its denominator. 

D . 1 Q I *+1 . ®+2 22®+30 

Example 1. Solv® m^l8 

^ , (®-l)+2,(®-2)+4^,2(n®-18)+66. 

We have 


2/* “ 36 __ 2 6 — 3(1 ^ 5 ((i 6) ^ Q|g 
®*"a + 6 ® + a*"6 ® + a+6^**^ 




_2_4._4_ 66 

®-l^®-2 11®-18’ 
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Hence, by transposition, 


Therefore, 


_2 44 4 

x-l lla:-18“il!r-18“®-2’ 

-14 -16 

(x~- ixn® -18) "(11® - 18)(® - 2)’ 

7 8 , 

x-1 x-2* 

7£D-14=8a;-8 ; 


a?" -6. 


Example 2. Solve ^.-+7+6®*-8® + ll„to»+3®+6 

2x-l 3x-l x + 1 

We have 

(ix^- 1) + 8 . 2x(3x - 1) - 2(3a; - 1) +9 ^ ^x + 1) - (« +.1) +7 
2x-l 3x-l ic + l * 

Hence, 

For the Subsequent part of the solution the student is referred to 
example 4 worked out in Art. 174. 

Example 3. Solve 7®-55^%jil7.^71 3®-14 
a:-8 ®-9 cc-12 ®-5 


We have 


7(® - 8) + 1 . 2(a?-9) + 1 ^ e(x-1 2) + l 3(a;-5) + l 
aj-8 a;-9 ™ a;-12 a?-6 


• _!_+a . 1. 

■ * ®-8 aj-9 aj-12 a?-5 
Hence, by transposition, 

1 ^ 1 1 1 ^ 

xS a;-6"«-12"»-9* 

3 3 

(®-8)(iF5)“^-TL2)(®-9)’ 
(®-8)0e-8)“(®-12Xa!-9), 
or, ®*-13®+40'“»“-21»+108 ; 

8»-68, or, ««8i. 
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EXERCISE 98 
Solve the following equations : 


2®-l . 3®-4^6®-12. 

V sr. 

2? + 7 4® + 29 

_^riP 

x-i ^ x-2 * x-3 . 

®+2 ®+6 

x-3 

25x-40 7x+9 , 6x-l « 
6x-6 x+2 ^ 3x+4“^- 

4. 

2 + - 

7 

3 


2 + 



[ See Ex. 3 worked out in Art. 168 I 


6 . 

8 . 

10 . 

11 . 

12 . 

18. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 


n. 1 ^2iC+7. - 8a; + l. 

1 2+a: ' 5®- 4 ^4a:-3*’2a!-l 

^^l+a: 

4a! -7 ■ 15a! +11 ^ 12a; + 1. « 43;^*+ 4a!* +8x4- 1 . 2a!* + 2a!+l 

4a!-f-5 6X+7 3x+4 ' 2x*+^4-3 ' x+1 

1%» + lto* + 29x ^ 1 ^ 4x * + 20 x - 1 
73»*+4a;+8 x + 5 

®!:^+i+?*j:^i=2a!+ . 

x-1 fl?“2 x-o 

® * + 3 ^+1 ^ 1 . 

X-1 X’~2 x-3 

2x^-Sx±7 ^ ??! 

2jc — i SaJ + l ic + 3 

3 + 2a? 5 + 2a;_-. 4a;^-2 

l + 2a; 7+2® 7 + 16®+4®‘'' 

3 + “"3 . 4 ® -19 

®-2^ ®-7 ®-4 .®-6 

3a;j78 . ^■l36^^-9 ^^34 

®-7 

3a? - 13 4a?~41 ^ 2® r 13 6® 41 ^ 

®“4 ® — 10 ®*“6 ®-8 

4® +21 5®~69 ^ 3®_^ 5 . 6® ^41 
® + 6 ®-"14 ®“"2 ® — 7 

5-6® 2®+7 ^ 31-12 a; 4®+21^ 

3®-l^® + 3" 3®-7 ®+5 

g» + 3® + 3 ®^-15 ^ ®^+7® + ll ®» -4®-2Q ^ 

® + 2 ® — 4 »+6 ®— 7 
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at ag+l l «9a!-9 4a;+13 15a; --47 
7^* 05+6 3a:-4~ *+3 ~ 3a:-l0’ 

22 ®ll2 . a;-3 a;-l a!-4 
x-d*x-4 a;-2^a!-5 

176. Miscellaneous Examples. 

Eumpht. Bel,, 

By transposition! we have 

fft ab l_-fq- 4. l 2a-hh'h^ \ 
a +61 (tt + 6j*/ I a a(a + o)^J 


[Ca U, 1860] 
to. U. 1887] 


■*■ o’(oT6)*} 


TPherefore, 


"We have 


Examples. Solve 

^ paj*+^a?+y px + q 

have * 

x(px + g)+r px + q 

fience^ putting m for ax +b and n for px+q, we have 
mx + c m 
nx+r ^ n * 

^nx+cn^mnx+rm\ cn-ra. 
or, c(pa?+g)“r(«®+ 6 ) ; /. a?(cp-ar)- 6 r-cg ; 

• ^ br^cq 

Q^xm 

cp-ar 

^Example 3. Solve (aj-2a)®+(x-26)®»-2(a-a-6)®. 


By transposition, we have 

(aj-2a)*-(a?-a-6)®— (a?-a-6)®-(aj-26)*. 
Butting X for fl5-2a, y for as— 26, and Z for 
we have X®-X® — — F®, 

or, (X- XXX® + XX + X®) - (X - yx-^* + xy + y®). 

.But, X-X—X-y, because each of them—6-a ; 

x*+xx+x®-x*+xy+y®. 
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Hence, by transposition, F® — X), 

BemoVing the common factors X- F, which 
we have X + F— - X, 

i,e., (aj-2a)+(jj-26)“-(aj-a-6). 

Hence, 3jj=*3(a + 6), and x=^a + b, 

A at ® + ® / 2 x + a^+r\^ 

B»uiiple4. Solve . 

Since 

X'to x + b x + o 

, 2jj+a + c (2r + /)+c) + (/i-^)_t . a-6 

we have i+°^-(n- 1* - 1 + 

^x + 0 \^^2j5 + 6-i-c;j ^tlr + d+o^Olc + O-tcj'* 

Hence, transposing and dividing by a -6, we have 

2 ^ 

aj + 6”2x + 6+c**(2a:+6+c)** 

c-~h a-h . 

(x + 6 )( 2 x + 6 + c) I 2 i/ + 6 + c)^ 

. a-6 . 

• • a? + <?**2a?+6+c* 
2x(c-6)+(o®-6®)«a;{a-6) + 6(a-“6) ; 
a?(a + 6 - 2 o)— c®-a 6 ; 

• «. c^-ah 

• • ®“a + 6-2c 

o, 4aj 125 jj*- 6 63aj®-l OS-iu 

Examples. Solve 3 - (5^-iHa;-H5) ~»’~5-iTr T- 


we have 


•„, 125j:®- 6 »2&r*-l) 6(5 j; + 1) 

(&c-lXJ!+ 6 )“( 6 ic-lXJ! + d)” ® + 6 ’ 
, 6 ar*-l *3r®-l)_5.c*-f 

S' iC+6 ” a!+6 “ ®+6 ’ 

L 4» 6(6jj+1) b_ Si*- 1 95,4® 

T-¥T5--®^-¥¥5 "s+T 

Hence, transposing and dividing by 5, we have 

®+6 ® 

Hence, **-6®-U-®*-(li)®-31| ; 


®+5 ®+5 

07+5 3 3 
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EXERCISE 94 

Solve the following equations ; 

, 2x . Q • „ ®+4a+5 . ^+a+2ft - 

x-4'^ ;c+l 

a 3a;+5_4x±8 :^J-1 . 6X+8 2a!+38 , 

• x+1 3x+3'^ &+3‘ 2®Vi 

K g^+18 27-3a ;_n « x-h_o^a %a -h) 

a;-2 3a;-19 ' x-a x-h^x-ia+h) 

m g + 2a a ;-2a 4afe ^ ( g- cKx-t^), 

'%-x 2h + x^ x^-^h^ ■ ' x-a-h * x-c-d 

'9 ^ I ^ I ^ 11 60+4rc. 

«'* + 3®+2‘^a;® + 4a; + 3 a:® + 5x + 6“-^* . fl; + 3 


a® + a® + a;* ^ a® - aaj + a:® ** a:(a^ + a®a;® + a;*) 


■ VW««/ I M/ M^W I Mi'\v 

a? 9 _ a: + 1 , 8 

^ x-2'^x-1~‘i-Vx -6 

12 1 . 1 

(x+a)*-6*+(x+6)»-a* 

3a;® +5^+8 _ 3® + 5. 

5a;® + 6a;-Pl2 ^ + 6 

. - a®(a - 26) 2a6c aa; « 

b(a-b? •“'+5^5- ft “2cx- 

(x-23)®+(x-27)»=2(x-25)“. 
,, 4X-17 3f-22x ^ 6/. i 

9 “ '33 “®“ x\l", 

/„ x+19 /2x+33\» 

x+10“te'24) • 


‘a;®-(a + 6)® 


3#-22x 

'33 


18. 

lx-2aY 

\x-¥2bj 

f2x + 33\* 


20. 

(x-a\^ 

i2x + 24/ * 


\x + bf 


58a;®+8^+7 2a;+3 

87i® + i4&c + ll“3a; + 5’ 


^c^ 2 a -26 
“a; + 2a + 26’ 
.a;- 2 a - 6 ^ 
a; + a + 26 


177. A simple equation cannot have more than one root. If 
terms containing the unknown quantity be transferred to one side of 
the equation and those involving known quantities to the other side, 
every simple equation can ultimately be reduced to the form ax ** 6. 

Thus, to make the equation true, x must be equal to “ and to 
nothing else. 

Hence, a simple equation cannot have more than one root. 

Otherwise : Every simple equation is ultimately reducible to the 
form ax’^h. Let this equation, if possible, have two different roots 
a and |9. 

Thus, wo must have aa—6 1 

and also J 

Hence, by subtraction , a(a - 0. 
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Bat this is impossible beoaose a is not zero and by supposition 
a—p also is not zero. 

Thus, a siiQslie equation cannot have more than one root. 

178. Two exceptions in the solution of a simple Equation. 

(1) If a simple equation reduces to the form 
Oxa-O, i.e., 0-0. 

Evidently, the eqiiation ie identically true and has, therefore, any 
number of roots. 


Example, 


The equation 

„ . ® .X+4: 

2 +- 2 - 


gives, on transposition, (l-4-i)ir=4-2, 

or, 0xa5=0, or, 0=0. 

The equation is, therefore, an identity and is true for 

of X. 


(2) The equation 

(i-) 


X + 4: fl?-4 

’2 6 


every value 


leads on simplifioation and transposition to 

or, 0xa;=l, or, 0=1, which is absurd. 

This equation is, therefore, absurd and has consequently no root. 

Generally, if a simple eqiiation reduces to the /om 0xa;= h, where 
b is not zero, the equation is absurd and cannot^ therefore^ have any root. 


n. Problems leading to Simple Equations 

179. The general process of solving such problems has been 
explained in Chapter XVII. We shall in the present section consider a 
few problems of a harder type than those treated of previously. 

The following examples will serve as further illustrations. 

Example 1. At what time between 1 o’clock and 2 o’clock is there 
exactly one minute-division between the hands of a clock ? 

Suppose it is x minutes past one when the hands are one minute- 
division apart from each other. 

Then, at the required instant the minute-hand is at a distance of 
X minute-divisions from the 12 o’clock mark ; and since the minute-hand 
moves twelve times as fast as the hour-hand, the hour-hand moves 

' over ^ ths of a minute-division whilst the minute-hand moves over 

1—20 
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a mintite-divisioiiB ; therefore, at the required instant the hour-hand is 
at a distance of minute-divisions from the 12 o’clock mark. 

Henoe, as the minute-hand is at the required instant one minute- 
division apart from the hour-hand, we must have 



The upper sign being taken when the minute-hand is ahead of the 
hour-hand, and the lower when behind it, 

H®-5±l-6, or, 4; 

or, 

Thus, the hands are one minute-division apart at 4^ or 
minutes past one. 

Example 2. The distance from a place P to another place Q is 
3i miles. Two persons, A and B, start together from P to go to Q, 
the former by carriage which travels at the rate of 6 miles an hour, 
the latter walking at the rate of 3 miles an hour. If A remains at Q 
for 16 minutes, and then returns by the carriage to P, find where he 
will meet B. [G. U. 1882] 

l^et X miles be the distance of the place of meeting from P. 

Then during the time that B travels x miles, A finishes the 
journey, remains at Q for 15 minutes, and then travels back (3^-0;) miles. 

Now, the time in which A does all these 

Q/ 

and the time in which B travels x miles ^ ^ hours ; 

3i . 1 . dj-x X 
6 3’ 

or, 7+3+(7— 2a;)*"4£c ; 6a5=17 ; ®*2J|-.* 

Thus, A will meet B at a distance of 2^ miles from P. 

Example 8. A landlord let his farm for £10 a year in money, and 
a corn-rent. When corn sold at IO 5 . a bushel, he received at the rate of 
10 shillings an acre for his land ; but when it sold at 13s. 6d. a bushel, 
13 shillings an acre. Of how many bushels did the corn-rent consist ? 

Let a; —the number of bushels the corn-rent consisted off 

Then when corn sold at 10s. a bushel, the annual income was 
£10+10a; shillings or (200 + IO 2 ;) shillings > hence, as the income in this 
case was in the rate of XOs. an acre, the number of acres must evidently 

200+ 10a? _ oaj.^ 
be — iQ — , or, 20+flC. 
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In the second case (i.e., when corn sold at 13^. 6d. a bushel) the 
annual income amounted to £10+(13i)a? shillings, or, ~ shillings ; 

but now the income was at the rate of ISs, an acre* Hence, the number 
of acres must also be equal to 

Hence, 20+ic« 

or, 620+ 26a;«400 + 27aj; /. a?-120. 

Thus, the corn-rent consisted of 120 bushels. 

Example 4. A hare is eighty of her own leaps before a greyhound ; 
she takes three leaps for every two that he takes, but he covers as much 
ground in one leap as She does in two. How many leaps will the hare 
have taken before she is caught ? 

Let 3a; » the number of leaps the hare takes.' 

Then 2a; » the number of leaps the greyhound takes in the same 

time. 

The distance of the place where the hare is caught from the first 
position of the greyhound -(80+ 3a;) leaps of the hare and is also 
—2a; leaps of the greyhound. # ^ 

But, 1 leap of the greyhound being equal to 2 leaps o} the hare, 
2a; leaps of the greyhound— 4i; leaps of the hare. 

80+3a;— 4a;; /. a;-80. 

Hence, the number of leaps which the hare takes before she is 
caught - 3 X 80 - 240. 

Example 5, A banker has two kinds of money, silver and gold, 
and a pieces of silver or b pieces of gold, make up the same sum s. A 
person comes and wishes to be paid the sum s with c pieces of money ; 
how many of each must the banker give him ? 

.Let a; -the number of silver pieces required ; 

then C“"a;— ,, ,, ,, gold ,, ,, • 

The value'of one piece of silver— ~ 

Cb 

and that of one piece of gold— ^ j 

Hence, since by supposition a; pieces of silver and (c-a;) pieoes of 
gold are together equal in value to 5, we must have 

s-a!-| +(c-»> I ; 

• 1 
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or, 


and 



a-b 


ajc-^b) ^ 5(o— c) ^ 
a-6 a-fe 


Thus, pieces of silyar and pieces of gold will be 

G“0 a — o 

required. 


Example 6. AB is a railway 220 miles long, and three trains 
(P, Q, B) travel upon it at the rate of 26, 20 and 30 miles per hour 
respectively ; P and Q leave A 7 A.M. and 8-16 A.M. respectively 
and E leaves B at 10-30 A.M. When and where will P be equidistant 
from Q and B ? 

A Q P R B 

Let, P, 0, B, as in the figure, be the respective positions of the 
trains at the instant when P is equidistant from Q and B. 

LeJb this happen x hours after B has left B, i.e., x hours after 
10-30 A.M. 

Then, since P left A 3i hours before 10-30 A.M., it has evidently 
been travelling for (3i+a;) hours up to the instant in question. 

Hence, clearly . AP =* (3 J + aj).26 miles, 
and 0 " (2i + a5).20 miles ; 

also BE 3 O 2 ; miles. 

Hence, PQ^AP-AQ 

-K3i+«)-26-(2J+a;).20l miles, 
and PB^AB-AP-BE 

« {220 - ( 34 + ®).26 - 30a?{ miles. 

But PQ^PE ; 

/. (34+®).25-(2t + a?).20 - 220-(34+a).26-30aj ; 

.*. 60(34 +®)-(2i+®)-20 - 220 - 30a? ; 

60a?=220-176 + 45->90; 
a?“l4. 

Thus, P will be equally distant from Q and B at I 4 hours after 
10-30 A.M., at 12 A.M. 

Also, as P left A at 7 A.M., its distance from A at that instant will 
. bo miles. 
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Example 7. Two passengers have together 5 owt. of luggage and 
are charged for the excess above the weight allowed 5s. 2d, and 9^. lOd. 
respectively ; tTUt if the luggage had all bdlonged to one of them he 
would have been charged 19s. 2d. How much luggage is each passenger 
allowed to carry free of charge ? Aiid how much luggage had each 
passenger ? [0. U. 1877] 


Let ® cwt.=* weight of luggage that each passenger is allowed to 
carry free of charge. 

Then, (6s. 2d.)+(9s. 10d.)= charge for (5-2®) cwt., 

. ' . “ charge for 1 cwt. 

Also, 19‘s. 2d. “ charge for (6 - x) cwt., 

, ' . d . « charge for 1 cwt. 

o— ® 


Hence, 


5^12^ 230 . 
6-ic 6-®* 


18(6-®)=23(5-2®), 
or. 28®-116 - 90 = 25; 






f.e., weight of luggage allowed— 1| cwt. 4 x 28 lbs. « 100 lbs# 


Now, charge for 1 cwt. 


6 —® 


230 , 


230 x 28j 
, 5 x23 ® 


66d. 


And since charge for excess luggage of the first passenger— 5s, 2d, 
— 62d.. and charge for excess luggage of the second passenger— 9s. lOd, 
— 118c?. 


Weight of excess luggage of the first passenger 
-Si cwt, - Si X 4 X 28 lbs. = 124 lbs. ; 
and weight of excess luggage of the second passenger 
- W cwt. - W X 4 X 28 lbs. - 236 lbs. 


Hence, the whole luggage of the first passenger 
-(100+124) lbs. -224 lbs. ; 


and the whole luggage of the second passenger 
-(100+236) lbs. -336 lbs. 


Example 8. A person buys some tea at 3 shillings a pound and 
some at 5 shillings a pound ; he wishes to mix them, so that by selling 
the mixture at Ss. 8d. a pound, he may gain 10 per cent, on each pound 
sold. Find how many pounds of the inferior tea he must mix with each 
pound of the superior. 
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Suppose X lbs. of the inferior tea are mixed with each pound of the 

superior. 

^ 

The price of x lbs. of the inferior tea and one pound of the superior 

-(3a;+6) shillings ; 

O/J, 4. K 

the average cost per pound“'^;;j 7 ^ shillings. 


But by selling the mixture at 3fs. a pound, he gains 10 per cent on 
each pound, i.e., realises 110s., for every lOOs., or for every shilling. 

Hence, of the cost per pound ; 


ofl_ll ..3a;+5 
*** lO’^a+l’ 
10(a!+l)-3{3!r+5) ; 


or, 


U 11 ,8a!+6. 
3'“l0’^ x+i ■ 

05 - 6 . 


Thus, 5 pounds of the inferior tea must be mixed with each pound 
of the superior. 

Example 9* An officer can form his men into a hollow square 
5 deep, and also into a hollow* square 6 deep, but the front in the latter 
|| formation contains 4 men fewer than in the former ; find the number of 
men. ^ • [0. U. 1887.] 

[ A nijmber of men are said to be arranged in a solid square when they are 
f arranged in parallel rows and the number of rows is equal to the number of men in 
each row. ^e following diagram, in which C,, Ao., represent men, will 

I give^the student a correct notion of such arrangement. 


Aa 

B, 

0. 

D. 

B. 

E. 

0. 

H. 

Aq 

B, 

0, 

D, 

E. 

E. 

G. 

H. 

A. 

B. 

0. 

-E.- 

-E. 

G. 

H. 

A4 

B, 

J. 


-B4 


G, 

H4 

# 


1 






A* 

B, 


D.- 

-E, 

f- 

G, 

H. 

A. 

B, 

1 

0, D, E,— 

-i. 

G. 

H. 

Af 

B, 

0, 


E, 

E, 

G, 

H, 

A. 

B. 

0. 

D. 

E. 

E, 

G. 

H. 


The above diagram represents an arrangement in which there are 8 rows, each 
<^ntaii]4ug 8 men. This is a solid square. If the square be removed from 




ZXVI.] SUlFIiB EQUATIONS AND PBOBIiEMS . 811^ 

inside, the remainder will be a hollou) square two deep, having 8 men in the front 
rank ; if, however, the square be removed, the remainder will be a 

hollow square ihm^eep^ having the same 8 men in the front rank. 

Hence, the number of men in a hollow square two deep having 0 men in 
the front rank®®* — (aj-'4)* ; in one three' deep*^x*-(x—6)^ ; and soon ; thus, 
the number of men in a hollow square ndeep having ®men in the front row 
‘ — »*-(«— 2n)*. ] 

Let a; —the number of men in the front row of the first arrangement. 

Then, as— 4— the number 'of men in the front row of the second 
arrangement. 

Hence, the number of men in the first square 

- 10 )* ... ... ( 1 ) 

and the number of men in the second square 
-(a5-4)*-U®-4)-12j®. 

But the men that form the first square are exactly those that form 
the second ; 

- Ge - 10)* - (a - 4)* - K* - 4) - 12?® , 
or. 20®-100-24(a“4)-144. 

4a!-144+96-100-140. 

«-36. 

Henoe, from (1), the total number of men 

-(35)®-(26)®-60xl0-600. 

EXERCISE 96 

1. Find the time between Brand 4 o’clock, when the two hands of 
a watch are coincident. 

2. At what time are the hands of a watch together between 5 and 

6 o’clock? [O.U.1886] 

$. Find the respective times between 7 and 8 o’clock, when the 
hour and minute hands of a watch are (i) exactly opposite to each other ; 
(ii) at right angles to each other ; (iii) coincident. 

4. What is the first hour after 6 o’clock, at which the two hands 
of a watch are (i) directly opposite, and (ii) at right angles to each other 7 

5. Two men set out at the same time to walk, one from A to B, 
and the other from B to A, a, distance of a miles. The former walks at 
the rate of p miles and the latter at the rate of q miles an hour ; at 
what distance from A will they meet ? 

6. ^ Two persons walk at the rate of 5 and 6 miles an hour 
respectively. They set out to meet each other from two places 22 miles 
apart. Having passed each other once, find the place of their second 
meeting, supposing them to continue their journey between the two 
places. Also find the time when the second meeting takes place, 

/ 
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7. A man rides one- third of the distance from to B at the rate 
of a miles per hour and the remainder at the rate of 26 miles per hour. 
If he had travelled at a urilform rate of 3c miles per hdt[f he could have 
ridden from A to B and back again in the same time. 

Prove that f - ^ | • [0. U. 1889] 

8. A and B start to run a race. At the end of 6 minutes, when A 
has run 900 yards and has outstripped B by 76 yards, he falls ; but 
though he loses ground by the accident, and for the rest of the course 
makes 20 yards a minute less than before, he comes in only half a minute 
behind B. How long did the race last ? 

9. ^ A person sets out to walk from a certain town ; but when he has 
accomplished a quarter of his journey, he finds that if he continues at 
the same pace he will have gone only S^ths of the whole distance when 
he ought to be at his destination. He, therefore, increases his speed by 
a mile an hour, and arrives just in time. Find the rate of walking. 

10 . A tenant hired his farm for £80 a year in money and a 
corn-rent in rice. When rice sold at £1. 5s» a bushel, he paid at the rate 
of £1. 15s, an acre for his land ; when it sold at £1. 10s. a bushel, he 
paid at the rate of ^2 an acre. Find the number of bushels of rice in the 
rent. • 

11. jS footman who contracted for £8 a year and a livery suit, was 
turned away at the end of 7 months and received only £2. 3s. 4d, and his 
livery. What was its value ? 

12. A hare, 50 of her leaps before a greyhound,* takes 4 leaps to the 
greyhound’s 3 ; but 2 of the greyhound’s leaps are as much as 3 of the 
hare’s. How many leaps must the greyhound take to catch the hare ? 

IB. A greyhound spying a hare at a distance of 60, of his own leaps 
from him, pursues her, making 4 leaps for every 6 leaps of the hare ; but 
he passes over as much ground in 3 leaps as the hare does in 4. , How 
many leaps did each make during the whole course ? 

14 . The St. John’s boat is ahead of the Caius by a distance equi- 
valent to 30 strokes of the former. The Johnians pull 4 strokes to 3 
strokes of the Gains, but 2 of the latter are equivalent to 3 of the former. 
How many strokes must the Caius take to bump the St. John’s boat ? 

15. A and B find a purse with shillings iii it. A takes out two 
shillings and one-sixth of what remains ; then B takes out three shillings 
and one-sixth of what remains ; and then they find that they have taken 
out equal shares. How many shillings were in the purse, and how 
many did eaoh take ? 

16. A ship sails with a supply of biscuit tor 60 days at a daily 
allowance of 1 pound a head ; after being at sea 20 days she encounters a 

^ storm in which 5 men are washed overboard and damage sustained, that 

: / . I 
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will cause a delay of 24 days, and it is found that each man’s allowance 
must be reduced ''to fthsr of a pound. Find the original number of the 
crew. 

17. If 19 lbs. of gold weigh 18 lbs. in water, and 10 lbs. of silver 
weigh 9 lbs. in water, find the quantity of gold and silver in a mass of 
gold and silver weighing 106 lbs. in air and 99 lbs. in water. 

18. A person rows from Cambridge to Ely, a distance of 20 miles 
and back again in 10 hours, the stream flowing uniformly in the same 
direction all the time ; and he finds that he can row 2 miles against 
the stream in the same time that he rows 3 miles with it. Find the 
time of his going and returning. 

19. A person passed Jth of his ago in childhood, 3 ?jth in youth, 
i^th+5 years in matrimony; he had then a son,^ whom he survived 
4 years, and who reached only one-half the age of his father. Find the 
son’s age when he died. 

20. There are two bars of metal, the first containing 14 oz. of 
silver and 6 of tin, the second containing 8 of silver and 12 of ^ tin. How 
much must bo taken from each to form a bar of 20 oz. containing equal 
weights of silver and tin ? 

21. Divide £607. Is, Sd. into two sums, such that * the simple 
interest of the greater sunf for two years, at 3i per cent, shall exceed 
that of the less for 2i years, at 3i per cent, by £18. 16s. 

22. To remove four articles of furniture, I required for the 1st 
article two coolies, for the 2nd three, for the 3rd four, and for the 4th five. 
After giving the Ist set of men one group of pice and one pice more, to 
the 2nd set an equal group and four pice more, to the 3rd an equal 
group and five pice more and to the 4th an equal group and nine pice 
more. I found that each man of the 3rd and 4th seta had received the 
same number of pice. How many pice were there in each group ; how 
maxfy pice did each man receive, and how many pice did I distribute ? 

23. Fifteen current guineas should weigh 4 ounces ; but a parcel of 
light gold being weighed and counted, was found to contain 9 more 
guineas than was supposed from the weight ;* and a part of the whole 
exceeding the half by 10 guineas and a half, was found to bo 1^ oz. 
deficient in weight. What was the number of guineas in the parcel ? 

24. A silversmith received in payment for a certain weight of 
wrought plate, the price of which was £10, the same weight of 
unwrought plate, and £3. 15s. besides. At another time he exchanged 
12 oz. of wrought plate of the same workmanship as before for 8 oz. 
of unwrought (for which he allowed the same price as before), and 
£2. 16s. in money. What was the price of wrought plate per ounce, and 
the weight of the first sold ? ^ 
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26. Two psBseDgers ate charged for excess of luggage 2s. lOd. and 
7s. 6d. respectiTely ; had tl)|9 luggage all belonged to one^ them, he 
would have been charged for excess 14s. 6d. : how much would they have 
been charged if none had been allowed free ? 

26. How many bundles of hay, at Bs. 5 per thousand, must 

a ghaswalla mix with 5600 bundles at Bs. 6 per thousand, in order 
that he may gain 20 per cent. ' by selling the whole at lias, per 
hundred ? [0. U. 1876] 

27. A boy buys a certain number of oranges at 3 for 2d. and 

one-third of that number at 2 for Id. ; at what price most he sell them 
to get 20 per cent, profit ; if his profit be 5$. 4d., find the number 
bought. [0. U. 1886] 

28. From each of a number of foreign gold coins a person filled a 
fifth part ; and had passed two-thirds of them, when the rest were seized 
as light coins except one, v^th which the man decamped, having lost 
upon the whole half as much as he had gained before. How many coins 
were there at first ? 

29. Find a number of three digits, each greater by unity than that 
which follows it, so that its excess above one-fourth of the number 
formed by inserting the digits shall be 36 times the sum of the digits. > 

30. ^^ number of troops being formed into a solid square, it was 
found there were 60 over ; but when formed into a column with 6 men 
more in front than before and 3 less in depth, there was just one man 
wanting to complete it. Find the number. 

oK An officer can form the men of his regiment into a hollow 
square 10 deep. The number of men in the regiment is 2800. Find the 
number of men in the front of the hollow square. 

82. A company of men is formed into a hollow square 4 deep>and 
also into a hollow square 8 deep ; the front in the latter formation 
contains 19 men fewer than that in the former formation ; find the 
number of men. 

• 

38, A detachment from an army was marching in regular column 
with 6 men more in depth than in front ; but upon the enemy coming in 
si^t, the front was increased by 845 men ; and by this movement the 
detachment was drawn up in five lines. Find the number of men in the 
detachment. 



CHAPTER XXVlI 

HARDER SIMULTANEOUS EQUATIONS AND PROBLEMS- 

180. The process of solving easy simultaneous equations in two 
variables has already been explained in Chapter XVIll. We propose 
now to consider the subject more fully. 


181. Method of Gross Multiplication. 

If aiOJ+hiy+cis-O, and a2a;+&2y+C2S"0, t to prove that 

JL 


hlC2”2>2Cl CiCl2 *“C20i 0162“" 02^^! 

Multiplying the 1st equation by C 2 * and the 2nd by Cu we have 

aiC22B + &iC2l/ + CiC2S«0, • 

and a 2 Cifl; + h^Cxy + C 2 C 1 S — 0. 

Hence, by subtraction, 

(01O2 •“C20i.)®+(^a^5i ’"6102)1/ “0, • ^ 

(ci£l2 ““C20 i)®"*(6iC2 "• 62 <Ji) 1 / » , ' 

( 1 ) 


61C2 "" 62C1 C102 "• C201 

Again, multiplying the let equation by Oa, and the 2nd by ai, 
we have 

ai.a%x + hxa^y + 0102;? - 0, 

and a2aia;+62aii/+oaai0»O. 

Hence, by subtraction, 

. (ai62-O26i)y+(02Oi -0102)^—0 ; 

(oi 62 “aa 6 i)y-(ci 02 -C 2 ai)« ; 

. y z 


C\(l2'^C2(^\ 0162 “*0261 


( 2 ) 


t It is necessary to point out to the student the notation here used. The 
letter Ct is as different from a, as c is from d, or as any letter of the alphabet from 
any other ; a similar remark applies to the pahrs of letters (bj, 6«) and (ct, e«)« 
But it is very convenient as an aid to memory to use the same lette| with different 
suffixes to denote corresponding co-efficients in difierent equations ; thus, whilst 
denotes the co-efficient of x in the let equation ; a, denotes the co-efficient of x 
in the 2nd equation ; and precisely a similar meaning is attached to the letters 
b« and g,. Sometimes, however, letters with accents serve the same purpose ; 
thus, if a, b, c denote the co-efficients of 0, y, » in one equation the corresponding 
co-efficients in a second equation are denoted by a', bS c' ; in a third equation by 
a",b" o'^andsoon. 
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Hence, from (1) and (2), 

_ a? .. V z_ 

h\C2'^h2C\ CxCL2^C2Cil G 162 —G 2 &I 


Note. This result can he easily remembered ; writing doum the egtuUiona one 
above the other, 


aiX+biy-hCiZ^O 7 
a^x^baV+e^z^O y 


we find that 


(i) The quantity under x^ co-efficient of y in the 1st equation xco-efficient of e 
in the 2nd minue co-efficient of y in the 2nd x co-efficient of z in the 1st ; 


(ii) the quantity under y^C 0 ‘ efficient of z in the 1st equation x co-effiUnent of x 
in the 2nd minus co-efficient of z in the 2nd x co-efficient of x in the 1st ; 

(fii) the quantity under z = co-efficient of x in the 1st equation x co-efficient of y 
in the 2nd minus co-efficient of x in the 2ndx co-efficient of yin the 1st. 


Cor, In the above equations, if we put 2 = 1 , we have 

a? U_ ^1 , 

hx.C2’^h2tj\ CiG2““C2^1 Gi 62 “G 2^1 

which gives the solution of the equations 

GiaJ + &i^+Ci=0 1 

and^ 1 

o 

Neto. The above results should be thoroughly committed to memory, as ready 
a^lications ^ them will enable the student to solve with neatness not only simple 
equations involving two unknown quantities, but also a certain class of equations 
involving three unknown quantities. The follotoing examples are Mended for 
illustration. 

fizamplel* Solve 3fic-6j/+9=0l 
6a;-32/-l=0 J 

Here 6 i=--5, ci= 9; 

'g2 ^2 ““ 3, C 2 * 1» 

Hence, we must have 

X y 1 

(-6)(-1)-(-3).9"9x 6-(-1).3 3.l-3)-6.(-5)’ 

_ y _ 1 

6+W 4 ^ 1 " -9+25’ “’32“48~i6’ 
and y=tS=3. 

Thus, we have a; =2, and y=3. 

EumpleS. Solve . -7a;+8y= 9 (1)1 

6a;-4y— -3 ••• (2)1 

From (1), -7aj + 8y-9-0\ 

From (2), 6»-4i/+3=0j " 

8x3-(-4)(-9)“(-9).5-3.(-7)“(-7)1-4)-6x8’ 
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or, 


or, 


V L.„. 

24-36 - 46 + 21 28 - 40 

-12“ -24* *-12’ 


Thus, we have a:—!, andi^—2. 

Example 3. Solve 

(a;+7)(y — 3)+7 “*(j^+3)(£c — l)+5 ••• (1) 1 
6aj-ll|/+36 =0 ... ... (2) J 

[C. TJ. 1888] 

From (1), xy-¥7y-3x-14:=xy + 3x-y + 2. 

6a;-8y+16=0; 

.*. 3a;-4t/+ 8=0 ) 

also 5® -112/ + 35=0 5 

TT ® y ^ 

Hence, ^ ^ q “8x 5- 35 x 3 ” 3^ - 11) - 6.( - 4) * 

X _ y _ 1 

-liO + 88 “40^165’ -33 + 20’ 

, -62 - 65 -13 

Hence, ®=4, and 2 / =5. 


Example 4. Solve 2®— 3y+4^= 0 •• 

7a?+2y-62f= 0 •• 

4a;+3y+ £f=37 •• 

From (1) and (2), we have, 

X _y ^ z 

(^3)(-6)-2x4 4x7-(-6).2 2x2-7.(-3)' 

X y z X y z 

io“io“^’ “• 2“ 8 “5’ 

Nqw, let h denote the common value of these fractions which is 
at present unknown. 


Then, we have f “ g “ I 

® = 2A;, 2/ = 8^, s = 5k. ... U) 

Substituting these values of a;, y, z\n (3), we have 
A;(8+24+5)-37, 
or» 37&=37 ; fc=L 
Hence, from (il), a; — 2, 2 / — 8, and s — 6. 
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Ejounple 5. Solvea?+6i^**6« ••• '(1) \ 

7®+ z^^6y ••• (2) \ 

6®+6y-42f—24 ••• (3) I 

From (1), aj+6v-6;8— 0 I 

From (2), 7®— 6i/+ J 

Hence, eloT-^C - 6).( - 6) " F^T^ila “ l.( - 6) - 7 x“6' 

6^36' -6-42’ 

® . 

or, -36^-48’ 

^ U. 1, ^ Multiplying each 

2 “ 3 4 fraction by -12 ] 

Supposing each of those fractions wo have 

®“2A;, i/«3t 2"4A;. ••• ••• *'• (^) 

Substituting these values of ®, y, z in (3), we have 
fc(10+18-16)«24, 

.or. m«24; /. fc»2. 

c 

Hencp, from (il), ®*4, i/*=6, and «-*8. 

EXERCISE 96 


Solve the following equations : 


l/'l. 2®+3y-8 

- 0 1 

2. 3®-6i/+ 9 

- 

0 

3a5-4tf+6 

- 0 f 

5®+2i/-16 

■■ 

0 

. 8. 4*-6y+8 

- 0 1 

,4.-3®+2y+2 

“ 

0 

2®-S»+6 

» 0 I 

5®-3i/-5 


0 

,6. 6®-7v+12 

- 0 1 

6. 7®-8y 

- 

-14 

-7a5+4y+ll 

- 0 f 

6® - dy 

a 

9 

.7.-6!ij+6»+2 

- 0 1 

X 8.-7®+6i/ + 11 

— 

0 

13a!-9y 

-19 I 

8®-5y 

" 

19 

4fl!-llv+6 

- 01 

do. Qx-’ly 

tm 

19 

9a!-13y 

-10/ 

10®-9y 

*■ 

23 

tt.-12aj+17y+16- 0 1 

12. 14®-lltf+18- 

0 

9®-13y 

-11/ 

lias- 7y+l 

— 

0 

18. 17»-7y 

-62 1 

44. 9x+6v 

— 

124 

3a) 

-2y / 

7x 


8v 


[ From the 2ud equation 
I -f-Af (suppose) ] 
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16a5+7y «246 

I 16. 9® 

9® *=4y . 

f 10!B+23»-287- 

17. 

4®-3v « 0 1 

1 

1 


7a!-lltf+92 - 0 1 

1 10!B-9v-102 - 

19. 

13!r-12y+16 - 0 1 

[ 20. lliB-lOv+82 - 


1 

o 

I 14®- 9» 

21. 

\— 

J(®+y)+K®-»)"69 1 
6»-33» - 0 j 


. 23. 

»(3+a!)-®(7+y) 1 
4a!+9 -5W-14 J 

j£x - 2 

x + y ^ 

8^6 - 9 

V’^x 

25. 

(a: + 5)(y + 7) - Ob + 1X» - 

-9)+112 1 


2»+10 -3j/+l 

1 

2«- 

ix-5y+2z — 0 ^ 

^-27. 6®+6y-l- 82? ■■ 


2a!-7y+4z ” 0 !• 

3x+4y+ 62? 


x+ y+ z ™ 6 ) 

®+6y + 162?“ 


or 

- 01 
- 0 f 


28. 

82. 

38. 

35. 


2a!-7»+lla- 0 
6aj-8y+ 7a- 0 
3®+4»+ 6a-36 


29. 7®+3»- 8a- 0 ) 
5x—fj/+ 8a— 0 1 
3a!+6y+ 7a— 64 J 


= “ ly' 

-36 )A ■ 




,81. 


05 — 2j^+ z ■■ 0 

dxSy + 3z 
2a?+3y + 6« 

[ C. U. 1887 ] 

4^+tf) -3(2a-tf) ^ 

6(a?-2») -3(2»-3a) ' 

6fo - 2) + 7(ir - 3) + 8(a - 4) - 67 


2(4aj+9i/) — 7(2y + a) 

7(®+2v) — 8(v+a) 
3x-¥4:y+6z » 38 


5x’^2y, 7y- 5« \ 
4®+6y+6«-160 J 

4fl5-13y+8jBf'-Q 
7a5+ 6w-9»*-0 

X y z ^ 


34. 16®— lOi/ — 62? I 
^ 7®+8y+9^-332 i 
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I 

s 
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182 . EguationB of the form a^x+b^+CaZ 

*if2f OaX^h bg^y^^CsZ^ d^m 

Multiply the furst eqiiktion by Cs and the 2 nd by Ci ; then* by 
subtraction, we have 

* (<* 1^2 ““®aCi)aJ+(feiC 2 — & 20 i)y“di(j 2 “daOi. ••• ( 1 ) 

Similarly, multiplying the first equation by Ca and the 3rd by Cu 
we have 

(ttiOa “flt30i)aj+{bi<;3 — 6 aOi)i^®*diCa “dsCi. ( 2 ) 

Now, from ( 1 ) and ( 2 ), the values of x and y oan be at once found 
by cross multiplication. Then substituting the values of x and y thus 
found in any of the given equations, t|^ value of z will be obtained. 

Otherwise : Multiply the Ist equation by d 2 and the 2nd by d\ ; 
then by subtraction, we have 

(aid 2 - a 2 di)x + ( 61^2 - b 2 di)y + ( 01^2 ~ 02 ^ 1 ) 2 ? « 0 . • • • (a) 

Similarly, multiplying the Ist equation by ds and the 3 rd by di, 
we have 

(aids — (Z 3 di)£C + (bids — 53^1)1/ + (cids —03^1)2? = 0 . ••• (p) 

Now, evidently (a) and (P) together -with any one of the given 
equations form a group which can be easily solved by the method 
illustrated in the last article. 

Example 1 « Solve 4tx--Sy + 2z=^40 ••• ( 1 ) 

6a?+9y-72r*=47 ••• (2) 

‘ 9a; + 8i/-'32?«97 - (3) 

Multiplying (1) by 7, and (2) by 2, we have 
28a;-21|/ + 14^-280 1 
and i0a? + 18y — 142f«« 94 ) 

Hence, by addition, 38a?-3y«374. ••• ••• ( 4 ) 

Again, multiplying (1) by 3, and (3) by 2, we have 
12 a?- 9y+ez^m \ 
and 18a? + 16i/ — 6^"»194 J 

Hence, by addition, 30a:+7y'«3l4. •••' ••• ( 6 ) 

Now, from (4) and ( 6 ), wo have 

38a? -3?/ -374-0 \ 
and 30»+7y -314—0 J 

Hence, 

g If 1 

3 x 314 - 7.(-374) (-374).30-(-314).38 38 x 7 - 30.(-3) 

X y 1 

942+2618“ -11220+11932“266+90’ 
a? y 1 
3560“ 712 “356 

Therefore, a?— 10, andy— 2. 
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Substituting these values of x and y in (1), we have 
4Q-p-H2;0f=-4O, whence • 

Thus, we have 05 — 10, y « 2, and s « 3. 

Example 2. Solve 2®- 4y+ 9^=28 U) 

7®+ 3y- bz^ 3 ••• (2) 

9® + 102/-ll;8f« 4 ••• (3) 

Multiplying (1) by 3, and (2) by 4, we have 
6®-12y + 27««84 \ 
and 28a5+12y-205f“12 J 

Hence, by addition, 34fl5+7i?«96. ••• ••• (4) 

Again, multiplying (2) by 10, and (3) by 3, we have 
70® + 301/ - 50^ « 30 \ 
and 27® + 30i/ — 332r=«12 J 

Hence, by subtraction, 43®-17af“18. * ••• ••• (fi) 

Now, from (4) and (5), we have 

34®+ 7««96-0 \ 
and 43®-172-18«0 J 

Hence, 

X _ z 1 

7.{ - 18)-(-17).(-96) “ ( - 96).43^- 18).34" 34.1- 17) -43x7’ 
® _ I 

”* -126-1632“ -4128+'612“ -578 - 301’ 

-17S8 - 3616 - 879 


Therefore, 




Substituting these values of ® and z in (2), we have 
14+3i/-20«3, 
whence 3i/— 9, and i/»3. 

Thus, we have ®“2, i/«3, and a? ■*4. 

Example 3. Solve 12®+ 9i/- 7z^2 ••• (1) 
8®-26y+ dz^l ••• (2) 
23®+21i/ — 16af“4 ••• (3) 

Multiplying (2) by 2, we have 

16® — 62|/ + 18«“2, 
also, 12®+ 9y- 7z^2, 

Hence, by subtraction, 4®-61^-<»26«-»0. 

1-21 
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Again, multiplying (1) by 2, we have 

24a!+18y-14a-4, 
also, ‘^Sx + 21y — ISs • 4. 

Hento, by subtraotion, x-Sy+z—0. 

Now, since we have ix - 61j/ + 25a “0, 
and ®-3y+a-0. 

Therefore, by cross multiplication, 


or, 


y z 

-61+75 ‘*"25 - 4 " - 12 + 6l’ 


X y z 

14"2l'‘49’ 


or, 


X y 
2 3 “ 


Supposing each of these fractions »ic, we have 
a:a>2A;, y=3fc, z^lk. 

Hence, from (1), , A(24 + 27 - 49)“2, 

or, 2fc-2 ; &-!. 

Therefore, **“2, y=3, and 2=7. 


( 8 ) 

( 6 ) 

( 4 ) 

( 6 ) 
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Solve the following equations 

1. 2a!-3y + 52 — ,11 \ 
6x+2y - Iz •= -12 1 
-4fl!+3y + .2 - J 

8. x+ y - 2 = 1 ] 

8«+3y - 62 = 1 [ 

3z-ix - y “ 1 J 

5. 2®+3y + 42 =• 16 I 

3a;+2y - 62 = 8 1 

6x-6y + 32 — 6 ) 

7. 6x-7y - 52 — It 
-7a!+6y + 62 <■ - 1 f 
12B-8y -II2 2 ) 


9. 29;+4y + 6z. - 49 ) 
3a!+6y .+ 62 = 64 [■ 
4a!+3y + 42 65 ) 

11. 12*+ 8y-ll2-- 3 ) 
ll*-13y- 2* 2 [ 

8a!+17y-122-- 2 ) 


2. 3a5+2y+ 62- 32 
2*+6y+ 32- 31 
6a!+3y+ 22— 27 

4. 2a:+3y+ 42- 29 
,3a!+2y+ 62— 32 
4*+3y+ 22= 26 

6. 4a!-3y+ 22- 8 

3®— 4y+ 62— 6 

-6a:+6y+ 72- - 1 

8. ®+6y -42- 5 

3a!-2y +22- 14 
— 10®+8y+2— 6 

[0. U. 1867] 

10. ®+3y+ 62— 10 

3»+6y+ 72— 14 
6*+7y+ 82— 16 

12. &-4y+92 — 19 
7®+6y-122- 16 
T9*+8y+152— -13 
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18. X- y- *•«- 16 
y+ *+2a“ 40 

4«-6ie-6y- -160 

[O.U.1886] 
15. 3£b+3i/— 2«20 1 
2a!+3»+&-70 f 

a; — ir+6ar*>41 j 
17. 6!e+ay+ 30 

4 

2!r+6»+10ar-129 


19. ?: + 5 - 4 A 

X y z Vi 

3 _ i . .6 _19 

X . v"^ z 24 

4.6.6 1 

i + y + ^ 

21. 6a;+3y™ 66 

2y- »- 11 

3ir + 4a» 67 


28. oy+fer—o ) 
c®+aar“6 f 

tas+cy—a J 


14. 2(®-y)-8A -2 
®-8«“8y -1 
,2®+3«“4(l-y) 

18. 4(y-®)-6ar-22 
3a+4®“6y+ 2 
ar-3y“14-10® 

18. i®+iy — 12-iit^ 
4y+iar-J®- 8 
i®+'J'a *10 

[0. U. 18683 


1 + 1+2 
3®^2y^ z 
4 la .4 




25. 3y+®-2— 0 

8*-4y - ®+16 [O.U. 1883] 

. 2®+7a - 7 

183. Miscellaneous Examples. 

Example 1. Solve ® + - -1, - + ^ 

® y y z 

Adding together the given equations, we have 


24. 3®+4y-ll- 0 

6y-6a - -8 

7«-8®-13- 0 

[0. U. 1877] 


^ + .®4 
y z 




a . 6 . 0 _ 3 
® ^ y ^ " 2 


Sttbtraoting the 2nd equation from (a), we have 

o 1 . „ 

» §’ . . ®*2a» 

Similarly, we have y*26 and 3*2e. 
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Example 2. Solve 





SVom (0i webave^^-1; or, 

l + Ui ... 

y X 

(4) 

/••\ x + z 1 

.» UI). .. „ “^-2* or, 

i + l-A 

z X 2 

(6) 

•• (iii), „ „ 

i + ... 

z^ y 3 

(6) 

From (4), (6) and (6), by addition, we have 



11 . 

"6 ’ 


. 1.1,1 11 
• • X* z "12 

... 

(V) 

Subtraoting (6) from (7), we have 



1 11 1 7 . 

X 12“3“l2’ 

. ®-^. 


Subtraoting (5) from (7), we have 



. 1 ‘11 1 6 . 

. y 12" '2 12 ’ 

• w=¥. 


Subtracting (4) from (7), we have 



1 11 1 1 . 
i"l2 ^""12’ 

. r--12. 



Examples. Solve xyz^a[yz-zx-xy) 

— h{zx -xy- yz) — c[xy -yz- zx). 
Since, xyz’^a[yz-zx^^xy)t we have 



(1) [ Dividing both sides by a x xyz ] 


Similarly, we have 


^ y z x' 

1 „ 1 « 1 - 1 , 
0 " X' y 


( 2 ) 

( 3 ) 


Adding together (2) and (3), we have 


Similarly, 


2 ^ 1 . -2bc 

X 0 bo . . ar 

2 1.1 G-f c . . — 2ca 

tk c a ac • • o+a 

2 1 1. 1 g+ 6 • , — 2a6 

z^a^b^'W' •• *-s+r 


and 



xxvnj 


HABDBB SIMULTANEOUS EQUATIONS 


835 


ExAmple 4. Solve aj+y+« ->0 \ 

(6+c)r+((5+a)y+(a + &);Er—0 V 
* , bcx-^cav’^abz , —1 j 

Since, (6+c)a;+(c+a)y+(a'+6)j8f-0 I 

and ®+y + £i—0 I 

Therefore, by cross multiplication, 

X ^ y ^ z ^ 

(c+a)--(a+6) (a+6)“-{6+c) (5+c) — (c+a) 

X y z 

Supposing each of these fractions « we have 
x*‘k{c'^b)t y^k(a-c)t z^kifi-^a). 

Substituting these values of x, y, z in the third equation, we have 
k{bc(c - ft) + ca{a - c) + ab{b - a)H !• 

But 5c(c-5)+ca(a-c)+afe(6-a) 

- bc{o - 5) + a^c - 5) - a{c^ - 6*) 

■■ (c - b)\bc + a* - a(c + b)\ 

— (c~h)(a-cXa-6). • 

Thus, fc(o-6)(a-c)(a-&)-l ; /. 

Hence, 


EXERCISE 98 
Solve the following equations : 



s M a .1, -SL.c 4 a®tf-c(6®+a») I 

*’ y+s ' e+x ' x+y *' bxy^e{ca)-by)J , 

8. 3«v«>4(a!+y)i 2a5S“80B+»), 6ys“12(y+«). 

6. y+a—i, *+aj—6, *+y«8. 



ALGEBBA MADE EAST 


[chap. 


326 


?• «+aj-y-10, aj+y-«-14. 


8, aj-4p+£r-'-10 f 

y-4«+i»--16 
«-4aj+y“ -35 - 


9. y+«-7a?+16-0 ) 
2f+aj-7y+24“0 [ 
«+y-72i+40*“0 J 


10 . 


11 . 


a*aj+6*y »2a6(G+6) 

5(2a + 6)flj + a(a + 26)y ■■ a® + + a6® + 5® 

/ 


a: + y+ 
oaj + 5y+ <j;8f“0 
a*aj+6®y+c*ij“0 


12. a;+y+« “0 

(a+6)®+(a+c)y+(fe+c)js-0 
abx-¥acy + bcz “1 


13. 


a; + y + 2i*“0 
a 0 0 

^2 + 54 + ^.2 1 


14. aj-ay + a®2-*a® 
x-by + b^z*^b^ 
b^-cy +c^z 


15. aa;+&y+c5; «0 

(5 + c)a;+((j+ffl)y + (a + 6)2f«0 
a^x-¥b^y+c^z 




16. Find the condition that the three equations, 

Gia;^+6iy +Ci*0, a2£P+52y+C2**0, asaj+taV+^^s^O, 
may be consistent. 


17. Find the value of a so that the four equations, 

2ir-3y+5«*»18, 3a?“y+42-*20, 4a;+2y-«-6, 

(a + l)a? + (a + 2)y + (« + 3)z « 76, may be consistent. 


18. 3tt;-2y- 2 
6® -7;? “11 
2aj + 3y “ 39 
4y+3^-41 


19. 9x-2z+w “41 
7y-5z-t “12 
4y-3a;+2tt;“ 6 
3y-4tt;+3i“ 7 
7;5-6tt; “11 / 


20 . 


“a6+5c+ca 

“3 

lo - b)x + (a - b)y + (c - a}z “ 2abo - a6® - 6®c + ac® - a®o 


x+y+z 


) 

) 


n. Problems produeinsr Simple Equations with 
more than one Unknown Quantity 

« f 

184. In this section we shall consider a few problems of a harder 
type than those treated of in Chapter XYIII. 

The following eMmples will servoias illustrations. 
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Example 1. A cask P contains 12 gallons of wine and 18 gallons 
of water* and another cask Q contains 9 gallons of wine and 3 gallons of 
water. How gpany gallons must be drawn from each cask so as to 
produce by their mixture 7 gallons of wine dbd 7 gallons of water ? 

Out of 30 gallons of the mixture of wine and water in P, there are 
12 gallons of wine ; hence, iS or* f ths of the mixture consist of* wine, 
and fths of water. 

Hence, for every gallon drawn from P, there are taken out fths of 
a gallon of wine and fths of a gallon of water. 

Similarly, for every gallon drawn from Q, there are taken out fths 
of a gallon of wine and ith of a gallon of water. 

Let a;»the number of gallons to be drawn from P, 

and „ „ „ „ „ „ „ Q. 

Then, since x gallhns from P contain fa gallons of wine and 
fa gallons of water, and y gallons from Q contain iy gallons of wine and 
iy gallons of water, in the new mixture there are (fa +|y) gallons of 
wine and (fa+fy) gallons of water. 


Hence, by the conditions of the problem, 

( 1)1 

and ia+|y-7. ,(2) J 

Multiplying (2) by 3, and subtracting (1) from the resulting 
equation, we have 

Ja-14 ; a-10. 

Hence, from (2), y “ 4(7 - f x 10) 4. 

Thus, 10 gallons must be drawn from P, and 4 gallons from Q. 


Example 2. The fore- wheel of a carriage makes 6 revolutions more 
than the hind-wheel in going 120 yards ; if the circumference of the 
fore-wheel be increased by one-fourth of its present size, and the 
circumference of the hind- wheel by one-fifth of its present size, the six 
win be changed to four, Bequired the circumference of each wheel. 


Let a yards be the circumference of the fore-wheel, 
and „ y „ „ „ „ „ „ hind-wheel. 

Then the numbers of revolutions made by the wheels in going 
120 yards are respectively “ and 

When the circumference of the fore-wheel is increased by one- 
fourth, and that of the hind-wheel by one-fifth, the oiroumferencea 
respectively become 


|a+ I j and (v+ g ) yards*, or ^ and ^ 


yards. 
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of Ih, p^Mam, ' 

120^120^. 

X y +6 

X J+^ 


and 

Mnltiplyii^ (1) by 5 and (2) by\ we have 


^-600 
X y 

and 

X V 


^ y 

•*• by subtraction, —=6* 

227 * 

Hence, from (1), 'i?? 120 - 

' « 4 “0-24; 

lUfl - 


®“4. 

y-6. 


■^nga : bot if **’™e ponndg of ongar cost sii 

rtcc of •Ulft's^'f SS S, aoThf™"* ““■ ‘bo 

bco^oit'r:"":-;”---’- 

Hence. iJ- . « 3 v _ 


ro®+3-f“7. 

(2), Va>+9y-.14 

and from (1). ar+9y-18’ 

or, 1-4/ 

Hence, from (1), y _ „ 1 . 


(2) 


(3-V)a,-4; 

®*"5. 


•ngar^il-li ® of tea-6».. and that of a ponndof 
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Exampte 4. A certain sum of money is to be divided among a 
certain number of men ; if there were 3 men less, each man would have 
£150 more ; but if there were 6 men more, each man would have £120 
less. Find'the*8um of money and the number of men. 

Let cr**the sum of money in pounds, 
and y«the number of men. 

Therefore, each man gets £~*I if there were 3 men less, each 

y 

would get if there were 6 men more, each would get 

Hence, from the conditions of the problem, 



—-5-- +160, 

V-Z y 

... (1) 


and --^=--120. 

y+6 y 

... (2) 

From(l), 

‘“-*(,-^8- i). 
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®'=60^*-3»). 

From (2), 


t 


627 . 

*-20(y*+6tf). 

Hence, 

60{tf*-3j/)-20(v*+6y). 



or, 30»*-(160+120)y-270y ; * 

tf— 9. 


a; - 20(81 + 54) = 20 x 135 » 2700. 
Thus, there are 9 men and a sum of £2700. 


Example 5. A man has to travel a certain distance. When he 
has travelled 40 miles, he increases his speed 2 miles per hour. If he 
had* travelled with his inlcreased speed during the whole of his journey, 
he would have arrived 40 minutes earlier ; but if he had continued 
at his original speed, he would have arrived 20 minutes later. How 
far had he to travel ? 


Let 27 » the number of miles the man had to travel ; and suppose 
his original speed was y miles an hour. 

Hence, the time actually taken to complete the journey 


/40.a?-40\ 

”U 1/+2/ 


hours 


The time he would have taken if he had travelled at the increased 
speed during the whole of his journey hours. 
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mi the time he would have taken if he had -travelled all the way 
at his original speed** ^ hours.^ 

Hence, from the conditions of the problem, 

X 80+a:y 2 

w 

® 

Subtirftcting ( 1 ) from ( 2 ), 

or, %c^y{y+2). ••• ••• (3) 

Also, from ( 2 ), 3a!;{y + 2 ) « 3(80 + xy) + y{y + 2 ), 

or, 6a;-240=»y(y + 2), ••• ••• (4) 

Hence, from (3) and (4)1 6a? -240=* 2 a?, 

or, 4a?»240; a?“60. 

Thus, the man had to travel 60 miles. 


Exaibple 6 . If there were no accidents, it would take half as long 
to travel the ^distance from^ A to JB by rail road as by coach ; but three 
hours being allowed for accidental stoppages by the former, the coach 
will travel the distance all but fifteen miles in the same time ; if the 
distance were two-thirds as great as it is, and the same time allowed 
for railway stoppages, the coach would take exactly the same time. 
Bequired the distance. 

Let X miles be the distance from A to B. 

Suppose the coach travels at the rate of y miles an hour, then 
evidently, the rate of train is 2y miles an hour. 

The time in which the train can travel the distance plus 3 hours 
—the time in which the 'coach travels only (a: -15) miles. 


Hence, 

X . a?-io. 

^+3- - 7 -’ 

... 

( 1 ) 

and 

|5+3-te. 

2 » y 

„ a? i Q ^a? 

( 2 ) 

Erom (2), 


or, »-9y. 

(3) 

From ( 1 ), 

®+6v*2®-30, 

or, 6tf-a!-30. 

(4) 


Hence, from (3) and (4)i 6y—*9y — 30, whence y— 10 ; 

and a?— 9x10-90. 

Then, the required distance— 90 miles. 
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Example 7. A l)oat goes up stream SO miles and down stream 
44 miles in 10 hoi^rs ; it also goes up stream 40 miles and down stream 
66 miles in 13 fadurs ; find the rate of the stream and of the boat. 

[0. U. 1880] 

Suppose the boat will travel .x miles per hour if there were no 
ourrent. and that the current flows at the rate of y miles per hour. 

Then, it is clear that with the currents the boat travels x+y miles 
per hour, and against the currenUx-y miles per hour. 

30 

Hence, the time taken to travel 30 miles up stream— , hours, 

X'^y 


and the time taken to travel 44 miles down stream— •hours; 

x-ry 

and .‘.by the 1st condition of the problem, we must have 


30 ^ 44 
x-y^x-^y 


10 . 


(1) 


Similarly, by the 2nd condition, wo have 
40 . 65 
x--y ' X‘¥y 

Multiplying (1) by 4, and (2) by 3, we have 


120 + 176^40 
x-y x+y ’ 


and 


120 + 165 


'39. 


;-i: 


a?+y-ll. 

a?-y-5. 

sc-8 \ 
y-3 J 


( 2 ) 


x-y x+y 

Therefore, by subtraction, 

11 
x+y 

Hence, from (1), — 10-4— 6 ; 

*Thus, wehave x+y^ll 1 

and aj-y— 6 j 

Hence, by addition, 2a? - 16 ; 
and by subtraction, 2y— 6; 

Thus, the rates of the stream and the boat are respectively 3 miles 
and 8 miles per hour. 


Example 8. A challenged B to ride a bicycle race of 1040 yards. 
He first gave B, 120 yards’ start, but lost by 5 seconds ; he then gave 
Bt 6 seconds' start, and won by 120 feet. How long does each, take to 
ride the distance ? * [0. U. 1881] 

Let the times which A and B take to ride the distance be 
w seconds and y seconds respectively. ^ 
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Then, the times they take to travel one yard are respectively 

10® ii^ ' 

Let PQ represent the given distance, and let PB, SQ on it respec- 
tively represent 120 yards and 120 feet (or, 40 yards). 

R S 

P Q 

In the first race B is at B, and il at P when they start, but B 
reaches Q, 5 seconds earlier than A ; therefore, the time taken by B to 
travel B0**(a?“6) seconds. 

Hence, x - 5“(1040 - 120) x 

■■(1 — ••• •••(!) 

In the second race B starts from P, 5 seconds earlier than^l, but 
arrives at S when A arrives at Q ; therefore, the time taken by B to 
travel PS - (a; + 5) seconds. * ' , 

Hence , a; + 6 « (1040 - 40) x 

-(l-A)F=lly. ••• ••• (2) 

Subtracting (l) from (2), we have 

Ay-10; /. y“130. 

Hence, from (1), sc— 6+|f x 130 
• -6+115-120. 

Thus, the times required by A and B to ride the distance are 
respectively 2 minutes, and 2 minutes 10 seconds. 

Example 9. If the sum of the digits of a number is divisible by 9, 
so is the number. [B. G. S. 1923] 

If the number consists of one digit it must evidently be 9. Thus, 
the problem is true for a number of one digit. 

If the number consists of two digits, let x and y be the digits in 
the unit’s and ten’s place respectively. 

.*. The number— 10y+ 05. 

Now, 

Hence, the number is divisible by 9 if 05 -I- y is divisible by 9, i. 0 ., 
if the sum of the digits is divisible by 9. 

Proceeding similarly, the proof follows for a number with more 
digits. 
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EXERCISE 99 

1. Tl:^re is a oertain number consisting of 3 digits which is equal 
to 26 times the dum of the digits, and if 198 be added to the number, the 
digits will be reversed ; also the sum of the extreme digits exceeds the 
middle digit by unity ; find the num.ber. ' 

2^ A shop-keeper, on account of bad book-keeping knows neither 
the weight nor the prime cost of a certain article which he purchased. 
He only recollects that if he had sold the whole at 30s. per lb. he would 
have gained £5 by it, and if he had^ sold it at 22s. per lb., he would have 
lost £16 by it. What was the weight and prime cost of the article ? 

3. Two persons A and R, played cards. After a certain number 
of games, A had won half as much as he had at first and found that if 
he had 15 shillings more, he would have bad just three times as much as 
B, But B afterwards won 10 shillings back, and he had then twice as 
much as A. What had each at first ? 

4. A and B can do a piece of work together in 12 days, which B 
working for 15 days and C for 30 would together complete ; in 10 days 

• they would finish it, working all three together ; in what time could 
they separately do it ? 

5. A has twice as many pennies as shillings ; B, who has 8d. 
more than A, has twice as many shillings as pennies ; together they 
have one more penny than they have shillings. How much has each ? 

6. Two persons, A and B could finish a work .in m days ; they 
worked together n days when A was called off, and B finished it in 
p days. In what time could each do it ? 

7. At Bt 0 compare their fortunes ; A says to B, 'give me Bs. 700 
of your money, and I shall have twice as much as you retain ; B says 
to C, 'give me Bs. 1400, and I shall have thrice as much as you have 
remaining* ; G says to At 'give me Bs. 420, and then 1 shall have five 
times as much as you retain*. How much has each ? 

* 8. A man walks 35 miles partly at the rate of 4 miles an hour 
and partly at 6 ; if he had walked at 5 miles an hour when he walked 
at 4, and vice versa, he would have covered two miles more in the same 
time. jS^nd the time he was walking. 

A train travelled a certain distance at a uniform rate. Had 
the speed been 6 miles an hour more, the journey would have occupied 
4 hours less ; and had the speed been 6 miles an hour less, the journey 
would have occupied 6 hours more. Find the distance. 

10. Two vessels contain mixtures of wine and water ; in one there 
is three times as much wine as water, in the other five times as much 
water as wine. Find how much must ’ be drawn off from each to fill a 
third vessel which holds seven gallons, in order that its contents may 
be half wine and half water. 
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11. A number consists of 3 digits whose sum is 10. The middle 
digit is equal to the sum of the other two ; and the number will be 
increased by 99 if its digits be reversed. Find the number. 

€ . 

12. A man has one pound's worth of silver in half crowns, shillings 

and six-pences ; and he has in all 20 coins. If he changed the six-pences 
for pennies, and the shillings for six-penoes, ho would have 73 coins. 
How many coins of each kind has he ? , 

13. A sum of money is divided equally among a certain number of 
persons ; if there had been four more, each would have received a shilUng 
less than he did ; if there had been fivff fewer, each would have received 
two shillings more than he did ; find the number of persons ana what 
each received. 

14. \ There is a cistern, into which water is admitted by three cocks, 

two of which are exactly of the same dimensions. When they are all 
open, five-twelfths of the cistern is filled in four hours ; and if one of the 
equal cocks is stopped, seven-ninths of the cistern is filled in ten 
hours and forty minutes. In how many hours would each cock fill the 
eistem ? • 


15. A person exchanged 12 bushels of wheat for 8 bushels of barley, ' 
and £2. 16^, ; offering at the same time to sell a certain quantity of 
wheat for an equal quantity of barley, and £3. 16s. in money, or for £10 
in money.* Bequired the prices of the wheat and barley per bushel. 

16.. A wine-merchant has two sorts of wine, one sort worth 
2 shillings a quartj^and the other worth 3s. id. a quart ; from these he 
wants to make a mixture of 100 quarts worth 2s. 4d. a quart. How 
many quarts must he take from each sort ? 

17. The rent of a farm is paid in certain fixed numbers of quarters 
of wheat and barley ; when wheat is at 65s. and barley at 33s. per 
quarter, the portions of rent by wheat and barley are equal to one 
another ; but when wheat is at 65s. and barley at 41s. per quarter, the 

Z is increased by £7. What is the corn-rent ? 

IS. A train 60 yards long passed another train 72 yards long which 
travelling in the same direction on a parallel line of rails, in 
12 seconds. Had the slower train been travelling half as fast||again, it 
would have been passed in 24 seconds. Find the rates at which the 
trains were travelling, 

19. A farmer ynth 28 bushels of barley at 2s. 4d. a bushel, would 
mix rye at 3s. per bushel, and wheat 4s. per bushel, so that the whole 
mixture may consist of 100 bushels, and be worth 3s. id. per bushel. 
How many bushels of rye, and how many of wheat must he mix with 
the barley ? 

^ 29* A .person has £27. 6s. in guineas and crown-pieces ; out of 
which he pays a debt of £14. 17s. ; ana finds that he has exactly as many 
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guineas left as he has paid awa^Tcrowns, and as many crowns as he has 
paid away guineas. How many of each had he at nrst and bow msmy 
of each had he left ? • 

21. A waterman finds that he can row with the tide from A to S 
a distance of 18 miles, in an hour and a half, and that to return from 
Bto A against the same tide, though he rows back along the shore 
where the stream is only three-fifths as strong as in the middle, takes 
him just two hours and a quarter. Find the rate at which the tide runs 
in the middle where it is strongest. 

22. A and B run a mile. First A gives B a start of 44 yards, and. 
beats him by 51 seconds ; at the ‘second hit A gives B a start' of 
1 minute 15 seconds, and is beaten by 88 yards. Find the times in 
which A and B can run a mile separately. 

23. A and B run a race round a two-mile course. In the first hit 
F reaches the winning post 2 minutes before A. In the second hit A 
increases his speed by 2 miles an hour, and B diminishes his by the 
same quantity, and A then arrives at the winning post 2 minutes before 
B, Find at what rate each ran in the first hit. 

24. A railway train running from London to Qambridge meets on 

the way with an accident, which causes it to diminish its spee^ to - th 

• n 

of what it was before, and it is in consequence a hours late. If the 
accident had happened h miles nearer Cambridge, the t^^ain would have 
been c hours late. Find the rate of the train before the accident 
occurred. 


25. A railway train after travelling for one hour, meets with an 
accident, which delays it one hour, after which it proceeds at three- 
fifths of its former rate, and arrives at the terminus three hours behind 
time : had the accident occurred 50 miles further on, the train would 
have arrived 1 hour 20 minutes sooner. Bequired the length of the 
joumdy." 


26. If the difference between the sums of the odd and even digits 
of a number is zero or divisible by 11, the number is divisible by 11. 

[B. 0. S. 1923] 

27. If the sum of the digits of a number is divisible by 3, so is the 
number. 



CHAPTER XXVIII 
GRAPHS AND THEIR APPLICATIONS 


■ 186. We have explained in Chapters VII and XIX how algebraic 
expressions can bo represented graphically by points and lines. 

Wo shall now give some illustrations of the way in which graphs 
may be used to solve algebraic equations and problems. Graphical 
solutions are generally in the nature of approximation, but in many 
cases they are obtained more easily than the corresponding exact 
solutions by algebraic processes explained previously. 

186. Oraphinal Solutions of Equations. 

Example 1. Solve graphically, 

2a?-7|/+12- 0 I 
•3aj + 2i/ =32 j 


Let us draw the graphs of the two equations. 
W^ find that • 


.*--6 1 

2! — 1 1 

I are points on the graph of the 

0 r 

y-2 J 

1 1st equation ; 

(p 

whilst a;*" 0 1 

ib-6 \ 

> are points on the graph of the 

16 r • 

y-7 J 

1 2nd equation. 


Hence, taking the length of a side of a small square as the unit of 
length, the two graphs are as shown.on the next page. 


Let P be the point whore the two graphs intersect, P being 
common to the graphs, its co-ordinates will satisfy both the given 
equations. 


Now, the co-ordinates of P are found to be 8 and 4. 


Hence, | required solution. 

Vcfificatton ; Substituting a; =8 and y=4 in the given equations, 
we have 


2a;-72/+12«2x 8-7x4+12=0, 
and 3®+2p-32«3x8+2x4-32«0 ; 

.*. both the equations are satisfied when a; =8 and f^=4. 
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1 • 11 2ij/ + 12 32~*3tr 

Example 2* Solve graphically — ^ — =» — 2 — ‘ 

All that we have to do is to draw the graphs of the expressions 

and and take the absois$a of the point common to the 

two graphs., 

22? + 12 . 

The graph of the function — ^ same as the graph of 
^ g ^ 2»-7y+12-0 ; and graph of the function is the 

OQ ^ Ofg, 

same as that of i/®* — g — » Saj+2y“32. 

Drawing the graphs of 2®— 7y+12"*0 and 3a?+2y— 32 (see example 
1 above), we hnd that the abscissa of the common point, P, of the 
graphs»8 ; % 

a;»8 is the required solution, 

1-22 " 
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Example 3. Solve graphically oj - 5 - 3. 

Let ua draw the graijha of the expressions a; - 5 and 3.^ The abscissa 
of the point common to the two graphs is the required* solution. 

. Now, the graph of the expression aj-6isthe same as the graph 
of y - 5 ; and we find that 

xcB 0 I and | points on this graph. 

Also, the graph of the expression 3 is the same as the graph of 
which is a straight line parallel to jr-axis at a distance of 3 units 
from the origin. 



Hence, taking the length of a aide of a small square as the unit of 
length the two graphs are as shown in the figure. 

Let P be the point where the two graphs intersect. We find that 
the abscissa of P-=8 ; 

ic**8 is the required solution. 

Example 4. Find the co-ordinates of the vertices of the triangle 
whose sides are given by the equation a?-2y+12«0, a!+y + 3«=0 and 
5® - y - 21 —0, and calculate its area. 

Wefind that a;=0 1 and -12 1 are points on the graph 
y«6 J y Ol of a;"2y+12“0 ; 

whilst 0 1 an^aj 3 1 are points on the graph 
y*=-3) y OJ of®+y-f3=0; 
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and 4 \ and a—S 1 are points on the graph of 

1 j j 6aJ"“2/“'21*"0. 

Hence, tal[ing ^he length of a side of a snftbll square as the unit of 
length, the straight lines PQ, QP and PP represent the graphs of the 
1st, 2nd and 3rd equations rehpeotively.. 



We find from the diagram that the co-ordinates of the vertex 

Pare ^ a;=6 1 . ofQ, and of P, a?- 3\ 

y^9 r !/« 3 r J 

• Drawing lines parallel to the axes (as shown in the diagram by 
dotted lines), we have 

AP(3P**the reot. ilPDP— aQAP— AQBB^ ABDP 

-- 12x6 9x9 3x16 

■ 16x12- -g 2 2 

»180 - 36-^-¥"81 units of area. 


840 


ALOBBBA MADE EAST 


[OHAP. 


Example 5. Find graphically the co-ordinates of the vertiMS 
the ouadrilateral whose sides are as+y-lO— 0, as-y+lO-O, os+y+lO—U 
and ®Ty-10-0. Prova that the quadrilateral is a.square and find its 
area. 



^e find that x* 

10 1 

and 

®- 0 \ 

are points on the graph 

y* 

0 J 


!/•“ 10 J 

of a5-l-i/-10— 0 ; 

X' 

0 1 

1 and 

a:— -10 1 

are points on the graph 

y 

10 1 


»- 0 / 

of oj-y-PlO-O ; 

X* 

0 ' 

k and 

a:— -10 \ 

are points on the graph 

V' 

-10 . 

t 

»- 0 J 

of a5+i/ + 10«0 ; 

whilst 05— 

0 

1 and 

as— 10 \ 

are points on the graph 

y* 

-10 , 

f 

y- 0 J 

of 05-1/ -10-0. 


Hence, taking the side of a small square as the unit of length, 
the four graphs are represented by the straight lines PQ, QPi BS 
and 8P. 

We notice that* the co-ordinates of the vertices P, 0, B and S are 

i:“}' 
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It is obvious from the diagram that OP— OQ^’OB^OS, each being 
10 units long and the diagonal PB is perp. to QS. 

0 

Hence, it follows from geometry that the quadrilateral PQBS is a 
square. 

The area required « APQE+ APSE 

_ PE X OQ PB X OS 
“ ' 2 2 

^ 20 X 10 ^ 2Qx iP=s 200 units of area. 

EXERCI^ 100 

Solve the following equations graphically : 

1. ®+i/«9,‘3a?-2i/=7. 2. 4aj + 3i/“13, 3a? + 2i/“ll. 

3* ^ + g ■* 4, 4a; — 5i/ ** 2. 4. y — a; = 2, 3a; — ! 

6. 5a:-3i/-11.2p-3!r+4-0. 6. 

„ 2a; + 7_3a;“7. o 4a;-3 6a; -» 

i. 3 “ 2 ’* 6 “7"^* 

9. a;-12--3. 10. 6a;-13-7. 

11. Find the vertices of the triangle whose sides are given by 
-a;+3y— 18, a3 + 7|/*»22 and |/ + 3a;«26 and calculate^ its area. 

12. Show that the straight lines 4a; - y — 16, 3a; - 2i/ — 7 and a; + y ■■ 9 
meet at a point. Find its co-ordinates. 

13. Find the vertices and the areas of the quadrilaterals whose 

sides are given by (i) a;+y— 3, ^ ” 3 “li a;-y+3—0 ; 

(ii) a;«i, y“6, a;*“12 and y-10 ; (iii) a;«0, y-0, |^ + ^«1, ^ 

• 14. Find the vertices and the areas of the triangles whose sides are 

given by (i)a;«0, y-0, ^ | *1 ; (ii) a;-2»0, y-l«0, a; + y-6; 

(iii) a;-2y+8-0, a;+y + 2»0, 5a;-y-14«0. 

In each of the following examples, show by solving the equations 
that they are satisfied by the same values of x and y. 

Find these values and verify graphically : 

16. a;+y-2, a;-»l, y-1. 16. 7a;+5y«24, a;+y-2, 2a;+y-9. 

17. 2a;-y—7, y-a;— 2, lla5«-9y. 
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187. Application of Graphs to Problems. 

Example 1. Given that the price of a seer of rico^is three annas, 
show that a graph in the form of a straight line can be drawn such that 
if any point be taken on it, the abscissa of the point will represent the 
quantity of rice of which the price is represented by the ordinate. 

Determine from the graph (i) the price of 12 seers and (ii) the 
number of seers* that can be had for 27 annas. 

In the figure below let the length of a side of a small square 
measured along OX represent one seer, and let an equal length measured 
along OY represent one anna. Then the meaning of the figures along 
OX and OY is clear. 

Since, the price of a seer is 3 annas, the price of 8 seers must be 

24 annas. Clearly, therefore, f 
is a point such that its abscissa 
OM represents a quantity of 
rice of which the price is repre- 
sented by the ordinate PJkf. 

Join OF and produ^ it, 
Then this is the straight! line 
every point on which will 
satisfy a • condition similar to 
that satisfied by P. 

Q is the point (10, 30) ; conse- 
quently its abscissa represents 
a quantity of rice of which the 
price is represented by its 
ordinate. B is the point (3, 9) ; 
its abscissa, therefore, represents 
a quantity of rice of which 
the price is represented by its 
ordinate. Similarly, this is true 
of every point on the line OP. 

Hence, OP is the required 
straight line. 

The graph enables us to 
determine readily the price of 
any given number of seers 
of rice. For instance, if the 
abscissa be taken to be 12, the 
ordinate is immediately found 
to be 36 ; thus, we know that 
the price of 12 seers of rice is 
36 annas. Similarly, for any 
other abscissa the corresponding 

ordinate can be immediately found. 
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The graph also enables xxs to determine quickly the number of 
seers of rice that can be had for any given price. For instance, if the 
ordinate is tflken •to be 27, the correspond^g abscissa is immediately 
found to be 9, which shows that we can have 9 seers of rice for 27 annas. 

Note. The line OP ia called the graph of the price of rice^ or more simply the 
price-graph of rice. 

Example 2. A person, named B, starting from a given place, 
travels at the rate of 5 miles an hour. Show that a graph in the form 
of a straight line can be drawn such that if any point be taken on it, 
the abscissa of the point will represent the number of miles that B 
travels in the time represented by the ordinate. 

Determine from the graph (i) the distance travelled in 3 hours 
24 minutes and (ii) the time to travel 13 miles. 

In the figure below let the length of a side of a small square 
measured along OX represent one mile, and let an equal length measured 
along OY represent 12 minutes. Then the meaning of the figures alone 
OX and OY is clear. 

Since B travels 6 miles in one hour, he travels 10 miles in 2 hours. 
Clearly, therefore, P is a point such that its abscissa represents the 
number of miles that the person travels in the time represented by its 
ordinate. 

Join OP and produce it. Then this is the straight line evejry point 
on which will satisfy a condition similar to that satisfied by P. 

Let Q be any point on the line. Its abscissa represents 6 miles 
and ordinate represents 1 hour 12 minutes ; but we know that the 
person travels 6 miles in 
1 hour 12 minutes. 

Hence, Q satisfies the 
condition mentioned above. 

Let B be some other 
point on the line. Its abs- 
cissa ^represents 20 miles 
and ordinate represents 
4 hours ; but we k?iow that 

the person travels 20 miles ^ 

in 4 hours. 

Hence, B also satisfies 
the proposed condition. 

Similarly for any other 
point on the line. 

Hence, OP is the re- 
quired straight line. 

The graph enables us 
to^determine readily the 

time in which B travels any given number of miles. For instance, 
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if the abscissa be taken which represents 13 miles, the corresponding 
ordinate is immediately found to be that which represents 2 hours 
S6 minutes ; thus, it is known that the time taken* hy the person to 
travel 13 miles is 2 hours 36 minutes. 

The graph also enables us to determine readily the number of 
miles that the person travels in any given time. For instance, if the 
ordinate bo taken which represents 3 hours 24 minutes, the correspond- 
ing abscissa is immediately found to be that which represents 17 miles ; 
thus, it is known that in 3 hours and 24 minutes the person travels 
17 miles. 

Note. TJis line OP is called the graph of B' s motiont or the motion*graph 

of B, 

Example 3. If one inch be equal in length to 2*5 centimetres, 
show that a straight line can be drawn such that the abscissa of any 
point on the line will represent the number of inches that are equivalent 
to the number of centimetres represented by the ordinate. 

Determine from the graph (i) the number of centimetres in 
10 inches and (ii) the number of inches in 15 centimetres. 

In the figure let the length of 
a side of a small square measured 
along OX represent one inch, and 
let an equal length measured along 
OY represent one centimetre. 
Then the moaning of the figures 
along OX and OY is clear. 

Since 1 inch “2*5 centimetres, 
we have 8 inches® 20 centimetres. 
Clearly, therefore, P is a point 
such that its abscissa represents 
the number of inches that are equi- 
valent to the number of centi- 
metres represented by its ordinate. 

Join OP and produce it. Then 
this is the straight line every point 
on which will satisfy a condition 
similar to that satisfied by P. 

Let Q be any point on the 
line. Its abscissa represents 12 
inches, whilst its ordinate repre- 
sents 30 centimetres ; but we hnow 
that these two are equivalent. 
Hence, Q satisfies the condition 
above mentioned. 

Let B be some other point on 

the line. Its abscissa represents 

2 inches, whilst its ordinate represents 6 centimetres ; but we know 
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that these two are equivalent. Hence, 22 also satisBes the. proposed 
oondition. ^ 

Similarly for any other point on the line. Hence, OP is the 
required straight line. 

The graph enables us to determine readily the number of centi- 
metres that are equivalent to any given number of inches. For instance, 
if the abscissa be taken which represents 10 inches, the corresponding 
ordinate is immediately found to be that which represents 25 centi- 
metres ; thus, it is known that 10 inches are equivalent to 25 centi- 
metres. 

The graph also enables us to determine readily the number of 
inches that are equivalent to any given number of centimetres ; for 
instance, if the ordinate betaken which represents 16 centimetres the 
corresponding abscissa is immediately found to be that which represents 
6 inches ; thus, it is known that 15 centimetres are equivalent to 
6 inches. 

Note. The line OP is called the graph for converting inches into centimetres 
and vice versa, or more briefly, the conversion graph for inehea and centimetrea. 

Example 4. A and B are two stations 30 mMes apart. P starts 
from A and travels towards B at the rate of 6 nRles an hour ; at the 
end of 2 hours he takes rest for one hour, and then resumes hief journey 
at the rate of 3 miles an hour. Q leaves B, 2 hours 40 minutes after P 
leaves A, and travels towards A, without stoppage, at the rate of 4 miles* 
an hour. When and where will the two travellers meet ? 

Let the length of a side qf a small square pleasured horizontally 
represent one mile, and let an equal length measured vertically 
represent 10 minutes. Then the meaning of the figures along the lines 
in the diagram on the next page is clear. 

(i) P starts from A, and travelling at the rate of 5 miles an hour 
completes 10 miles in 2 hours. Hence, if the point C be taken such that 
its co-ordinates respectively represent 10 miles and 2 hours, .40 is the 
graph* of P*8 motion for the first two hours. 

The graph for the 3rd hour must be such that the abscissa of any 
point on it may represent 10 miles, because P is supposed to be at rest 
throughout this hour. Henqe, Gt> drawn vertically to represent one 
hour, as in the diagram, will be the graph of P’s rest. 

After the 3rd hour, P travels at the rate of 3 miles an hour. 
Hence, if DM be taken to represent 6 miles and ME to represent 
2 hours, the straight line DE is the graph of P's motion after the 
3rd hour. 

Thus, the broken line AODE is the complete graph of P*s motion. 

(ii) Q starts from B, 2 hours 40 minutes after P leaves A, Hence, 
if BF be measured vertically to represent 2 hours 40 minutes, BF may 
be regarded as the graph of Q’s iQpst at B, 
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When Q leaves B, he moves towards A at the rate of 4 miles an 
hour. Hence, if FN he t akeh to represent 8 miles and^^H to represent 
2 hours, the straight line FU will be the graph of Q’s motion. 



mmmmmmmmmmmmmmmmmmwMmmmmmmmmmm 

^ssbbbsbsbsbsbsbb:^ 

BBBBBBBBBBBBI^BBaBBBBHik^aBBBiB 


BBBBBBBBBI 


li^l 

IBBBBBBBaiBBBI 


BBBBBBBBBBBBrjBBnBBBBBBBBk^BBBI 

^HBBriBBBnBflBBBBBBBmBi 

IBBBBBBBnBaaiBflBBBBiBl 


8S8 

■ 

BBB 

BBB 

BBB 

8 

a 

ira 

BBB 

B 

a 

BB 

BBBBBBfl 



ISI 


BBBBBBBBB^BBBBBBBBfll 


bBBBBBbBbbBBBBbbBb 

&BBB&85BB8BBBBBBBBiiiBBBiiBBBii 

B BBBB^BBBBBBBBBBBBflBBBBBBBBBBB 
BBBf^BBBBBBBBBBBBBflBBBBBBBBBBB 

88BS8888888888888n88B88888888 

BBBBBBBBBBBBiBBBBBflBBBBBBBBBBB 



(iii) Let the two graphs intersect at H, and draw HK perpendi- 
cular to AB, Produce FN to meet HK at V, 

Now it is clear that at the end of time HK, P will have gone a 
distance AK towards B, and Q will have gone a distance BK (i.e,, FV) 
towards A, Hence, they will meet at this instant. Thus, the required 
time of meeting » that represented by HK^ 6 hours 40 minutes after the 
commencement of J?*s motion. ' 


Also, the distance of the place of meeting from A » that represented 
by. ilg- 18 miles. 

Note 1. Aa HV rapreaents 8 Twwta it is clear that P aiad Q meet at the end of 
8 houra after Q starta from B. , 






QRAPHS AND XHEIB APPLICATIONS 


347 


Note 2. The horizontal line throtigh L meets the ‘ graphs at the points 8 and T* 
As Ah represents 4 hours 10 minutes and ST represents lOi miles, it is clear that at 
the end of 4 Tiours 10 minutes from the commencemint of P*s motion, P and Q are at 
a distance of 10 miles from each other. 

EXERCISE 101 

1. If milk sells for 4 annas per seer, construct the price-gi^ph of 
milk, giving the price of any quantity of milk up to 5 seers, f^m the 
graph read off the price of 3 seers and 5 chattaks of milk, and also the 
quantity of milk that can he had for 10 annas and 9 pies. 

2. If Fazli mangoes be worth one rupee two annas a dozen, 
construct a price-graph for mangoes, giving the price of any number 
up to 30. Bead off from the graph the price of 17 mangoes and also the 
number of mangoes that can be had for Be. 1. 12 as. 6 p. 

3. If a man walks at the rate of 4 miles an hour, construct a 
of his motion. Bead off from the graph the time in which he 

Navels 13 miles, and also the number of miles he travels in 4f hours. 

4. If one cubit he equal to 1*6 feet, construct a conversion-graph 

for cubits and feet. Bead off from the graph the number of feet that 
are equivalent to 5f cubits, and also the number of cubits that are 
equivalent to 6| feet. ^ 

A starts from a place and walks in a given direction al the rate 
ypf 3 miles an hour ; B starts from the same place one hour later and 
Cloves in the same direction at the rate of 6 miles an hour. Draw the 
motion-graphs of A and B, and find when and where B overtakes A. 

6. A and B are two stations 20 miles apart» P starts from A and 
travels towards B at the rate of 3 miles an hour ; whilst Q starting from 
B travels towards A at the rate of 2 miles an hour. Construct the 
motion-graphs of P and Q, and. find when and where they meet. 

7. Fifty articles of the same kind cost Bs- 3. 2 as. Construct a 
graph from which you can read off the cost of any number of articles 
up to 50. Hence, fnd the cost of 19 articles, and the number of articles 
that*you would get for Bs. 2. 7 as. 

8. Given that 1 kilogramme «2'2 lbs., construct a graph which 
will enable you to read off the number of kilogrammes that are equi- 
valent to any given number of lbs. up to 15 Ihs. Bead off the number of' 
kilogrammes in 11 lbs. 

^ 9. A man travels for 3 hours at the rate of 2 miles an hour, at the 

i^end of which he takes rest for an hour and a half, and then starts to 
walk at the rate of two miles and a half per hour. Construct the graph 
of his motion. 

10 . A man starts from a place B to walk towards C at the rate of 
4 miles an hour. After 3 hours he changes his mind and walks back 
towards B at the rate of 3 miles an hour. At the end of 2 hours again 
he suddenly changes his mind and begins to run towards C at the rate 
of 7 miles an hour^ Draw a graph of his motion. 
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11. A, Band Care three stations in order on the same road, the 
distance between A and B being 6 miles. Q starts from B at noon to 
walk towards C at the rate of 3 miles an honr, and at 1-SO P. M. P starts 
from A to run towards C at the rate of 6i miles an honr. Draw graphs 
of their motion, and find when and where P will overtake Q. 

12. ^ A man spends Bs< 620 in 40 days. Draw a graph to give his 
expenditure in any number of days. Determine from the graph the 
amount spent in 28 days. 

13. At what time between 3 and 4 o'clock are the two hands of a 
watch together ? 

14. An income-tax of 5 pies per rupee is in force. Draw a graph to 
show the tax on all incomes from Bs. 3000 to Bs. 5000 and determine the 
income corresponding to a tax of Bs. 85 and the tax corresponding to an 
income of Bs. 4350. 

15. The following table shows the timings of two trains, one an 
express from Calcutta to Banaghat, and the other a local from Naibati 
to Calcutta. ^ Find by graphical methods when and where the trains 
meet, assuming that all runs are at constant speeds and that the local 
train waits one minute at each station between Naihati and Calcutta. 


OalctUfa 


46 

Banaghat 



24 

Naihati 

dep. 

16-24 

22 

Eakihara 


16-29 

19 

Shamnagar 

•1 

16-36 

17 

Ichhapur 

IS 

16-42 

15 

Palta 

tl 

16-46 

14 

Barlrackpur 

If 

16-49 

13 

Tittagarh 

II 

16-53 

12 

Khardah 

II 

16-67 

10 

Sodepur 

II 

17- 2 

9 

Agarpara 

II 

17- 6 

8 

Belghurria 

II 

17-11 

5 

Dum-Dum 

SI 

17-19 


Calcutta 


17-31 


[B. C. S. 1922] 
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188. Definition. The prodnot of m factors each eqoal to a is 

represented by a*. [ Art. 16 ] 

Thus, the meaning of a* is dear when m is a positive integer, 

<1 

189. The Index Law and the truths necessarily following 
from it. 

To prove that a”*x where m and n are any two positive 

integers. 

Since a"‘«a.a.a. ••• ••• to m factors 

and a”«a.a.a.a. ••• to factors 

a"xa“=(a.a.a. ••• ••• *to m factors) 

x(a.a.a.a. ••• ••• to n factors) 

^ a.a.a.a.a.a.a. ••• ••• to (?»+w) factors 

t 

This result is called the Index Law. * 

Cor. /. a" X a* X when m, n and p are positive integers. 

For, a*xo*“a"+" ; a*xa’‘xa»-a"+"x4«’=o("+">+'»»a"+"+'. 

Hence, a"‘xa*xa’’xa*x.>.*o"^'^'". 

Thus, the product of any number of powers of a given quantity is 
that power of the quantity whose index is equal to the sum of the indices 
of the factors. 

Cor. 2. (a’*)"“o"*, whm m and n are any two positive integers. 

For, (o")"“o"xa*xa*x ••• to » factors 

_ . ttm. [ by Got. 1 ] 

and .*. -o*". 

Cor. 3. when m and n are positive irdegers and m is 

greater than n. 

For, a"“" X a" •“ o^*""!** [ because m— » is a positive integer ] 

-a"; 
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190. Assuming the formula to be true for all 

values of m and a, to find meanings for quantities with J^ractional 
or negative indices. 

2 

(i) To find the meaning of a ^ , when p and q are any two 
positive integers. 

Since a”‘xa**—a’*+" for all values of m and n, putting ® for each of 

8. P+8 i? 

them, we have >ca^ ^ =a*. 

Ji £ p ^ p ap 

Similarly, a « x a « x a««a « x ; and so on. 

TT £ p 

Hence, a«xa^xa«x tog factors 

QP 

B. 

Thus, a* is, equal to the q*^ root of a**, and is, therefore, equivalent 
to !ja^. 

Cor. Hence, Va, a^=» Va, I so on. 

• 1 

Generally, o’* « Hja. 

L L JL* 

Note. From the Index Law it is also easy to see that a^ xaf x a^ x to 

p factors^ *7*^**a^ Thits, ^ may as well be regarded as the 

I £, 

power of a^ , i. e., eqtiwalent to (Va)^, Thus^ a* maybe interpreted either as 
the g** root of thep*^ power of a, or as the p*^ power of the root of a. 

(ii) To find the meaning of a^ 

Since, a" x is true for all values of m and w, putting w-*0. 


we have 


a^xa^-o^+^-a" 


, * 

Thus, any quantity raised to the power zero is equivalent to 1. 

(iii) To find the meaning of a~"> where n is any positive 
integer. 

Since, a*xa"=a*^ is true for all values of m and n, putting 
m— -n, we have 

a-xa”-a-"+»-a®-l ; 
and 
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Cor. Hence, 
For, 


for all values of m and n. 




Example 1 . Find the value of 8 ® . 

8^-(V8)®-2*-32. 

Example 2 . Find the value of 4"®. 

4 - 4 - 1 = -1 

4 I (^/4)® 2* 32 


Examples. Multiply together Va®, a*. Va*® and rs" 

a 

The required product «= x x a'^ x a* 
=a4-4+»=„2+8_^5 


EXERCISE 102 

Express the following avoiding fractional or negative indices : 

1. 2. ®-4 3 . A 4. a;-4x3a-4 


5. 

8wf*xm"4. 6. 

®-®-*-3a 

-4.7. 

®“*+2a!-4. 

8. 

' ®>/®» 

9. 



10. 


5 

*» 


Express the following avoiding radical signs and 

negative indices ; 

ll! 

12. 

(Vo)-®. 

13. 

1 

Vi-»’ 

14. 

1 

(Vo)-»- 

15. 



16. 

t/o-'S-^(Vo)- 

.12 

• 

Find the value of 






17. 

4-*. 

18. 

8». 


19. 

9*. 

20. 

164. 

21. 

81"4. 


22. 

1 

6-“' 

23. 

(125)-*. 

24. 

(xvr*. 


25. 

(via)'*. 


,,.m+2n^3»n-8n 

26. Simplify --Jrss- - [0. U. 1874] 
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191. To prove that (a'")" -a"*" is true for all values of m 
and n. 

- 

(i) Then, whatever maybe the value 

of m, we have 


{a*)"-»a*xo"xa“x to 

- to » ttrwu 

a"* 

n factors 

(ii) Let ?t be a positive fraction, equal to ^ » where p and q are 
positive integers. Then, we have 

(•■[-(•-f-TFr 

[ Art. 190, (i) ] 


[by(i)] 


[ Art. 190, (i) ] 

(iii) Let n be any negative quantity, 
positive. Then, we have 

equal to -p, where p is 


[ Art. ISib, (iii) ] 

• _ 1 

[ by (i) and (ii) ] 

Cv 

Thus, the proposition is established. 

[ Art. 190, (iii) ] 


192. To prove that a"6"-(aW" for all values of n. 

(i) Let n be^a positive integer. Then, we have 

a’'b’*»(a.a.a to n factors) 

x(&.&.6 to n factors) 

»(a5.a5.a5 to n factors) 

-(a6)\ 

. tn 

(ii) Let n be a positive fraction, equal to ^ » where p and g are 


z: 
x^a*b * ; 


poeitive integers. Then, putting x for o*b", we have 

/ * m 

■»(a* )’ X (ft')" [ by (i) ] 

-a»x6» [Art. 189] 

-(oh)*; [by(i)] 

(abf; *.e., o*6*-{o6)". 
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^ (iii) Let n be any negative quantity, equal to -|i, where p is 
positive. !]^hen, we have 




1 

[ Alt. 190, (iii) ] 

_ 1 _ 

“(abY 

[ by (i) and (ii) ] 

~‘{ab)-* 

[ Art. 190, (iii) ] 

^{abr. 



Thus, the proposition is established. 

Cor. /. 5^=a"6-»=a"(6-^r-(a6-^)*-(~)"- 

Cor. 2. a^b^c^ = {abYc* * (abcY ; 

generally, ^{abc&--Y. 

193. Applications of the results proved in the last two 
articles. ^ 

Example 1. Simplify (a®5^) . 

=.a'”^(-i)xbMLa->b-i 

Example 2. Simplify Voft’*. 

(o-*)^x6^-a"*6^ ; 

and Vo6^ “ a* x - ah-\ 

Hence, the given expression 

Example 3. Simplify a^b“^c^* 

■W A-VA ; 

and 

1—23 
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Hence the given expression 


•o^b®c"'=a^c~‘^. 


EXERCISE 103 

Simplify : 

1. (.-!)•. 2. (.-¥)* 3. (ah-)". 4. 

6. (Va*F)*. «• 7. 

8. V^b-«; 9. 

10. (8®“+27a-®)* 11. (64a;»+27a-»)-l 

12. i/5*6^c-* X IS. ^o'*6*c'*+^a*6V\ 

14. yiF»i»-(VJw-)-. 16. 

194. Miscellaneous Examples. 

Example 1. Divide a + 6 + c + 3a^6^ + 3a^6^ by + c^. 

Let us proceed by arranging the dividend and the divisor according 
to descending powers of a : 

a^+(6^+c^) \ a+3a^6^+3a^6^+(6+c) / a^+a^(26^-c^) 

Abi-iKUS 

I \ 

- a^{2b^ - c^) + 3a^6^ + (6 + c) 


a^\2b^ - c V + + b^c^-cV 

^ 4 ( 5 ! - + 0 ^) + (6 + c) 

~ b^c^ + c^) + (& + 0) 

Thus, the required quotient ■* g^ + 2a^fe^ - g^c^ + 6^ - + c^. 
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Note. In multiplication as well as in (division the arrangement of the estpireer 
siofis covweffnej, accord^ to ascending or descend^ powers of some common letter 
should never be overlooked. Such arrangements Invariably give neatness to the 
required operations^ if not always indispensable. 

Example 2. Divide hy 

Putting a for a:^, h for y^ and o for 5?^, we have 

® ^ - Zo^y^z^ 

“a* + 6 ®+c®- 3 a 6 c 

«(a+&+c)(a” + 6“+c®-a6-5(3-ca) 

= + 1 /^ + + 1 /^ + - ^y^ - “ z^x^). 

Henoe, the required quotient • 

- - x^y^ - y^z'^ - z'^x^ 

Example 3. Iftvide 


fi-l n-l 

..a 


®* + 0 “ x’ +a> by*® -«® 


fi'-a n-2 n-1 

® +o® . 


-o* X 

n-9 n-2 

Let m^x^ and n=>a® . • 

( n-2\2 n-2 n-1 

. . -.a / ^n-l\2 n-1 n 

and “(cc® / -a:* • 

n-1 n 

Similarly, and . 

n n-1 n-1 n 

+a» 


Henoe, 


n-1 
r® -/y 2 




+ a* 


m®— wTi+w® m^-mro+w* 

. (m^ + + mn)(m^ + n ” - 

m®-W7i+n® 

»m®+w?i+n* 




n-2 n-2 n-1 

T* 


+a* 
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Examine 4. Find the H. 0. F. of 

a*+26*+{a-^2i»),y/o6 and a‘ —b*+{a—b) tjab- . 

The 1st expreB8ion“a*+a*/o6+26/s/^+26* 

-o*+aM+2aM+26“ 

-o^(a*+ 6 ^) + 26 ^(o^ + b^) 

•»(a^+&*)(a^+26^). 

The 2iid expression - a® + a Jab - b Jab “6* 

-a*+aV-a*6^-6* 

8 3 8 A 

Hence, since and a^-b^ have no common factor, 'the 

H. C. F. required 

— Ja’¥ Jb, 

Example 5. Simplify 

12 XI. 

The numerator «= a: + 

i ^x^{x^ + y}-x^y ^) ; 
and the denominator *» 

■■ (a;^ + y^ ){x^ - ^y^ + y^\ 

Hence, the given expression =-r^ — r* 

x^-¥y^ 

Example 6. Show that 

1 + 1 + 1 1 

The Ist > 

the 2nd ; 

and the 3rd 
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Hence, the given expression 

^ , ^ 

“ a?** + ® “* + ® ^ a;"* + + a?“*^ ^ + aj““ 

"aj'^+as’^+a;"® 

a 

Example 7. If a** =6*. show that ^ -a and if a— 2b. 
show that b*=2. 


Since. 


Hence, 



a=b*. 


a a 



[ extracting the bth root 
of both sides ] 


If a **26, from the given relation, we have 

( 2 b)*’-( 6 r-(b^y; fe- 2 . 


Example 8. If ®-(a+ Va“»T6#+(a- Va» + &“A 
show that a:® + 3ba;-2a**0. t 
Putting 971 for a + Ja^ + 5*, and n for a — ^/a* + 6*i we have 

*=w+n +3(mn)^.(’yi^+w^) 

■= m + n + 3(ww)^.aj. 

But m + n=2a, 

and (wn)^ = {a® - (a* + b®)}^ 

a5*«2a-36a?. /, a?®+36aj-2a“0. 


EXERCISE 104 

Multiply : 

!• cc^+2®^+3a5^+2®^+l by — 2x^+1. 
2. a^+3a^b^+9b^ by — 36^. 

8. l+a6-^+a»6-* by l-a6-^+a*6-». 

4. a + 2y^+8«^ by x-2y^+3«^. 
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5. by 

6. a^-a^+l-a^^+a”^ by a^+l+a“^. 

7. +z ^ by aj^+y^+A 

8. a«‘+36"-2c»’ by a~-3fe’‘+2c^ 

9. A+8a6+4a^6^+2a*A+326^+16A6^ by A -26^. 

10. + x“^ + + a^x~^ + a^x ^ by 

A + a^x~^ - 

Divide : 

11. ®^“4®^-2®^ + 6®-®* by ®^+2-4a;^. 

12. 8+12®*^ + 2»'®+2®“* by ®^®-2®“^ + 4. 

18. xy''^ + 2x^y'~^+3+2x~^y^-hx'^y by 

14. ^ a^-a^b+ab^-2aH‘ + b^ by 

15. aT-«-8aj"+6®®"-3®-®* by 

16. 8x^+y"^-z+6x^y'K^ by 2®^+y''^-A 

17. Show that ®®+a®+®^A is divisible by x^+a^+x^a^. 

18. Multiply ®* +a® by -a® . 

19. Divide a®"-!/®* by ®»*~^+y®""'". [0. U. 1879] 

20. Simplify 

21. Divide 2a;"^+3®^-7®^+®-2®^ by ®^-2®A 

22. Find the square of x^ - x^y“^ + A- 

23. Divide »®-a* by ®*-a*. 

24. Find the square of - 2®^ + ®^. 

26. Divide a®’*^+a“^®+2 by 

g-fe 

A — 6^ a — 6 


26. Simplify 
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Simplify the following ; 

27 gi+ 3y^ a;^ - ^ 

»^-3j/i a!^+3®^y^+9i/^ 

2g g ^-oiE^+a^iB-a!^ 

g^ - a*a:^ + Sa^a: - 3aa;^ + a^x® - c 
„„ a® + 5® -a-* -6-* . (a - a-^X6 - i’^) 
a®6®-a-®5-»' '^~ab+a-H-^ 

ia. i 

qn a!-» a;®+y® 

31. (a + 5 + cXa"*" + h'*- + c'^) - a~^b~^e~^{b + cXc + aXa + b), 

a-"(a6-^® ^ 5!(d+^*) +1.-^. 

5'-'*(i+ a-^fe) a(a6-^ - a'^fe) ah'^ + 1 

33. A 

®“" V+a* ' V-a* ' 


a:"-l a!»+l a:"-! ‘ a»+l V a+6 

35. Show that 

n fi 

2^/-=(a*+yX®“ + »*X®* +»*)-{®®"’^ + W*""*). 

X y j 

36. Write down, without actual division, the value of 

\266 625 j U S*' / 


Simplify : 



40. If ®— a^ “O'^i show that a!*+3a!“a- ^ • 


[B. U. 1889] 

[B. U. 1891] 
[0. U. 1904] 
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195. Exponential Equations. 

Definition : An equation in which the variable (or variables) 
occurs (or occur) as indices or exponentSj is called an exponential 
equation. 

Thus, 3*«27, 81* “9*+*, etc. are called exponential equations ; like- 
wise, 9 and 8*. 16*' =128 are a pair of simultaneous exponential 
equations. 

The method of solution of exponential equations is based on the 
following axiom : 


If whatever a may be, then will m. 

Thus, to solve an exponential equation, we have 

(i) to reduce both the members of the equation to the same 

base, and then, 

(ii) to equate their exponents. 

The following examples will illustrate the process; 

Example 1. Solve 3.27* =9*+*. 

The left-hand Bido = 3.27*=3.(3«)* =3.3»*=3®*+^ ; 
and the right-hand side =9*+^= (3®)*+* «3a(*+*)=3®*+®. 

• The equation reduces to 3®*+^ = 3**+®. 

' 3® -I- 1 = 2® + 8 ; £c=7. 

Example 2. Solve the equation a"*(a* + &”*)=" 

We have a‘*'(a*+ 5“*)=a"*.a*+a”*.6'*=l + {abY*, 

l + (a6)-*-l+^-8-l + (ffl6)-“. 


(a6)-* 


Example 3. Solve a*.a *'+’’ = d 


{abY^ 

7 


2 » ^ . 




From the 1st equation, 




From the 2nd equation, 


»2VH-8x+5 , 


aj=2. 


(1)1 

( 2 )/ 


®+y + l“7. 
2y+3®+5“20. 


BVom equations (3) and Cl), we have, *+^-6—0, 

and 3a:+2y-16“0. 


••• (3) 
... (4) 


.*. by oroBS multiplication, 

g y _ 1 . 

-16+12 -18+16 2-3 
Hence, ®~3 and y— 3. 


or. 


X 

-3 


-SL- 

-3 


- 1 . 
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EXERCISE 105 


Solve the following equations : 

1. 2*+»=4*+*. 2. (V3r*“(N/3)®*+‘. 3. 

4. 5. . 2»-*=.4a*-*, (OF«0) 


6 . 

8 . 

10 . 


12 . 

14. 




3xfi 

2*+i_2*-8=0. 


6 ®*-*. 


7. 

9. 


11. 


4*+® = 2®*+i + 14. 13. 

2»fi.3»+a=^ and 2a*+i.38iH-» = 




a*-®(o®*+® +a^-*)-a-“(a* +a®). 

3^»-3*+*+|. 

x^^y* and *“2^. 


16. a*+'.a»+» = a« and = a^\ 

16. o**®.a*+®“=a*.a* and a*.a*“a*. 

17. a®*+^.a*«+^*=a»=a*+^.a»*i. 18. 2*+»=2**-»= ^/g. 

19. 2*.3»= 18 and 2®*.3''- 36. 20. = 2y* %nd a;*"* = 1. 

21. ®***‘=y*^ and a!“=v‘. 

22. If a'*"=(a“)", find m in terms of n. [Pat. 1918.] 

23. If a*“6, and c’=a, prove that a:y«“*l. 

24. If a*=m, o*«“» and a“*=(m''re*)‘, prove that a^s— 1. 

[Pat. 1919, ’21.] 

25. If a;=3^+3 prove that 3a;® — 9a5-10=0. 

26. If a*+2— 3^+3”®^, prove that 3a*+9a=8. 

27; If -= a, xy’~^ “ b, xy^~^ •“ c, show that 

ffl«-’'.6’->’.c®-«=l. [Pat. 1920] 


Solve : 

28. 2*<^+* 

fi®*** -.25*+* 

gax+si+ir^gsi+y 


29. (Vo)»+» 

(V6)*+*-* 

(Vc)* -(Vcr«+* 


80. o*— (aj+y + s)", ' 

o'-ix+p+s)*, ■ 
and o'*-(a;+p+s)*. . 



CHAPTEB XXX 
ELEMENTARY SURDS 

, 196. Definition. Any root of an arithmetical number which 
cannot be exactly found is called a surd or an irrational quantity. 
Thus, /6, ?/4 and t/5 are all surds. 

Note. Quantities which are not mrds are called rational quantities. Hence, 
every root of an arithmetical number is either rational or irrational. Thus, 
V8, and VIS rational quantities, whilst ij2, \J6 and \f9 are all 

irrational quantities. 

An algebraical expression also, such as Jx, is called a surd, 
although the value of x may be such that Jx is not in reality a surd. 
For instance, if a5“=4, jjx’^ /4 = 2, and is, therefore, not really a surd. 

197. To express in the form of a surd the product of a 
rational quantity and a surd. 

Example 1. '6V3«(6®)^x3^=(5*x3)^ [ Art. 192. ] 

■ -V5^x3=V75. 

EAmple 2. 25/9 - (2*)* x 9^ - (2» x 9)* [ Art. 192. ] 

‘ -5/^'9-?/72. 

EXERCISE 106 
Express as a complete surd ; 

1. 375. 2. 25/3. 3. 25/6. 4. 45/5. . 

5. o 5/6- 6. ®®5/»- 7. a* 5/5®. 

198. A surd may sometimes be expressed as the product of 
a rational quantity and a surd. 

. Example 1. 732 - 7i6x2-(4®x2)^-(4®)^x2^ [Art. 192.] 

-4x2^-472. 

•Example 2. 5/i0-5/8l?6-(2®x5)*-(2»)*x5* 

-2x5*-25/5. 


[Art. 192.] 
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EXEftCISE 107 

Simpli^ ; 

1. ^/i8. • 2. ^/g5. 8. !^. 4. 

5. i/m. 6. ViS^. 7. t/T876. 8. 

9. 1®- V-2560. 11. 12. */600a'a!*. 

199. Similar Surds. Two or more surds are said to bo similar 
or like when theycan be so reduced as to have the same irrational factor. 
Thus, sj4b and V80 are similar surds, for they are respectively equivalent 
to 3 a/6 and 4 a/5. The sum of any number of similar surds may be 
found as follows : 

Example 1. ^147 + 7 27 « a/49 ^3 + //9 x~3 “ 7 ^/3 + 3 a/3 « 10 Jd. 

Example 2. ^626-^135 + ^8) 

= Vi25 X "5 - + Vs X 6 

“ 15 / 6 ^ 6 - VP"x 6+ V2® X 6 . 

- 6 V6 - 3®/5 + 2 V5« 4 V5. 

EXERCISE 108 

Simplify ; 

1. ^/l2+^/75. 2. ^/I8+^/32. 3. a/20 + 1/180. 

4. a/98-av^, 5. ?/1^“V54. 6. t/S0+V405. 

7. 8. 2a/27-^ a/76 + a/12. 

9. 2^/405 - 3^/I25+ >/S. 10. 4^192-4^375+2^24. 

11. 3?/i0+2V625-4V320. 12. 6^-64- 2^-16 +4?/B86. 

13. a/ 4^“ + //80aj® + tjbxy^* 

14*. 

15. 2J/32a*aj + 3 t/512a*a; - 4a Vl62a;. 

200. Surds of the same order. Surds are said to be o/ the 
same order or equiradical when they have all got the same root-symboL 
Thus, ^/5, A/^and (a + 2 ;)^ are all surds of the same (viz. the second) 
order. 

A surd of the second order is often called a quadratic surd ; whilst 
one of the third order, such as, ^4 or is called a cubic surd. 

Surds of different orders may be reduced to equivalent surds of the 
same order. 
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Example 1. Beduce and V4 to surds of the same order. 

The given surds are respectively of the 2nd and 3rd orders ; and 
the L. G. M. of 2 and 3 is 6. Hence, we can at once reduce them to 
surds of the 6th order, thus : 

»/4-4*=4*=V4^-VI§. 

Thusr the required surds are ?/32S and ijTS. 

Example 2. Beduce V3 and s/2 to surds of the same order. 

The L. C. M. of 6 and 8 is 24. 

Thus, we have V3“3'^=3A=®t^=®V5l : 

and ?/2-2^-=2^‘ = W=®VB. 

Thus, the required surds are and ®s/8. 

Example 3. Which is the greater %/9 or V20 ? 

\«ehave V8= 9^= 9*=^^ ; 

and V2S-20^=20*=^?/^=^?/S00O. 

Thus, the given surds are respectively equivalent to ^5/6661 and 
and as the latter is greater than the former, therefore 
> Hz'S'. 


EXERCISE 109 

Beduce to surds of the same order : 

1. V3 and V2. 2. ^4 and V6. 3. 5/2 and V3. 

4. V3 and X/5. 6. 5/4 and 5/6. 

Which is the greater : 

6. ^/2or5/3? 7. 5/3 or 5/4 ? 8. 5/6 or 5/10? 

Arrange according to descending order of magnitude : 

9. 5/6, V2 and 5/4. 10. 5/3, 5/10 and ^5^. 

201. Multiplication and Division of Surds. 

Example 1. 5/6x5^-6*xl0*-(6xl0)^-5/BD. 

Note. In this exampls the given surds are of the eame order. 
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Ezampje 2. */6x V8'"5^x8^-5’^x8^ 

-(6®)*x( 8*)A ’ [Art. 191.] 
-(6»x8®)*' [Art. 192.] 

•=^Vi26x64“^t'8005- 


Note. In this example the given surds are of different orders. 

Example 3. ?/2x 5/2“2^x2^=2^''’^=2^“^i^-^5/^. 

Note. In this example the given surds have got the same quantity under the 
radical sign. They may as well he regarded as surds of different orders and treated 
like those in the last example. 

Example 4. 4 Vl8x ^75=4.3^/2x5^/3-60^/2. ^3-60^6. 


Note. In this example the given surds have been reduced to simpler forms 
before mtdtiplicaiion. 


Example 6. S/4H-t/6=«4^+6^=4*+6* 


( 4 «)^ 

■7i- 


[Art. 191.] 

[ Cor. 1, Art. 192. ] 


Example 6. Express V6-*-3</3 as a fraction with a rational deno- 
minator. 

Wa have /Q— 7 ^ n 7 ^ „ n/15 ^ 

Wehave ^6+3^3 3^3 3^3x^3"3x3 9“ 

Note. For ArilhmeUeal calculations it is always most convenient to reduce the 
quotient of one surd by another to the form of a fraction with a rational denomirustor. 
Hence, even when the numerkdl value of a surd fraction is not required it is usual to 
es^ress it in the above form. 


Simplify : 

1. ^/6 x jm. 
4. >/l6x V6. 
7. ^6aa; x 
10 . V 4 xV 8 . 
13. V3xV3. 


EXERCISE 110 

2 . ^6 X f^ 6 . 

5. n/§0x 
8 . ^ 2 x^ 6 . 
11 . !V 9 xV 2 ?. 
14.. V2xV2. 


8 . -s^x^S. 
6 . V 6 xV^. 

9. V2xV6. 
12 . V 2 xV 3 . 
16. V4xV4. 
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16. 678x2^6. 17. 8^/i2x3^/2i. 18. 4V^x6?/57B. 

19. 7iyaiS5'*x6®/276®«*. 20. 8^/i0+4^/i6. 21. 3;^-^■6^^. 

22. 23. V8+V6. 

Given s/2-r414, ^/3-^732, JS = 2-236, 6nd to 3 places of deoimals 

the numerical value of : 

24. ^/2+ V6. 26. 

26. 27. 10^/I0S+^/i6. 

202. Compound Surds. An expression consisting of two or 
more simple surds connected by tlie sign + or — is called a compound 
surd. Thus, 6/^2 and 4v^3 are simple surds, but 6^2 +4^3 and 
5 V2~4^/3 are compound surds. 

Two or more compound surds are multiplied together in the same 
way as two or more compound algebraical expressions. 

Example 1. Multiply 3^1+2,73 by ^/a;— is/3. 

(3 V® + 2 ^/3)( Jx - V3) = 3 Jx. V® + 2 Jx-Z ^/®. V3 - 2 ^/3. JZ 

‘ * '=3®+2 V3®~3,y3®“6=3®— V3®“6. 

Example 2. Multiply 7\/2+ ^3 by 7^/2- is/Z, 

(772+ 73X772- 73)=(772)®-(73)“=49.2 - 3 = 98 - 3="96. 

Example 3. Bind the square of 73a + ® + 7^™®. 

( 73a+®+ 73a-®)®=(73a+®)®+(73^®)*+27^+®.73a-® 

■=( 3 a+®)+( 3 a-®)+ 279 a*-®* 

-6a+27^-®®. 

EXERCISE 111 

Multiply ; 

1 . 7<*+76by7S>- 2 . 7«+ 76 by 7a- 76* 

8. 37a“5hy27a. 4. 47»+37» by 47®“37l/. 

6. 27®^6+4by 37i-6-6. 6. 376-472 by 275+372. 

7. 72 + 273 + 77 by 72 + 273 - 77 . 

8. 3- 75 + 78 by 3- 7S- 78. 

9. 7n+ 76- 73 by 76+ 73. 

10. 74 + 79+7® by 72 + V3. ^ 
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Find the square of : 

11. 12. 2V8+6V6. 13. 2V6+3V7. 

14. >/a* + 2i*- ^/o“-26’*. 15. 2>/»* + y*+5>/®*..-y*. 

203. Rationalisation. If two surds be such that their product 
is rational^ each of them is said to be rationalised when multiplied by 
the other. Thus, 2^75 and ^3+ /2 are rationalised when respectively 
multiplied by Jb and a/3 - >/2 ; 

for 2is/5x V5“10, 

and (a/3+ a/2Xa/3- a/2)=3-2«1. 

Two binomial quadratic surds which differ only in the sign which 
connects their terms are said to be conjugate or complementary to 
each other. Thus, a/ 3+ ^/2 and 2 a/ 5- is/7 are respectively conjtigate 
(or complementary) to ^3- a/ 2 and 2ij6+ a/7. 

» 

Evidently, therefore, every binomial quadratic surd is rationalised 
when multiplied by the complementary surd. 

Hence, a fraction with a binomial quadratic surd for its dei\pmiiia- 
tor can be easily reduced to an equivalent fraction with a rational 
denominator. 

Example Given a/2 » 1*414, find to three places of decimals the 
value of ^ 2 ^ 2 - 

1+^2 il±j/2X3_+2^) 3 + 3 +2^2 + 4 

3-272 “‘(3-272X3+2^2)“' ‘9-8 " 

-7+6>/2- 7 + 5x 1-414= 7 + 7-070= 14-070. 

Example 2. Bationalise the denominator of 

>/l+®®+ Vl-®* 

The given expression 

_(7l+P- 

{7i+a!®+ ^1-®*)^!+®*- VI -®“) 

(i+®®)+(i-®®)-2Vi-®* 

“ . (l+®“)-(l-®*) 

__2— 2 Vl — ® 1— n/1 


X 
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Example 3. Simplify 

The denommator™5iv/3— 2 x2V3-4s/2+6V2“ <s/ 3+ V2. 
Hence, the given fraction 

J±jS^- J3±jMJS^2) 

“ ^^ 3 ^- ^/ 2 “(^/ 3 + J2)CJ^J2) 


8 ^/ 3 + 3 ^/ 2 - 3 ^/ 2 - 2 ^/ 3 _ ,« 
3-2 ' ■ 


Example 4. Simplify ;;|^2+ 

The 1st term 


_ 3^2 _ s/6 ^ s/6(s/2-l) 

s/3(l+s/2) s/2 + l“(s/2+l)(s/2-i) 
The 2nd term 

_ 4s/3 _ 2s/6 2s/6(s/3-l) 

V2(s/3 + l)'“ s/3+l“rN/3“+lX V3-1) 


2 s/3- s/6. 


' =^|=^^^-3s/2-s/6. 

The 3rd term 


_ s/6 _ s/6(s/3-s/2) 

75+.s/3“(s/3+ s/2Xs/3- 3) 

Hence, the given expression 


33-23- 


-(23- 3)-(33- 3)+(33-23)-0. 


EXERCISE 112 


Bednce to an equivalent fraction with a rational denominator : 

< 63+3 „ 33+23 o 4+33 4 33+3 

43+23’ 33-23’ 3-23’ 3-3’ 

K 3+g+ 3 -0! 3*+i~ 3”-i . n 1 

•Ja+x— ija—x ’ 3*+i+ 3* — i 3+ 3 

Given 3“1'414, 3“1‘732, 3“ 2*236, find to three places of 
decimals the value of : 


8 . 


3+1 

“ToTT* 


11 . 


3 

3- 3’ 


3 

2- 3 
3+ s/6 

3- 3’ 


8-63 

3-23 

3+3 

ira6' 
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Simplify : 

®+ Va;*-! -v/iO+ ^/ 

*16 --^2(V3 + l)(2-yjI_ 17 4 

”• (^/2-l)(3‘;73-6X2+^/2) ^/3+^/6-^/2 

18. (3+2^/2)-• + (3-2^/2)-*. 

19. 

3!— a/®* — 1 a!+^®a-l 

n/®*— 1 <s/®®+i + «y®* — 1 

Bationalise the denominator of : 


^/i0+ ^/2D+ ^/i5- ^/S- 


204. The square root of a rational quantity cannot be partly 
rational and partly a quadratic surd. • 

If possible, let tjm» 

Then, squaring both sides, we must have 

71 s= a® + 77J + 2a ^/?w, 

177I101GLC0| 2^ * 

Thus, a surd is equal to a rational quantity, which is impossible. 


205. If wjiere a and a: are rational, and tjb 

and tJylBve irrational, then will a— x and y. 

For, if a bo not equal to a?, let a*»aj+7» ; 
then, we have a;+m+ tjy ; 

m-¥ Jy, 

\ 

Thus, Jy is partly rational and partly a quadratic surd, which is 
impossible by the last article. 

Therefore, a— a? and consequently /s/6 — »Jy^ or, 6— y. 

Note. It should he distinctly home in mind that the results provad ahooe are 
true only when ijh and Jy are really irrationaL For instance, from the 
relation 5-|> ^/9-8+ we cannot conclude that 5^3 and 9— 25. 

1—24 
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206. To find the square root of where is a surd. 

Let /^/a+ ijx’¥ Jy* 


Then, squaring both sides, we have 

a+ /s/6“®+y+2>/a;y. 
Hence, by the last article, 

a^^x + y_ \ 

and Jh^2»Jxy j ’ * 

Hence, a® - 6 “ (cc + y)® - ixy « (a - y)® ; 


( 1 ) 


Thus, we have x + y=a 

and sja^-h 


\ 


Hence, by addition and subtraction, 

2ic=a+ >/q®-6, and Ja^-b ; 

a;«i(a+ N/a®-l>), and y^\{a- Va®-6). 

Thus, N/a+ ^/i(a+ ^/a®^fe)+ 7i(a- Ja^ - b). 

N6te. ^rom values of x and y found above it is clear that tmless i>Ja*^h 
is rational^ the square root obtained is by far more complicated than the original 
expression. Thus, the process given above is of no great practical value except wTqgn 
a* -his a perfect square. 


Cor. From'(l), wo have a- >/6— ®+y-2 Vy)® ; 

Ja-Jb^Jx-Jy. 

Thus, if ija^hjb^tjx^ijy, then will Ja^-ijb^^tjx’-ijy. 


Example 1. Find the square root^ of 7+2 ^/lO. 

Let + 2^l0-» ^a;+ Jy. 

Then, squaring both sides, 

7+2 +2 ^xy. 

Hence, x+y^ 71 

and xy^lOi 

These relations are evidently satisfied by the numbers 5 and 2. 
Hence, the required root— J6+ ^/2. 

Example 2. Find the square root of 19-8^3. 

Let ^19 ■“ 8 i^3 — ijx^ t^y* 

Then, 19—8 V3— aj+y “2<^{cy« 
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Henoe, *-^-19 ... ... (1)1 

' and ^ Jxy -8 ^3, or, xy~4B... (2)1 
Now, (1) and (2) are obviously satisfied by the-numbers 16 and 3. 
Henoe, tbe required root — VIS - ,^3 — 4 - ^3* 


Exftmide 3. Und the square root of 16-5,77. 

Lot >/l6-6>/7“ n/®— V y. 

Then, 18-3>Jl“X+y-2jxy. 

Therefore, a+y— 16 1 

and 2ijxy^6ijl] 

Hence, (jB-y)®=(iB+y)® -4a!y-(16)® -(5>/7)* 

-256-175 -81 : 
a:-y=9. 

Thus, wo have a! + y — 16 1 

and a:*-y— 9 1 
Henoe, a:-^ and y-J. 

Thus, the required root — ^/^ - 

» 

Example 4. Find the square root of ^/§7+ 

^/27+ ^/I5=3 V3+ ^3.75- V3(3+ ^6). 
Henoe, J ^27+ VlB- X/3. J3 + ^5. 

Now, proceeding as in the last example, we dqd that 

VS+'VS- ^/^+ Jl. 

Therefore, J + ^/^5 “ >/} + 


Example 5. Find the value of 

1 + 05 . 1-cc 


> when®*-^-. 


. i+>/i+® 1“ Vi-® 

Wehavel+*-l+^-?^-^ 

and 1 x-1 '/3„2- V3^4-2. /V3-l\* 
and l-a!-l-^ g- ^ * 

Henoe, the given expression 

_ ^(2+ ^3) K2- V3) _2+ J3 . 2- J3 

l+KV3+l)^l-i{>/3^ 3+V3'^3^ 
(2+ J3)(3- ^/ 3)+(2- v'3)(3+ ^/3) 

(3+ ;^)(3- V3) 

(6+ j3-3)+(6- J8-3) 6 , 

" 9-3 " 6 
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Example 6. Find the value of 

2fl^l + sc 2 2a Vf+a:®(®-_N/lj:^ 

— - 2aa; Vi + + 2a(l + a;®). 

Now. since ®-|(V|-/s/l)’ 

-v/ra-Vi+ilt+l - 2 ) ^ 

” Vi (I a MV? Va)' 

« 

E&ance, the reiiquired value 

EXERCISE 113 
Find the square root of : 

1. 4-2J3. 2. 7+4V3. 3. 11-6^2. 4. 8+2^/3B. 

6. 14-6^/6. 6. 28+10 V3. 7. 21-8>/6. 8. 17+12^2. 

9. 41+12^^. 10. 37 - 20 V3. 11; 31+4^/21. 12. 73-12^/g5. 

13. 47+4^/^. 14. 4- -s/7. 15. 6- s/^. 16. -s/iS- -s/IB. 

17. s^--s/S. 18. -s/^+,s/2a.l9. 5s/5+-s/i§0. 

_• I'f 9+ -s/3 . 2— s/3 _ 

20. Simplify 7 ^+ ^+- 3 + V2- V2- -s/3 

V . 1+aJ . 1-aj , V3 

21 . Find the value of 1+71+;+ i+TT^* *' 'T* 

22. Find the value of when 
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Find the square root of : 

23. + 24. • 2a + 2 

25. a+x+ A/^i+o;®.- 26. 2£c-l + 2Vaj®-£C-6. 

27. x+y + z-\-2 Jxz + yz. 


207. Equations involving Surds. 

Example 1. Solve Vi +12 =» + 2. 

Squaring both sides, we have ® + 12=a? + 4 + 4 Jx, 

Hence, 4V®*®8, 

or, = 2 aj — 4. 

Example 2. Solve 2(aj + 2) = 1 + V 4i^“+9^i4. [C. U. 1877.] 

By transposition, we have 2a5 + 3— Vioj^^Qx + li- 

Squaring both sides, 4a3® + 12a5 + 9 == 4® ® + 9aj + 14, 
or, 3 £c**5; 

Example 3. Solve Jx + 6 + Va? - 6 * 11. 

By transposition, Vi+6=*11“ 

Squaring both sides, a; + 6 = 121 - 22 Vi - 5 + (a; - 5) ; 

• ^ 

22 ^a!-6=U0, [ by transposition ] 

or, >Jx-6=5; x-5=25; sc— 30. 

Examine 4. Solve Vi^TIii + 20 - s/x‘+5x-l - 3. [0. TJ. 1881.] 
By transposition, ^x^TUx+'W = 3 + Jx^T^-l. 

Squaring bothsidos, x® + 11® + 20 ■= 9 + (a:® + 5® - 1) + 6 ^x^TEx^i, 
or, 6®+12=6 V®*+5®-l, 
or, ai+2- V®®+5®^ ; 

®®+4®+4=®® + 5® — 1, whence ®~’5. 
Erampleii. Sol™ + 

Since 3aj-l— ( V3® + 1)( V3i - 1) ; 


3^1 
V3a+1 • 


V^-1. 


/ 
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ETenoe, from the given equation, we have 

or, (A/lte-lXl-i)—!, [ by transposition ] 
or. or, Vto-1-2, 

or, /. 3fl;-»9; aj-3. 

Example 6, Solve Vfl + x + \/a — sc =• 6. 


Since (Va+a + 

«=(a+a:)+(a-a;)+3V^*^^^{\/a+a?+ Va-®} 

«2a+3V^?^.fe, 


therefore, cubing both sides of the equation, we have 


or, 3bVa*-aJ**i®“2a ; /. a*-®* — 




Example 7. 


Solve 


g-S g-26 4g-5 

+ i\/g — 1 + 5 •^/4g — 1 + 2 


g -8 

V »+l “ 3 

g-26 

V®“"l + 5 


4g-5 
ijix “1+2 


__(g “ 8)( + 1 + 3) 

(g+l)--9 

(g“2 6)(Vg^l - 5), 
* (g“l)-26 

_(4g“6)(N/ig^“2) 

(4g“l)-4 


/s/g+T+3 ; 


* Vg-1-6 ; ‘ 
- ^/4g^“2. 


Hence, from the given equation, we have 

( /s/g+l + 3) + ( Vg“l “ 5) “ iy4g“l""2, 
or, ^/g + l+ Vg-1“ >/4g-l, 

(g+l) + (g“ l) + 2 ^/g■“l — 4g“l, 
or, 2 Vg*“l“2g“ 1, 
or, 4(g*“l)-4g*“4g+l, 
or, ‘4g-6; / g-f. 
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Example 8. Solve V2»*+9+ 

We have, for all values of ®, (2a!“+9)-(2®*-9)“18, 

and henoe, this relation is also true for the particular value which x has 
in the given equation. 

Therefore, the required value of x will also satisfy the equation 

(2a!»+ 9)-(2!g ^-9) _ 18 

V^*+9+ ^/2^c•-9’'9+3^/7’ 

or, ^/2®^-^^^^-9-3^/7. 

Adding together the given equation and this, we have 
2 ,^^»+9-18, or. V2a:*+9-9 ; 

. 2a!*+9-81; ®*-36 ; ’«»6. 

EXERCISE 114 
Solve the following eqnations : 


1. 

^05 + 7-1+ Jx. 

2. 

V3®+16- /s/3®+2. 

3. 

^/®+9”l+ ojx. 

4. 

j\/3fl/ — 4=* )y3ajrf+'4» 

5. 

>/5a5 + l0=" Js/6x + % 

6. 

Vaj — 16+ 

7. 

^/2l» + 9+ 

8. 

V®+11- n/®-1. 

9. 

i^8£C + 33“" \/2ic» 

10. 

V2aaj+a:“«a. 

11. 

x+»a+ ^^ax-^-x^^h. 

12. 

V®— 4+3“ ^/®+ll. 

13. 

^ii5’-6«*6““ \/a/ + 7. 

14. 

/>/®+9- ^/® + 2-•l. 

16. 

>/3®+l- V3®-11-2. 

16. 

V5®+6+ s/6®-14-10. 

17. 

^705 + 4+ is/7a/ — 12®»8. 

18. 

^/®“-3®+6- a/®*-®+1“1. 

19. 

V®+1 ^ 2 

20. 

o®-l 1 n/os-I. 

^0®+! 2 




[0. U. 1886:] 

21. 

V^+6 c' ■ 

22. 

-(37®- V6)*. 

23. 

^/4a+aJ- ^/a+a^-2^/i^ 

-2a« • 
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24. 

26. 


28. 


N/®+a+ ' 

Jx+ kjx- 


S5. 

nn — ^ 15 + 3i\/g 
^*+2” >/®+40 

29. n/®+ ^/8- V»®+jte*=2V2. 


80. Vi-»+^-®+ vi+i-vr+®. 


81. 

82. 

83. 

84. 


37. 


^ \/a+a!+ ^ iJa-^-x^ ^ ^/®. 

V® +8 •» ^ Vac^TeS + 36. 
(l+«)*+-(l-a;)^-2i [C.U.1885.] 

(a +■ o:)^ +- (a - a:)^ - 3(a» - a;®)*. 



a!- 47 ^ a;-19 „_ia!-12^ 

Vaj”+ 2 - 7 >/a! - 3 - 4 “ V4a: - 3 - ll’ 

‘ 2a!-49 18a! + 22 __ _8a! + 191_ 

+ 16 -'8 <7l8a:+'31 + 3 “ 2 Var'+ 54 - 5' 


38. aj" Va*+i^/6«+ii-a. 39. ^/®®+"9+ N/a!®-9=4+ ^/34. 


40. + 16 - 16 = 8 - 4 V2. 


CHAPTER XXXI 

EVOLUTION : SQUARE AND CUBE ROOTS 

208. Evolution. The process of finding the roots of quantities 
il^ called Evolution. 

Thus, evolution is the inverse of Involution. [ Art. 127 ] 

209. The ordinary method of finding the square root of a 
compound algebraical expression. From our previous knowledge of 
formulas the following results are obvious : 

(a + fe)®=a®+(2a + 6)6 ; , 

(a + 6+c)® “a* +(2a + &)6+{2a + 26+c)c ; 

(a + 6+c+d)®“a® + (2a + 6)fe+(2a+26+c)c+(2a + 26+2c + d!)d ; 
and so on. 
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Olearly, therefore, we must have 

(aa;^+ hx + q)® =» + (2aa;® + hx)hx + (2flt£C® + 25a; + c)c, and this latter 
when arranged according to the descending powers of x, 

»= a^x^ + 2a5a;® + (5® + 2ac)a;® + 2bcx + c*. 

Now, if it is proposed to find the square root of the above expres- 
sion, let us see what means we have of discovering successively the 
several terms of the root. 

The first term of the root, viz,, ax^, is evidently the square root of 
the first term of the given expression which is a^x^ ; 

if wo subtract a^x^ from the given expression, the remainder is 
{(2aa;® + 5a;)5a; + (2aa;® + 25a; + c)ct, in which the term containing the high- 
est power of a;, = 2ua;® X 5a;, i.e., = twice the first term of the root into 
the second term ; this enables us to get the second term after having 
obtained the first ; 

if now from the above remainder we subtract (2aa;® + bx)bx, the 
second remainder is (2aa;® + 25a; + c)c, in which the term containing the 
highest power of x, ==‘2ax^ ^c, i,e., “twice the first term of the root 
into the third ; this shows how to got the third term aftjr having 

obtained the first and second. 

• 

Thus, wo are furnished with a clue for successively discovering the 
terms of the expression ax^ + bx + c when its square is given. 

The operation may bo performed as follows • 

a^x^ + 2a5a;® + (5® + 2ac)a;® + 25ca; + c® / cmc® + bx + c' 

q^x^ \ 

2aa;® + bx\2ahx^ + (5® + 2ac)a;® + 25ca; + c* 

]2abx^ + h\x^ 

2aa;® + 25a; + c\2aca;® + 25ca; + c® 

* /2«c®®:+25ca; + ^ 

(1) Find the square root of a^x^, the first term of the proposed 
expression, and set it down as the first term of the required root ; 

(2) subtract a^x^ from the given expression, and bring down the 
remainder 2a5a;® + (5® + 2ac)a;® + 2hcx + c® ; 

(3) set down 2aa;®, i,e., twice the first term of the root, on the left 
of the above remainder as the first term of a divisor ; 

(4) divide the first term of the remainder by 2aa;® and set down 
the quotient, bx, as the second term of the root and also as the second 
term of the divisor ; 

% 

(5) multiply the divisor thus obtained by the second term of the 
root and subtract the product fipom the first remainder ; 
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(6) bring down the second remainder 2acx^ + 2bcx+c^ and put 
2aas* + 2&jr twice the spm of the two terms of the root already 
obtained) on the left of this remainder for the first two terms of a 
divisor ; 

(7) divide the first term of the new remainder by the first term 
of the new divisor and set down the quotient, c, as the third term of 
the root and also as the third term of the divisor ; 

(8) multiply the complete divisor thus obtained by the third term 
of the root and subtract the product from the second remainder. 

After this nothing remains, and we obtain ax^ + bx+c for the 
required root. 


Note. The expression considered above stands arranged according to descending 
powers of x. Similarly, every expression of which the square root is sought must be 
arranged according to descending or ascending order of the powers of the same letter. 


Example 1. Extract'the square root of 

«• + 8a;* - 2aj® + 16ir * - 8a? + 1. 

+ 8a;* - 2a;® + 16a?® -- 8a? + 1 /a;» + 4a; -- 1 




2a?* + 4a?\8a?* - 2a;* + 16a?® - & + 1 

I Sx^ 4- 16a?® 

2a;*+8a?-l\ -2a;* -8a; + l 

/ -2 a;* -8a? + l 


Thus, the required root«a?®+4a;-l. 


Example 2. Extract the square root of 
a;* + 2(y + «)a;® + (3y ® + 2yz + 3z^)x ^ + 2(y * + y^z + yz^ + z^)x 

+ y*+2y®;s® + ;?*. [0. U. 1888] 
The given expressions a?* + 2(y + ier)a?* + (Sy ® + 2iyz + 32?®)a?® 

+ 2(y + £;)(y ® + «®)a;+ (y ® + a?®)®, 


which stands arranged according to descending powers of a; ; so we can 
at once proceed thus : 


+ 2(y + z)(y^ + ®)a;+ (y ® +«®)® /a?® + (y + z)x 
a;* + 2(y + z)x^ + {3y ® + 2yz + 32?®)a?* \ + (y* + a?®) 

a;* 


2a;®+(y+«)an 

2®®+2(y+«)a;^ 
+(y® + a®)i 


2(y +ar)a;* + (3y ® + 2yar+ 3a?®)a?® 

2(y + g)a;^ + ( y® + 2yg+ g®)a?® 

2(y ® + a?®)a;® + 2(y + a;)(y * + z^)x + (y ® + a?®) 
2( y ® + a?®)a;* + 2(y -f ai)(y ® + z*)x + (y ® + a?®) 


2 

2 


Thus, the required root-a!®+®V+®»+v*+’s“. 


\ 
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Exaillple 3. ^Find the square root of ^ + 4a?* — 2a?* 

[0. U. 1889] 

Arrange the expression according to descending powers of x and 
then proceed thus : 

4 

a!*-2®\-2a!“+4a!“ 

J -2a;»+4a;» 

a\ax‘ 4a® a* 

®--4®+^)^--3-+g 

oa?* 4aa? . g* 

3 “3 ■*‘9 

— • 

a?* ct 

Thus, the required root—^ — 2a?+ -g* 

ojA 4iy* a?* 4i/^ 

Example 4, Extract the square root of jyj + + 3* 


The expression when arranged according to dec 
stands thus : 

4l/* a?* 


for now the indices of the powers of a? in the successive terms are 
respectively 4, 2, 0, -2 and -*4, which numbers evidently are in 
descending order of magnitude. Hence, we proceed as follows : 


a?* 


4y* , 4y*/ a?* 
cc* a?* \2i/* 


+ 1 + 


2p® 


4i/* 


i]? 

fy 


+ 1-^+3 


^+1 
Jt! 


i + 2+ 


W¥*W^ 


2+K+K 

a? a? 


Thus, the required root— ^+1 + 


2»* 
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Example 5. Extract the square root of 

+ 2a^x^+a‘^a^ -2a^®^+a®. [0. U. 1880] 

^ Let us proceed by arranging the expression according to descending 
powers of x, thus : 

a~^x^ +a;^-2a^a;^+2a^a;^+a^ 

-t V 

a * flj * 

2^"f 2 j 5 _ j _ 2a~^s^ + x^ 

+ g;^ 

2a“ *cc^ - 2x^ - j - 2a^aj^ + 2a^x ^ + 

- 2a^x ^+2a^x ^+af 

Thus, the required root = -x^- a^. 

EXERCISE 115 
Eind the square root of : 

1. ' 4**2® +12x1/2 +9j^“. '^2. ®*-4x“ + 10!r®-12a!+9. 

8. ®''-2®* + 2a!"+x®-2a!+l. '^4. 4®* -12®“ +25®“ -24® +16. 

6. 4®* + 8a®* + 4a*®» + 166*®* + 16a6®® + 166*. [C- U. 1870] 

9®*-2®®i/+^®*!/*-2®i/*+9i/*. [O.U. 1874] 


/ 7. 


2.* +’5’ 

_® + 1. 

2 16 

8. 


y9- 

x* + 

-4-2+4®-®*+®“- 
cc* 4 

\/l0. 

®* 

®® .a*.a* o 
^a+ A +-;;r“2-a®. 
a* 4 a? 

11. 

a» 

a ,46® 


12. 

9a® 

6a ,101 4® .4®® 

4V 

■ 6'^^ 

CL 


’5® "25 15a'^9a®'. 

18. 

405^' 

-8®*i/®+4®y*+}/®. 

✓ 14. 

49®' 

' j/® _43x Gy „ 

^49®* 1/^7®^'- 

'l6. 

y‘^ 

K--+ 

x^ y 

1-1^- 

16. 

25| 

20® . 9*/® 151/ . 4®* 
“ 7y'^16®® “ 2® ■^49»*' 

17. 

®®- 

•2®^+3®- 

-2a;^+l, 

✓18. 

®^- 

4®^ + 2® + 4®^ + ®^. 


19. a*®"*+2a*"*^+o“*®*+3+2a~^®. 

20 . ®^+®i/~^- 2 ®^l/"^- 2 ®^l/^+ 2 ®^l/^+l/. 

■ 21 . a-- 4 a-^+ 4 a-. 

' 23. 9a*"+6a*"+’'+25o**-*-30o"c*-*+o***'’*-10a**+V'-®. - 


I i i 
a *®*-®*-a* 
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210. Extraction of square roots by the application of the 
formula a**±2a0*(-b“-(a±b)“. • 

1.9 

Eicample 1. Find the square root of 4 - 4c + 26 + c® - 6c + ^ • 

[0. U. 1876] 

The given expression, arranged according to descending powers of 6, 
=»^“6(c-2) + (c® -4c+4) 

Therefore, the required root ^ - c + 2. • 

Example 2. Extract the square root of -4|a?+ ^ | +12. 

The given expression 

= (a,=» + i,)”-4(x»+i. + 2) + 12 




[0. U. 1886.] 


Therefore, the required root™®* — 2+3’ 

Example 3. Extract the square root of 
_(a* + 6T 

• 0+6 a-6' 

The given expression 

(o*+5T, 4o6 _(a®+6®)®+4o6(a*-6'') 
(o*-6T‘*’S*-6*" ■ (o*-6"*)« ’ 

of vrhich the numorator“»{(a* — 6®)®+4o*6®{+4a6{o*-6“) 

- (o» - 6®)» + 4a6(o® - 6 *) + 4o*6® 

-Ko®-6*)+2o6P. 

. . (o®+2o6— 6®)* 

.' . The given expression - — — • 

' o®+2ah-6». 

Therefore, the required ropt— — — • 
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Example 4. Extract the square root of (oh-f oo •!•&<})* '-'4ahe(a+o). 

[U. U. 1888] 


The given expression 

}6(o + c) + oc}® - 4ahc(a + c) 

— 6*(o + o)* + a*c* - 2ahc(a + c) 

•“ ]6(o + c) — oc}® “ (oh — oc + 6c)®. 


Therefore, the required root a6 — ac + be. 


Example 5. Extract the square root of 

a* + 6* + 0 * + d* - 2(o® +c®)(5* + d®) + 2a® c® + 2b*d®. 

Arranging the given expression according to descending powers 
of a, we have 

a* - 2a®(6® + d® - c®) + {5* + c® + d* - 2c®(6® + d*) + 26®d®{, 

and the expression within the braces arranged according to descending 
powers of 6, 

- 5‘ - 26*(c® - d®) + (c* + d* - 2c®d*) 

, • -6*-26»(c»-d®)+(c®-d*)® 

-{6®-(c®-d®)}®. 

Hence, the given expression 

=a*-2a®(6®-c®+d»)+(6®-c®+d®)® 

-{o®-{5®-c®+d®)}» 

-(a®-5®+c*-d®)®. 

Therefore, the required root — o® - 6* + c® - d®. 


Examine 6. Find the square root of 

4{(a® - 6*)cd + a6(c® - d® )}® + {(o® - 6®Kc® - d®) - 4o6cd]®. 

The given expression 

-4{(a® - 6®)*o®d® + 2a5cd(o® - 6®)(c» - d®) +o»6®(c® -d®)®} 

+ {(a® - 6®)®(c® - d®)» - 8a6cd(o» - 6»)(c® - d®) + 16o®6®o®d®} 

- {4(a® - 6®)®o®d® + 4a®6®(c® - d®)»] + {(a® - 6®)®(c» - d®)® 

+16o®6®o®d®) 

-(a® - 5®)®{(c® - d®)® + 4c®d®) + 4a®6®{(c® - d®)® +4c®d®} 

- {(a® - 6®)® + 4o®6®}|(o® - d®)® + 4c®d®] 

- (a* + 2a®6® + 6*)(c* + 2o®d* + d®) 

-(o® + 6®)®(o®+d*)». 

Therefore, the required root»(a®d-6®Xo®+d®). 
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Find the square root of : ' 

252;®y®-40icy + 16. 2. 49a®a?^-42a6®a?®+96^. 

3. 49a® 6® + 126a^!>^ +81a®6®. + 

^ g o* + 6*+c*+2a6+2ac+26o. 


7. a“ + 6®+c®-2a6+2ac-26c. 8. 4a® + 6®+9c®+66c— 12ac— 4a6. 

9. a*+46*+9c*+4a*6*-6a*c®-126®c*. 

10. 4a* + 96* + 25c* - 12a®6® + 20a®c® - 306®c®. 

>> »‘+iU2(«*+i'.)t3. yr” j;+|*+^+f +3. 

16. fs+|5-(s + ^)^/2+2i. 16. -^+3. 

y \y X ^ or dx^ ^ a 3x • 

17. a®+^+4(!r+ i j+6. ig. -2+a®^®+a-*''®. ’ 


a* + 6®+c»+d®-2a(6-c+d)-26(c-d)-2ed. 

20. (a-6)*-2(a® + 6»Xa-6)*+2{a*+6*). 
jL^21. a* + 6* + c* + d* - 2a*(6* + d*) - 26*(c» - d*) + 2c*(o* - d»). 
i/. a* + 2a®-a+i. 

23. 2a\b + c)® + 2h*(c + a)® + 2c®(a + 6)® + 4a6c(a + ft + c). 


2fll. The ordinary method of finding the cube root of a 
compound algebraical expression. 

Evidently, we have (aa?® + fta;+c)* 

— (oaj® + fta;)® + 3(ad5® + bx)^c + 3(aa:® + ftaj)c® + c® 

« a*®® + 3(a®®*XM + 3(a® ® Xfta:)® + (ft®)® 

+ 3(a®® + ft®)*c + 3(a®® + ft®)c* + o® . 

Hence, if we are asked to find the cube root of the above expression 
we see that we have the following means of discovering successively the 
several terms of the root : 

The first term of the root, viz.^ a®®, is evidently the cube root of 
the first term of the given expression, which is a®®®. 
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If WO subtract from the given expression the term containing 
the highest power of a? in the remainder is 3(a®£C^)(6a;), i.e., equal to three 
times the square of the first term of the root into the second term ; the 
second term is, therefore, discovered. 

If from the above remainder we now subtract + 3(aa5®)(6a!) 

•\r{hxY\{hx)^ the second remainder is 3(aa;® + 6a;)®c + 3(aa;® + 6£c)c® +c ; 
the term containing the highest power of x in this remainder is 3a 
i.e., equal to three times the square of the first term of the root into 
the third. 

Hence, the third term is discovered. 

If from the second remainder we now subtract {3(aa;® + fea?)* 
+ 3(aa:® + fea!)c + c®tc, nothing is left and we obtain the required root 
■■aaj® + 6a;+c. 

Let us illustrate the process by an example. 

Example. Eind the cube root of 

a;® - 6a;®!/ + 24a;^i/® - 56a;®!/® + 96x^y^ - 96a;y ® + Cdy®. 

The given expression stands arranged according to descending 
powers of 27 ; wo need not, therefore, change the order of the terms. 

The second term of the root, viz.^ -2xy as shewn on the next page, 
is obtained hy dividing -6a;®!/ by 3a;* (i,e., three times the square of the 
first term). 

Then, the divisor, 3a;*-6a;®y+4a;®y®, is formed as shewn on the 
next page. 

The product of this divisor by (-2a;y), viz., -6a;®!/ + 12a;*^® -8a;®!/®, 
is now subtracted from the expression which stands above it and the 
remainder is put down below the line. 

Now, take three times the square of the part of the root already 
obtained and put down the result, 3a;*-12a;®y + 12a;®y®, as part of a 
divisor. 

The third term of the root, viz., 4y^, is obtained by dividing 12a;*!/®, 
the first term of the remainder, by 3a;*, the first term of the divisor. 

The complete divisor is then formed as shewn on the next page, 
and the product of this divisor by the third term of the root is sub- 
tracted from the expression which stands above it. 

As no remainder is now left, we find the required root 
— a;*-2a;p+4y®. 




1—26 


- 12«®y + 24a?*y * - 24a?y» + 16y 12a? V -48g®y® +96a;®y* -%xv^^Giy^ 
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Find the cube root of •: 

1. a?® + 27fl5® + 243aj+729. 

2. 27®® -216®* + 576a; -612. 

3. 64a®-144a!6 + 108G6*-276®. 

4. 33®* - 36® +®® - 63®® + 8 -9®® + 66®*. 

5. 8®® + 12®® - 30®* - 35®® + 45®* + 27® - 27. 

6. l-9®*+33®*-63®®+66®®-36®^®+8®“. 

7. c® - 63c®®® + 8®® - 9c®® + 66c®®* - 36c®* + 33c*®*. 


CHAPTER XXXII 
RATIO AND PROPORTION 

Ratio 

212. Definitions. The ratio of one quantity to another of the 
same kind is defined to be the abstract number (integral or fractional) 
which expresses what multiple, part or parts, the former is of the latter. 
Thus, 

since 2 hours is a portion of time which is three times as large as 
40 minutes, the ratio of 2 hours to 40 minutes » 3 ; 

since a length of 9 inches is a fourth part of 3 feet, the ratio of 
9 inches to 3 feet»i ; 

since the sum of £ I. 45. is obtained by dividing 185. into 3 equal 
parts and taking 4 of those parts, the ratio of £1. 45, to 185.— f ; 

and so on. 

Hence, it is clear that the ratio of one concrete quantity to another 
(of the same kind) is a fraction, of which the numerator and deno- 
Djinator are respectively the measures of those quantities [referred to one 
and the same unit) \ and the ratio of one abstract quantity to another is 
a fraction, of which the numerator and denominator are respectively the 
quantities themselves. 

The ratio of any number a to any other number b is usually 

expressed by the notation a\b \ thus, a : 5 is the same as ^ • The 

quantities a and h are respectively called antecedent and the 
consequent (or the first term and the second term) of the ratio a : b. 

A ratiq is called a ratio of greater inequality ^ of less inequality or 
of equality t according as it is greater than, less than or equal to 1. 
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Note. Since a ratio is only a fraction, there is no difficuUy in seeing that the 
value of a ratio remains unaltered if its terma he miMpUed or divided by the same 
number, f^hust the ratios 3 : 4, 6 : 8, 15 : 20 and 8|n : 4n are equal to one another. 
Hence, also two or v/lore ratios can be easily compare with one another ; for instance, 
the ratios 2 : 3, 4 : 5 and 7 : 10 being reapectioely equivalent to 20 : 24 : 30 and 

21 : 30, we see at once that the second of them is the greatest and the first the least, 

213. A ratio of less inequality is increased and a ratio of 
greater inequality is diminished, by adding the same number to 
both its terms. 


by 


Let ^ be any given ratio, and let be the new ratio formed 
adding x to both its terms. 


Then, 


b+x b h(h+£c)* 


, and, therefore, it is positive or negative according as a is less or greater 
than b. 


Hence, if a <6, p 


and if a > h. 


a+x ^ a . 
h+i ^ b ’ 


which proves the proposition. 

Note. Similarly, it can be proved that a ratio of less ineqtiality is diminished 
and a ratio of greater inequality is increased by stfbtracting from both ita»torme any 
number which is less than each of those terms. This is left as an exercise for the 
student, • 


214. Composition of Ratios. The ratio of the product of 
the antecedents of any number of ratios to the product of their conse- 
quents is called the ratio compounded of the given ratios. 

Thus, the ratio compounded of the three ratios 
3:4, 8:9, 2a; : 3y 

is 3x8x2a; : 4x9x3y, or : 9y. 

When the ratio a : & is compounded with itself the resulting ratio 
a” : b^ is called the duplicate ratio of a : 6. Similarly, ; b^ is called 

the triplicate ratio^ of a : 6 ; is called the sub-duplicate ratio 

of a : b ; and is called the sub-triplicate ratio of a : b. 


215. Approximate values of Ratios. If x is very small 
compared with a, to show that the ratio (a+a;)*:a* is approxima^ly 
the same as a + 2a; : a. 


We have 


and opiwoa»mai 0 ly“l+~* 

mnoe which - ^ ^ a ) small compand with ^ and .maiiM. 

still than 1. ' . 
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Thus, approximately we have 

(a+®)*_i . 2a!_o+2a! 

a- — « — *a • 

or a a 

Cor. From (1), we have Hence, if x is very 

V a a 

email compared with a, we have 

is/a+a; : : a. 

Note. By a similar mode of reasoning it can he shewn that tuhen x ts verj^ 
small compared with a, (a+a)* : a**=fl+3a : a; (o+a)^ : =a+4a : a ; 

(fl+a)^ : a^^a+hx : a ; and so on, 

216. Incommensurable Quantities. If two quantities be such 
that their ratio cannot be exactly expressed by the ratio of two integers^ 
they are said to be incommensurable quantities. Thus, and 2 are ^ 
incommensurable quantities, since no two integers can be found whose ' 
ratio is exactly equal to : 2. 

Although the ratio of two incommensurable quantities cannot be 
exactly expressed by the ratio of two integers, we can always find two 
integers however, whose ratio differs from such a ratio by as small a 
quantity |lb we please. 

For inatanoe, -'^?=^^?^””---86602 

^ +1, ~ VS ^ 86602 , . 86603 . 

and therefore. and < jggggg . 

thus, >/3 : 2 differs frofn either 86602 ; 100000 or 86603 : 100000 by even 
less than a hundred-thousandth part of unity. A further approximation 
might evidently be arrived at by calculating the value of V3 to more 
places of decimals. 

Note. Any number which cannot be exactly expressed as the ratio of two whole 
numbers is also sometimes called incommensurable. From this point of view every 
surd is an incommensurable quantity, 

EXAMPLES 

Example 1. Two numbers are in the ratio of 2 to 3, and if 9 bo 
added to each they are in the ratio of 3 to 4. Find the numbers. 

Since the numbers are in the ratio of 2 to 3, evidently we oaa 
represent them by 2x and 3a; respectively. 

Hence, by the second condition, we have 
2x±9 3 

3a;+9" 4' 

Hence, 8aj+36'-9a?+27, whence a;—9. 

Therefore, the numbers are 18 and 27. 
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Example 2. What is the ratio of x to p, if 
. 10x+3y : 6x+2i/-9 s6 ? 


We have 


Hencei 


9 10!g+3»_ V 

6“5ai + 2K 

45. ® +18=50. ® +15 ; 
y V 



X 

V 


3 

5" 


Example 3. Which is the greater {x and y being positive) 

0?® + !/® : or, ac® +i/® : oj + i/ ? 

Wfl fl?® + y® gy ® " 2a ? V _ 

ir® + l/® fr+i/ (a;®+i/®X®^^l/) te® + l/®)(a5+y) 


which evidently is a positive quantity, since (aj-i/)®i3 positive whether 
X is greater or less than y. 

Hence, + : a;® + j/® > aj®+i/® : » + ?/. * 


• 

Example 4 Two armies number 11000 and 7000 men respectively ; . 
before they fight, each is reinforced by 1000 men ; in favour of which 
army is the increase ? [0. U. 1879] 

The new strength of the 1st army : its original strength 

-12000:11000-12:11, 


whilst, the new strength of the 2ad army : its original strength 
=8000 ; 7000 = 8 : 7, 


.Now, since 

and 

it is clear that 


12 : 11 = 84 : 77, 
8 : 7 = 88 : 77 ; 
8: 7 >12: 11. 


Thus, dompared with the original strength, the new strength of the 
second army is greater than that of the first. 

Hence, the increase is in favour of the second army. 


EXERCISE 118 

Which is the greater : 

1. 4:5or7:8?: 2. 7 : 10 or 11 : 14? 3. 9:6orl3:8? 

4 . 22: 27 or 32: 45? • 5. 28 : 39 or 49 : 65 ? 
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Find the ratio oomponnded of : 

6. a\h,h\c and c : d/ 7. 3 : 5, 7 : 9 and 16 : 28. 

8. a+a? : a-®, a*+a5* : (a+»)* and (a'-oj*)* : a*-a 5 *. 

9. 16 : 5, the triplicate ratio of 5 : 4 and the sub-daplicate ratio 
of 9 : 4. 

10. 25 : 18f the sub-duplicate ratio of 81 : 49, the triplicate ratio of 
2 : 3 and the duplicate ratio of 7 : 5. 

11. If 2fl;+5v : 3a;+6y— 9 : 10, find x : y. 

12. If X : y«“3 : 4, find the value of 6x+9y : 16x+6y, 

13. Two numbers are in the ratio of 7:8, and their sum is 136i» 
Find the numbers. 

14. Find two numbers which are in the ratio of 6 : 3 and whose 

difference is 34. , # 

15. Two numl^rs are in the ratio of 4 : 6, and if 7 be added to 
eaoh, the sums are in the ratio of 5 : 6. Find the numbers. 

16. Two numbef s are in the ratio of 7 : 9, and if 10 be subtracted 
from eaoh, the remainders are in the ratio of 8 : 11. Find the numbers. 

17. For what value of x will the ratio 23+cc : 19+« be equal to 2 ? 

18. What number must be added to eaoh term of the ratio 25 : 37 
that it may become equal to 6 : 6 ? 

10. What number must be added to eaoh term of the ratio 29 : 38 
that it may become equal to 4 : 7 ? 

20. What quantity must be added to eaoh of the terms of the ratio 
a : bt that it may become equal to c : d ? 

21. Show that ifa>a;, the ratio •a*'¥x^ is greater than 

the ratio a-x : a+x. 

^ 22. Show that the ratio a” + 5*:a+& is less than^ the ratio 


Find approximately the values of : 

28. (226)» : (226)*. 24. ^/{3646) : >s/(3642). 

25. il, B, 0 are three school boys getting monthly' allowances of 
Bs. 16, Bs. 20 and Bs. 25 respectively ; out of these amounts they respec- 
tively spend Bs. 8i, Bs. Hi and Bs. 15| per month. Which of them 
is the most frugal ? 
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Proportion 

217. Definitions. Four quantities ere said to be proportionals 

'when the ratio of the first to the second is equal to the ratio of the 
third ^ to the fourth. Thus, a, b, c, d are proportionals, if a : i d. 

This is often expressed as a : h : : c : d and is read *a is to 6 as o is to d\ 

The terms a and d are called the extremes and the terms b and c« 
the means. The term d is also called the fourth proportional to 
a, btc. 

Three or more quantities are said to be in continued 'proportion 
when the first is to the second as the second is to the third, asi'the 
third is to the fourth ; and so on. Thus, a, b, c, d are in continued 
proportion, when a : b^^^b : c^c : d. 

If three quantities, a, h, c are in continued proportion (aib :: b : c), 
then & is called the mean proportional between a and c, and c is called 
the third proportional to a and b, 

218. It a:b::c : then will ad^bc. 

Since, ? “ S • 

b d 

multiplying both sides by bd, we have ad^^bc. 

Thus, if four quantities are proportionals % the product of the 
extremes is equal to the product of the means. * 

[ Oonyersely, if ad^bc, then a I b :: c : d. This istobvious by dividing both 
sides of the equality by bd. ] 

Cor, If a : b : : b : c, then ac^b^ ; i.e.^ if three quantities are in 
continued proportion^ the product of the extremes is equal to the square 
of the mean. 

Note. From the remit above established we can at once find a third proportional 
tOf or a mean proportional between two given quantities as well as a fourth proper^ 
tional to three given quantities. 


EXERCISE 119 

Find a third proportional to : ' 

1. 9,6. 2. 8,12. 3. 6,15. 

Find a fourth proportional to : 

5. 6, 8, 15. 6. 14, 24, 35. 

Find a mean proportional between : 

8. 4,9. 9. 7,2a 

219. llaibwbiCi then aiciia^ib^. 
For, 


a 

b 


b. 

I — , 

c 


a ^ b a ^ a. 
b^e B b 


4. 16.24. 


7. *0014, 1*4, -02. 
10. 6, 64. 
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_ quantities are in continued proportion, the first is to 

the third in the duplicate ratio of the first is to the second. 

Note. Similarly, if a ih^h \ c^c \ d, it can he easily proved that a : d * a* : 6* 
which is left as an exercise for the student. 


220. \l fi\b \ \ c vd^ then b : a 
• For, 


\ d\c. 


a 

h 

a 


c . 

“S’ 


whence, - 
a 


d 

t - 1 

c 


Thus, if four quantities he proportionals, they are also proportionals 
when taken inversely. 

This operation is called Invertendo. 

\ta\b\-.c\d^ then a:c::b :d. 


For, 


a 0 

^ X - 

h c 


c . 

' d" 

d c 


or. 


a 

c 


b 

~d 


Thus, if four quantities he proportionals, they are proportionals 
when taken alternately. 

This operation is called Alternando. 

222. \la\b\.c\d^ then a+& : 6 : : c+d : d. 


For, 


a 

b 


c . 

'S“' 




a+6 c+d 


b^^ d 

Thus, when four quantities are proportionals, the first together with 
the second is to the second as the third together with the fourth is to the 
fourth. 

This operation is called Componendo. 

If a:b::c: df then a-b : b : : c--d : d. 

For. 


c . 
S' 


b ^ d 


a~h o-d 
b'—T' 


Thus, when four quantities are proportionals, the excess of the first 
over the second is to the second as the excess of the third over the fourth 
is to the fourth. 

This operation is called Dividendo. 
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Cor. llaibiiC’.dt then a:a-b::c:c-d. 

• • m 1 b d 

.. Inversely, - 


For, 

Hence, 


hade 

— ^ X r X • 

a-6 o c-a a 


or, 


a ^ c 

. _ a—hc—d 

Thus, when four quantities are proportionals, the first is to the 
excess of the first over the second as the third is to the excess of the third 
over the fourth. 

This operation is called Convertendo. 

224. It a:b :: c : di then a+&: a-b : : c+d : c--d. 

From Art. 222, •• - (1) 


b d 
a—b cj^d 
“ cZ““‘ 


^om Art. 223, 


Hence, dividing (1) by (2), . 


( 2 ) 


Thus, when four quantities are proportionals, the sum of the first 
and second is to their difference as the sum of the third and fourth is to 
their difference. • * ^ 

This result is often spoken of as Gomponendo and Dividendo. 

Note. The result proved in this article is of great use in solving a certain class 
cf equations. This will he illustrated in some of the following examples. 


Example 1. 


Q 1 a X ^ V a X 7 
Solve — 7 --- - «* b. 

ija+x- s/a—x 


By componendo and dividendo, we have 
2 Ja +x ^ h + 1 
2ja-x b-i 


Hence, 


a + ® Vh+J.\® 
a-x^\b-lf 


6* + ^+l 
“5^’-26 + 1* 


Again, applying componendo and dividendo, 


2a 2(6* + 1) a &*_+!. 

2®“ 46 ’ X “ "26 ’ 


Example 2. 
We have 


a;(6’“ + l)=*2a6 ; 




l + 6a ?_ l4-a a; 
l-6a; 1-ax 


X 


^6 

6® + f 


l + ^g ?^ l + 2aa; + a” a;*^ 
6aj “ i - 2aaj ^ * 
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Hence, by oomponendo «nd diyidendo, 

1 ; 

bx 2ax 

. 6(l+o“**)— 2a, 


or. 


aV-f-t 


} /2».i 

a V b 

Example 3. Find the value of "when 

[A. U. 1892] 

From the given relation, we have 

and 


X ^ 2a 
2fe"a+fc‘ 


X ^ 2b 
!^’“a + b 

Hence, by oomponendo and dividendo, 

x-¥2a a+3h , a + 26 3 a+ 6 
a?-26"a-6* 

Hence, the given expression 

-(a +36) ^+6 2(a-:6) „ 

« ‘ “ "a-6 a-b^ a-b 

Note, a different solution of this example see ArU 17 It Ex, B, 


Example 4. If (a+6+c+ci)(n— 6— c+d) 

«(a-6+c-d)(a+6-c-d), show that a : 6 : : c : d 
From the given relation, we have 

ct+6+c+d^g**6+c~d 
a+6-"C“"d a—6“C+d 
Hence, by oomponendo and dividendo, 
a+j>^^-6 . I 

c+d c-d’ 

[Altemando]; 

a*“ o a 

whence by a second application of oomponendo and dividendo, 

a c 
b'^d' 

Example 6. If 

® ® - 3ma!* + 3a! - wi -• 0. 

From the given relation, by oomponendo and dividendoi we have 
® + , TO+l (ai+1)* g*+8a8*+3g+l . 
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Hence, by a seoond application of componendo and diyidendOr 

we have * ’ 

1 3a!*+l 

m(3«* + l)— a!®+3a!, 
whence, *®-3ma:®+3®-7»“0. 


EXERCISE 120 
Solve the following equations : 


1 . 


xfy 
x-y " 
2»+3y36 


^ 3a! -6y , 
3a:+6y 




1 


4a!-9y*>‘19 

-fl/a— ®\® a+iB ^x-¥ J Ax^ — 1 

“U+a:/ a-i^' 

• [0. U. 1886] 


.4. 6. 


2a;- 1+ s/i-» 


1 ^ 6x -7y _ 1 ] 

4 *• Bx+7if^ 7 

19 ] 3a;-5v-18 J 

1 - 


\/ 9 . 

11 . 


i/ 36 x+i+j 3 ^ 

.y 3 ^^+i-j 36 x“^‘ 

.is/5 + ,J5—X f, 

(>J 5 - j 5 -x 
+ {o - (o* - oa:)^}^ 


^ 1+*+^® 6^1+a:\ 

V/®* i-a!+a;»" 63 a -4 




10 . 


6^'-a;^ 

a + a; + Va* -®* b 
a + x- Ja*-x^ X’ 


Prove that a : 5 : ; c ; d — 

12. If (a+36+2c+6d)(a-36-2c+6d) 

= (a - 3& + 2o - 6d)(o + 36 - 2c - 6d). 
18. If (2a+6+4c+2(i){2o— 6— 4c+2(i) 

. -(2o-6+4c-2d)(2o+6-4c-2d). 

“• “ *■ Sto’-to+si-a 


225e An Important Theorem. If f of 

1 

those ratios Pi q, r. w are any quantities 
whatever. 

Supposing each of the given, ratios-fe, we have a->bfc, c^^dk, e^fk. 
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Hence, 

qc* «* q(dkY * qd^Jc"^ 
re" « r (/fc)* « r/".A;*‘ 


'whence, ft" 


_jpa "+^c"+re" . 
“p6" + gd"+r/** * 


pa"+go"+re”*-(p5"+g(i"+r/")ft’* ; 
and 


which proves the proposition. 

Cor. As a particular case, if p, g, r, w be each equal to 1, we have 

each of the given ratios 

Similarly, giving different sets of values to p, q, r, n several parti- 
cular cases may be at once deduced. 

Note. What is proved above for three equal ratios is obviously true for any 
number of equal ratios, the same reasoninq being applicable to all cases. It is always 
a very good exercise for the student however to work out independentl'^ ooery fresh 
example of this class applying the mode of demonstration illustrated above, Hence% 
an exercise is added below with a recommendation to the student that he should find 
the result in each case without aeing the formula established in this article. 


If 

1. 

6 . 

If 

8 . 

10 . 


ace 
b” d“f 
g-c+e 
b-d+f 


EXERCISE 121 

prove that each of.these ratios is equal to i 


2 . 


o+3c-5e 

b+3d~5/ 


3. 


/a»+c“+e»\^ 

\fe»+d*+/“/ ■ 


6o-7c-13e 
bb-ld-VAf' 

/a»-2c»+3e»\^ - 

”• \6®-2i»+3/»/ ' 


4. 


fta + Zc+me 


a c 
b” d 

4-^-1 


kb + ld+mf 
[0. U. 1875] 

Va®+c5+^, 
[0. U. 1882] 


B Q 

\ ' prove that each of these ratios is equal to : 


l a-^+ o-^+e -^+ g-^\-^_ o */a*-2c*+3e*-4ff' 
\b-^ +>^ +7^^ + fc- V : V 6^^ -i&*- 


4 


3a- ® j- 7c-^ - 8ei! + 15g-n-^ 
36-»-yd-*'-8/-'‘'+i6ft 


Miscellaoeous Examples. 

Example 1. If x : p : : and 

fnin : : ^/p®+x*• thenp* : xp; : x+p : x-p. 


We have 


^m”^ p”+x 


X 

p »■ 
a?(p*-P®)“P(p®+®*)i 


1? * ’ 


[Art., 218] 
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or, ; 

• • ; 

* " • xy^x-y * 

ix.% \xy x+y:, x-y. 
Example 2. If a : h : : c : d, show that 

ma+nc : mb + nd : : (<2*+c*)^ : (6® + ^?^)^. 

Since, 


{ Art. 218, Converse ] 


[C. U. 1880] 


a 

b 


c 

d 


and, therefore, each of them 
Again, since 
and, therefore, each of them 
Thus, we have 


ma^Tic 
mb nd* 

ma + nc 


mb + nd 

a c . 
b * d ’ 

q^+c^ 

ma+ nc _ma a 
mb+nd mb b 


[ Art. 225 ] 


a® c® 
5® “2®* 


[ Art. 225 ] 


and 


i®+2®“5® 


(i> 

( 2 ) 


Hence, from (1) and (2), 

1 * 

ma+nc (a®+c®)^ , . , . , , 

which was to be proved. 

mb+nd ( 52 +^ 2 ^* 


’ (6-c)(5+c-2a)’’(c-a)(c+a-26)~(a-5Xa + 6^2c * 

find the value of x + y+z, [0. U. 1889J 

Let each of the given ratios 

Then, x-Ujb- c){b + c - 2a) « A;{(6® - c®) - 2a(6 - c)} 

, y’=k(c- a){fi + a - 25) =» /cj(c® - a®) - 25(c - a)}, 

0 - A;(a - bta + 5 - 2c) « k\{a^ - 5®) - 2c(a - 5}}. 

Hence, x+y+z^ A;[K5“ - c®) + (c® - a®) + (a® - 5®)} 


“ 0 . 


- 2 {a (6 - c) + 6 (c - a) + c(a - 6 )}J 


Example 4 . If show that J - f. 

Let each of the given ratios- L 
Then, we have {ay - bx)c — to?*, 

{cx^az)b"*kb^t 

{bz^cy)a"^ka^» 



■398 


AliOEBBA HADE BAST 


[OHAP. 


Hence, by addition, 

fc(a» + 6*+c*)-0: i-a 

Hence, ay-bx^O; ay^bx; f-" ? ••• (1) 

€b 0 

also, cflj-aa^O ; /. cx"^az\ ••• (2) 

Ck C 

Hence, from (1) and (2), ® ^ ^ . 

a o c 

Example 6. If f - -- = t - . then will 

C a 

from the given relations, we have 
(i) ; (ii) ; (iii) bc^ad. [Art. 218] 

How, (fe-c)® +(c-a)*+W-6)® 

- (b^'+c^ - %c) + (c® + a® - 2ac) + (d® + 6® - 26d) 

- 2(6® - ac) + 2(c® - 6d) +a® + d® - 26c 

f “ a® + d® - 26c [ from (i) and (ii) ] 

*» a® + d® - 2ad [from (iii) ] 

-(a-d)®. 


Example 6. If a : 6 : : c : d, show that 

a+6 . c+di® 


4(a+6)(c+d)-6dp~^+^'^} 


Since, 

-clearly, therefore, 
Hence, 


^+6 c+d . 
6 “'d ’ 


[C. U. 1874] 
[ componendo ] 


a + 6 j^c+d_2(a + 6)_2(c+d) 
6” ■*’ "d 6 d ’ 


fa+6^c+di*_2(a + 6)^2(c + d)_4(a+6Xc+d) 
1 6 d J “ " 6 ^ " d' ~6d~ ' 

6d{^^-+^"^^| ■■4(a+6)(c+d)* 


Example 7- If a : 6 : : p : g, show that 


from the given relations, we have 

«a.-. g-J 

op o“ p 
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H»* (1) J (ii) 

Multiplying together (i) and (ii). we have* 

( a« + ft«)( a + fe)^(p«+q«)(p+q) 
a“ p® ’ 

\a + 6/ \p + qj 


Example 8. It m :n : : p i q, prove that 
We have - P ; 


[0. U. 1860] 


n q 


alternately, 

p g P Q 

-Hence, 

np g® 

or, (^r»KTO,::p)=(iLrs).(«-5). r • • «« 

mq g* ^ 

*" P) + P) + g” 

^ ■ "g," 

lP»£±i(!r..3(»,ti?) ‘ r • . 

a 

= (t»+q) — (w+p). 

ifixample 9. If v “ » show that 


np^mq ] 


pn^mq ] 


r I show that 


(a» + 6* + c»)(6» +c» + d*) - (a6 + 6c + cd)*. 
Xiel each of the given ratios ■> 6. 


[0. U. 1887] 


(Then, 


fc®c®-.6* 


also, 46=0 ; kb^’^ab AK6“+o*+d*)“a6+ 

kc—b;.\ ko*-bc , _c^bo+cd 

kd-o ,.\ kd*’~od ) •• "’“6*+c’*+d*' 

Hence, equating the value of k* from (1) and (2), we have 

a*+6*+c*_(afe+6c+cd)* . 

6*'+c»+d“*’C6®+c*+dV ’ 
(a*+6*+c*)(6*+c»+d»)-(<i6+6c+cd)*. 


**(6*+c*+d*)-a*+6»+o» ; 

ii®-®-— • ... (11 

6*+c*+d* ’ 

AK6® +0* +d*)“a6+6c+cd ; 
i._ab + bo+cd /„x 
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Example 10. I* f “ g"" y ’ show that 

Jla+ 0 +e)(y+ d +f) “ iab)^ + (pd)^ + ief)^. 

Let each of the given ratios » h. 

Then, a^»bk \ a+c+e*=i;(6 + d+/) ; 

c^^dk [ (a+c+e)(fe+d+/)“M^ + ci+/)* ; 

e^fk ) 

, 0j(a+c + e)(b + d+/)^(b+d+/)j,jk ••• (1) 

Also, we have ab^b^k\ {ab)^^bslk 

cd~d’‘k; {cd)^-‘djk 

{ab)^+(cd)^ + (fi/)^’’{b + d+f)Jk. ••• - (2) 

Hence, from (1) and (2), 

•J (a + c + e)(6 + d +/) ** (afc)^ + {cd}^ + (e/)^. 

EXERaSE 122 

If a be the greatest of the four quantities a, b, c, d and if 
a\b\ic\dt show that : 

1. 6 and c are each > 2. a-^b^c^d, 3. a+d>&+c. 

H a : h : : c : d, show that : 

4. wa+w6 ; fr : : mc + nd : d. 

5* ma-^nb : wc + nd : : pa-qb : pc-qd. 

6. aibiia+cib’hd, 7. a® : 6® : : a®+c* : fe*+d*. 

8. a® + c® : 6® + d® : ; ac : fed. [0. U. 1877] 

9. (a-c)® :(fe-d)®«a®:fe®. 

10. (a + c)® : (fe + d)® « a{a - c)® : fe(fe - d)®. [0. U. 1^] 

11. a^ + b^ : a®-fe®-ac + fed : ao-bd. 

12. a(o+c):c® ;:fe(fe+d):d*. IS. c : d- 

14. a+fe:c + d-Va^* : N/^d^. 

15. a+fe:c+d:: V3a*+5^® = >/3c»+6d®. 

^ 16. a*-l-a6+fe* : a®-flfe+fe® : : c®+cd+d® : o®-cd+d®. 

17. a®+ac+c® : a®-ac+c® : : &® + 6d+d® ; 6®-fed+d®. 
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If a : c : <2— a :/, 

ifi ma+nb 

mc + nd’^d^a 


show t&at 


[O. TI. 1876] 


19. acibd:: 2a*+3c»+6a® : 25»+3^f»+6/*. 

20. a»+c“+a® : : : ce^df. _ [0. U. 1876] 

21. pa+gc+ra : pb+qd+rf : : • VW* 

22. a® : 6® : : ac+aa+aa : bd-^df+bf. 

23. a® +c« +a® : 6® +d® +/® : : aaa : 5d/. 

24. ^Aa^^^+c V~+"aV' : : : oca : bdf. 

25. If a, 6, a, ^2, a be in continued proportion, show that 

a : a : : : 6*. 


26. If — , find the value of 

o+a-a a+a-o a+o-a 

{b - c)x + (a “ a)i/ + (a - b)a. [C- U. 1878] 

27. If a : 6 : : a : d, prove that 

+c^ : b^ -hd^ • i tja^ +c^ • s/b^+~d^, 

28. If a : 6*=a : d“=a : /, show that 

27(a + 6)(c + dXc +/) - ^ ^ ’ • • 

29. If a : 6 : : a : d, show that ad-hbc : 2bd : : <x®+c® : ab-^cd, 

30. If a : 5 : : a : d, show that 

a®+6® : ab'^ad-bc : : c®+d® : cd^^nd + bc. 

If a : 5 : : 6 : a, show that 

31. a^+ab + b'^ : b^ + bc'^c^"‘a : c. 

ita. 


33.^ + 

If a : b’^b : a«»c : d, show that 


34. (f>+a)(2^+d)«(a+a)(a+d). 35. (a+dj(6+c)-(a+c)(6+d)-(6-c)*. 


36. 

37. 


a : o* r- + ~ + '3 I ~ + 'i: + “ ' 

b e a a b c 


S8. 

89. 

40 . 


a : d : : o*+6>+c* : 6“+c*+d*.. 

If a : & : : c : d. show that a®+o6 : c*+cd 5 : b^—2db ; d*— 2cd. 
If d ; b'“C : d»s :/, show that 
(a* + 6*Xce + d/)* - (c* + d*Xa« + ft/)* - {« • +/*Koc + M)*. 
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ELIMINATION. MISCELLANEOUS THEOREMS 
AND ARTIFICES 


I. Elimination 

227» If there be two equations involving ont unknown quantity 
they will generally not be satisfied by the same value of it. For 
instance, the same value of x will not satisfy the equations fl;+3«7 and 
au+4—9. But this cannot be strictly said of the two equations ®+a-*7 
and a;+fr»9, where a and b have no fixed numerical values ; the appro- 
priate remark in this case would be **the two equations tvill he satisfied 
by the same value of x if 7 or, Thus, if one unknown 

quantity occurs in two equations which also involve other algebraical 
symbols^ there always exists a particular relation between these other 
symbols for which, and for which alone, both the given equations are 
satisfied by the same value of the unknown quantity.^ The process of 
finding this relation is called the Elimination of the unknown quantity 
from the given equations, and the relation obtained is called the 
Eliminant of those equations. 

Similarly there may be a question of eliminating two unknown 
quantities from three given equations. For instance, the three equations 
s-fp—a, a; +2y»&, a; cannot be aZ^ satisfied by the same values 
of X and y unless the quantities a, 6, c are connected with one another 
in a certain way, and this connection may be necessary to investigate. 

A few simple oases of elimination will now be presented to the 
student, calculated to give him a tolerably clear idea of the subject, as 
also to familiarise him with some of the various ways of dealing with 
such questions. 


Example 1. Eliminate x from the equations 

ai®+6i— 0, a2® + 62 — 0 . 

From the first equation, we have a;—-—! and from the second 
equation 

Evidently, therefore, both the equations will be satisfied by the 
same value of x if or, ai6a— aa^i. 

Thus, a\b 2 ^aj}\ is the required eliminant. 
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Ezaii^e2. BUminate * from the equationB 

o.«« + 6,»+c,«o. 

must haTO*^* * which satisfies both the equations. Than, 

«ia® + feia + ci«0 1 
a2a‘ + 62 a+C 9->0 J 
Henoe, by oross multiplication, 

a I 

bie, - baox eiat-eaat ’ 

which IS the required eliminant. 

ai®+6iy+ci-i 0 

aaa;+62y+c2«»0 

« 3 ®+ 63 y+O 3«0 , 

^ th. m,U«pU„,ta. ™ w' 

a, y _ 1 

*102 - 6aCi Cxa* - Cso, "oiftT-o;*', ’ 

y^otaa-AnOi 
®i**-aa6i *' al68-o,'6^ 

. Asa,x™°° ■“ ■»’ ‘i»» ™i™, rf . ..j ,, 

+ u Cio«- CxOi 

' <*1*2-0261 ® 0162-0261'*'®* "®’ 

K “*lt“’*~**‘’‘)'''**^®^‘**-'’*«0+<J.(oi6,-o,6i)-a 
which IB the required eliminant. 

®®unplo 4 . Eliminate a;, y, z from the equations 

hy+cz cz+aa: a;+y""2* 

We have ■■ i 1 

by+cz 2 

2a!B-6y+cs, or, Sax-tty-eM—O. .m m 

Also. 1 . 

os+o® 2 

26 y-cs-(-a®i or, ax-Qby+ez^O. ••• (|| 
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Hence, from (1) and (2), by cross mnttiplication we have 

X „ s 

-b0-2be -ca-2ca -4o6+a6 
X _ y z 

”• -36c" -3ca "-3a6’ 

_ X y_ « 

h<r ca ab' 

Supposing each of these ratios we have 

X’^k.bc, y^^kxa, Z"^k,ab. 

Substituting these values of x, y, z in the third equation which is 
3s*-a;+]^, we have 

2fc.a6-»i(&c+ca), or, 2ab"‘bc-hac, 

• 2 

a • * ^ * J» * 

C €t O 

which is the required eliminant. 

Note. It may he noticed in this example that the three given equations Zax^hy 
— c«“0, ax-‘^by-hcg’=0 and 2a“aj+|/ virtually involve two unknown quantities^ 

instead of three; for they are respectively equivalent to 2a^® ^ 

o^® J-f 26^|^J+c*»0 and 2**^ + in which the only unknown quantities 

X y 
are ana J— 

It is owing to this disguised character {so to speak) of the three given equations 
that we have been able to eliminate from thim the three unknown quantities e* ; 
otherwtae a fourth equation would have been required for the purpose. 

Example 5. Eliminate x from the equations 

*»+ I -4(a»+6«), 3®+ -\-4(a»-6*). 

Adding together the equationSf we have 
*•+3*+ I +4-8a*, 

X X 


or, ^!c+ -(2a)*, 


Subtracting the second equation from the [first, we have 

e*-Sa,+ ?-4-86», 

X X 


or. (*-i)“-(26)*. 


*- 4 - 26 . 
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£Vom (1) and (Si)i by addition, 

. 2®—2(a+6), or, aj>»a+6; 

and by subtraotion, - ->2(a-&). or, a-6. 

‘ as flc 

Henoe, (a+6Ka-&)— xx - —1. 

Thus, a® — i*—l is the required elimina];it. 

Example 6. Eliminate x,y,z from the equations 

a!+i/ + 2f=a ... ... (1) 1 

2(ys+sa5+a5i/)»-6® ... ••• (2) 

... ... (3) 

dxyz^d^ ••• ... (4) 

Since, x^-hy^+z^^{x+y’^z)^-2{yz-^zx+xy ) ; 

from (1) and (2), it “a* -6®. ... (S) 

Now, sinoe a;® + y * + «* - Sxyz 

"(®+y+2?)laj®+y®+ar®-y2f-;Era;-'a:j^) * 

“ (as + y + s){(aj ® + y ® + « ® ) - (y « + + apy)K 
From (3), (4), (1), (5) and (2), we must have 

c®-ci®-a{(a®-6®)-i6®}»a®-fa6®, 
or, 2a®-3a6®*-2c® + 2d®-0, 

which is the required eliminant. 

Example 7. Eliminate x, y, z from the equations 

(i) aj®(y+s)»a® ; (ii) y®(a?+2r)-6® ; 

• (iii) s®(a5+y)— c® ; (iv) xyz^dbc. 

Multiplying the first three equations together, we have 
aj®y *s*(y + z){z + x){x + y) >= a®6®c®. 

Hence, from (iv), (y + «)(«+®)(®+y)"l. ... ... (a) 

But (y + ztz + aj)(aj + y) - (y + z%x^ +aj(y + z)'¥yz\ 

■“a®{y+;?)+a?(y®+a®+ 2yz) + y^r(y + z) 

- aj®(y + z) + y ®(x + s) 4 s®(aj + y) + 2a;y0, 
and from the given equations, it"*a®4-&®4-c®+2a6c. 

Hence, from (a), we have a*4*6®4-c®4-2a&c— 1, as the required 
eliminant. 
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EXERCISE 12S 

Eliminate x from th^ equations : 

1 . 


6 . 


9. 


11 . 




2. a®»-6 -01 

cx-d —0 j 


c®®-(J —0 I 

*0 1 


4. a®® + 6®+0— 0 1 

px^-q —0 1 


®+d —0 J 

te*+waj+n-= 

0 1 

6. a®* + fc®+ c— 01 

ax+b * 

0 J 

Z®®+m®+n— of 

®+ h “^+6 

X 


8. 2® + “ — 5|? + 7q 

X 

i ••a-b 

z 


2a:-f -5p-7a 

X J 

aifl5* + 6iaj+ci«0 1 

10. ai® ® + 6i® ® + Cl — 0 

aafl5® + hafl5 + Ca-*0 J 

aa®® + 6a®® + Ca“0 


12. a®® + 6®+ c-0 •• 

fla®* + 6a®* + Ca " 0 j 

®®+m®+n— 0 •• 


13. 


a!B* + fer+c“0 1 
a5*+2a!* + 3-0 1 


( 1)1 
12) f 

[ Multiply (2) by ax and Bubtraot (1) 
from the resulting equation f we thus gel 
amx'* + {an — 6)x - c ** 0. Now eliminate x from 
this equation and (2). ] 


Eliminate x and y from the equations ; 


14. ax+by^m ^ 

16. a® + 6 — cy \ 

16. ax+by -0 1 

hx^ay^* n }■ 

aiif + 6i— ci®f 

te* + Treaty +nv*“0 1 

®* + l/*— 1 J 

®® + y* -1 J 



Eliminate x, y, z from the equations : 


17. 

18. 

19. 

20 . 
21 . 


y + z 


“a. 


z+x 




x+y 


z-x 


y + z 


I. 

**sc + y" 


>c. 


c. 


y 




»c. 


[ Example 6, Art. 171, may 
be oonsnlted with profit. ] 


y\z-x)^b, z\x-y)"'c, xyz^d. 
Eliminate a. b, o from the equations : 

is+c]f*a, as+oa?—6, ay+bx"^e. 
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n. Miscellaneous Theorems 

228* Theorem. If the sum of the squares f of any number of 
real quantities he zero^ then each of the quantities is zero. 

Let 2 l®+ 5 ® + C®+D® + «0, where A, B, C, B are real 

quantities. 

To prove that B-®0, 0“0, D«0.... 

Proof. If the sum of any number of quantities be zero, evidently 
they must be partly positive and partly negative unless each of them 
is zero. 

Hence, B, G, D, etc. being real, their squares B*, 0“, B*, etc. 

are aZZ positive. Hence, the sum of >4® + B® + 0*+B®+ cannot be 

zero unless each of il^, B^, C^, etc. is zero ; 

B®«0. C*=0. etc. 
i.«., -4—0, B-0, C— 0, etc. 

Example 1. If + — 6c--ca — ab— 0, prove that o“6"e, 

a, bt c being real. , 

We have, a* + b® +c*-bc“ca-ab 

« " cY Hc-aY + (a - bYl^^O, 

Hence, b — c— 0, * c — n=0, and a — b—0, e.6., a*b»c. 

Example 2« If x, a and b be real, solve 
(x-aYHy-bY-0, 

Since, a?, y, a and b are real, (x-a) and (y-b) are both real. 

From the given equation, we have 
a;-a-U,i.s., a;— a, and y-b^O, i,e,, y^b. 

Example 3. Show that if (x^ + y® + + b^+c^) 

^(ax+bV’^czYt then f “ f ^ ' 

From the given relation, wo have 

. a®(y ® + z® ) + b\x^ + z*) + c® (a;® + y ®) ■= 2abxy + 2aca;z + 2bcyz. 

Hence, by transposition, (a®y * + b®a?* - 2abxy) 

+ (a®z* + c*a;® - 2acxz) + lb®z® + c®y ® - 2bcyz) — 0, 
or, (ay - bxY + (az - cxY + (bz - cyY ■= 0. 


Hence, ay-ba;— 0 


a? y 

a b 


az-caj— 0 


5. ^ 

a " c 


bz-cy—0 ; 

Thus, we have ^ - - 

a o 0 


S - 5 

b c 
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EXERCISE 124 

[ N,B, Letters stand for real quantities in the following examples, ] 

1. If (aj+a)*+(y + 6)*— 4(a:a+i/5), prove that a?— a, y— 6. 

2. If (a? + a)® + (y + 6)* + (j? + c)* *■ 4(a;a + y 6 + «c), prove that 

aj—a, y«»h and «“c. 

S. If a* + 6® +c® + 6c+c(z+af?***0, prove that a—6—c—O. 

4. Solve (aj* + y *)(a® -h 6®) - (aa: + 6y)* + (y - 6)“ « 0. 

5. Solve a!®+y* + 2**(H-a;)(H-y). 

6- Solve aj* + 2y®+a®=2y(a?+G). 

7. Solve 2(aj+y-l)“a;* + y*+«“. 

8. Solve l+aa;+6y“ Ay{(l+aj®+y*)(l+a® + 6*)}. 

229. Inequalities. If a and b be two real quantities, a is said 
to be > 2», when a— h is positive. 

Thus, 7 > 5, since 7-6= + 2 ; 

-3 >-8, since (-3)- (-8) = +6 ; 
a® + 1 > 2a, since a® + 1 - 2a = (a - 1)® = a positive quantity. 

An Ineqitality a > bis, therefore, established if a- b can be proved 
to be positioe. 

Theorem. If x and y be real and unequal^ then x^’¥y^ > 2a;y. 

(a;® + y ®) - (2a;y) —a?® - 2a;y + y ® 

=(a; — y)® = a positive quantity ; 
a;®+y®>2a;y. 

Note. Ifx’^y, (®*+y*)-(2xy)-(a;~3^)* = 0, 
i.e,, a;*+ 2 /* =2ajy. 

Hence, is never less than 2xy. 

Most of the results in Inequalities may be obtained’, by^Jhe application of the 
above theorem. 

Example 1. If x, y and z be real and unequal quantities, show 
that aj®+y® + 2 ?® > yz^zx+xy. 

We have a;® +y® > 2a;y, 

y®+«*>2y;5, 
and a;® + a;® > 22 ra;. 

Adding, 2(£C® + y * + «®) > 2(a?y + y^r + zx), 
or, ®® + y® + ;sf® > yz + zx+xy. 

Otherwise : a?® + y®+ar* - (yz + j?a? + xy) 

-4[(y““«)*+(«*"i*j)*+(®*"y)*]"a positive quantity ; 
a;*+y*+«® > yr+«a;+a?y. 
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Example 2. If a,b,c be positive, teal and unequal quantities, 
prove that 

(i) (6+c)(c+o)(fl+6) > 8abc, 
and (ii) o*(ft+c)+fe*(<j+o)+c*(<i+6) > Gabo. 

(i) We have 6+c-(,y6)*+( Vc)* > 2^/6^/c. 

Similarly, e+a>2joJa, 

and a+6 > 2^/a^/6. 

Multiplying, (6+cXc+a)(a+6) > (2V& Vc)(2 ^/o^/o)(2^/o ^6) 

*.e.. > 8abc. 

(ii) Also, (6+c)(c+a.)(o+5) 

■•a®(6+c)+6®(c+a)+c*(o+f))+2o6c > Qabe ; 
o*(6+c)+6®(6+o)+c*(a+b) > 6o&c. 


EXERCISE 125 

[ N. B. Letters stand (or real, positive and tmegual onantities is thefoUowiaa 
examples. -i 


Prove that : 

1. a* — o6+6* > oft. 


4. 

6. 

8. 

9. 

10 . 


2. a® + 6® > a6(a+6). 3. a?+-^>‘2. 

5. a+o+c > v -r 

b+c c+a a+6 

7. >3abc. 


a + fe 2a6 

2" a+6' 

(a+6+c)(6c+ca+a6) > 9a6c. 
(a+6+c)®-a®-6®-c® > 24a6c. 
(6^-6c+0(c=*-ca+a'*)(a*-a6 + 6“) > a“6V. 
a(6+c)* + 6Cc+a)®+c(a+6)® > 12a6c. 


then 


230. Theorem. If the fractions ^ t ^ • y* etc. 6c unequal^ 
greater than the least and less than the greoiest 


a-Vc + c + ■ 

6+5 +/ + • 


of ihemt the denominators 6, 5,/ being positive. 

Let g be the smallest of the fractions. 


Hence ^ ^ f ^ ^ 

e 


Le& 


“ /S' > fc» 7 > ; and soon. 

0 a j 

Hence* a"*bk ,c > dk, e >/kt etc. 
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Adding, a+c+«+ > 6fc+d&+/fe+-- 

lA., ^>(6+d+/+ )fc ; 

a+c+e4* ^ , 

> the least of the fractions. 

Similarly, can ba proved to be less than the 

greatest of all fractions. 

231. Maximum and Minimum Values of Expressions. 

E^mple 1. Find the maximum values of 5- 2aj-®* (i.e., find the 
algebraically greatest value of 5-2aj-ir® for various values of »). 

The given expr6asion=5-2r-aj®-6-(l + 2aj+®*)-*6-(a?+l)* 

-6+j-{a;+in. 

Since, (aj+1)* cannot be negative, 

can never be positive. 

Hence, whatever real value x may have, the given expression can 
n^ver be greater than 6. 

Evidently, the given expression's, when a; + 1=0, 

' * t.e., when 05= -1. 

Henco, we notice that the expression can be equal to 6 but can 
never be greater than 6. 

The maximum value of the expression =6. 

Example 2. Find the minimum value of 4a5® + 12a5 + 18 find 

the algebraically smallest possible value of 4a;‘ + 12x+18 for various 
values of x). 

The given expression -(2a5+ 3)® +9. 

Since, (2r+ 3)® cannot be negative, the given expression can never 
be less than 9 but can bo equal to 9, when 2 j;+ 3-0, i.s., when 05= -14. 

The smallest value required =9. 

EXERCISE 126 

Find the maximum value of : 

s 1. 6»-aj®-l. 2. 6+8a;-8aj®. 3. 6+4a!-4»®. 

4 . 3+5»-2o5®. 5 . 17+805-05®. 

Find the minimum value of : 

6. 05*+^ +4. 7. 2a5®— 7a5+6. 8. 4a5*— 9o5+6. 

?. 3o5®-6a5+4. 10. 2a5®-13a5+22. 

11. Divide 32 into two parts so that their product has the 
maximum value. 
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m. Miscellaneous Artifices 

232> We shall now work out some •examples which require for 
their solution either the application of some principle with which the 
student is not already acquainted or some special artifice. 

Example 1. Express {x + 3a)(a; + 5a)[x + la)[x + 9a) as the different 
of two square quantities. [0. U. 1887] 

The given expression 

\{x + 3a)(x + 9a)}f (a; + 5a){x + 7a)} 

- \x^ + 12aa; + 27a®}{a3® + 12ax + 35a®} 

— {(t® + 12aic + 31a®) - 4a®}K®* + 12aa; + 31a®) + 4a®} 

. -(a;® + 12a® + 31a®)®-16a\ 

Example 2. A man receives ^ ths of Ks. 10 and afterwards 

of Rs. 10. He then gives away Rs. 20. Show that ho cannot lose by 
the transaction. [G. XJ. 1881] 

The man receives altogether (-+-)• 10 rupees and gives away 
20 rupees. 

Clearly, therefore, he loses 



if 

(- 

+ 

u. 

|.io < 20, 



\v 


X 

f.e., 

if 

X 

+ 

K 

<2. 



V 


X 


2.e., 

if 

a;® 

+y 

2 

< 2a;y, 

t.e., 

if 

a;® 

+ 1 / 


~2j;y < 0. 


«.e., if (a;-y)® be a negative quantity. 

But whichever of x and y may be the greater, (x-y)® can never be 
negative. 

Hence, the man cannot lose. 

Note. It may he observed that there is alivays a gain in this transaction except 
when x-y. 

Examples. If 

^84.^2. 26 ®, or, a + 6 +c-O. 

From the given relation, we have 

a 6 _ ^ 6 _ ^ c 

6 +c c+a c+a a+ 6 * 

6 )-f a®- 6 ® ^ a(h^c) + 

( 6 + c j(c + a) , (c + a){a + 6 ) 
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(o~6yo + ffl+6) (l>— cX®+J+o) 

“• “ 6 +^ ^ ■ 
or, (a» - J*)(a + fc + c) -(6* - c*)(o +b+o), 

or. (a+6+c)Ka*-6*)-(6*-o*)t-0, 

or, (a+6+c)(a*+c*-26*)-0. 

Thereiore, either, a+b-hc^O, or, a®+c®-26*-0, 
and a® + c*“2&®. 

Note. It may be observed in this connection that whenever amy relaiian of 
equality reduced to the form arp^xpi [or, x(p-i?x)«0], it is obviously satisfied 
eith^ (i) when x-0, or, (ii) when and that of these two alternative results we 

cannot accent one as the only conclusion to which we are led unleae it is known that 
the other is imyossible. 

In the present example, we have got (a® — 5*)(<i+b+c)=(6* — c*)(a+6+c) as 
one of the steps in the solution, and it is not difficult to see from this that it would be 
a mistake to remove the common factor a-hb+c from both sides and set down a* — 6* 

~o® as the next step ; for the above relation may be true not on account ofa* — h* 
being equal to b^ ^ c* , bi;[t on account o/^a+&+c beiyig equal to zero. We might 
remove a+b+c from both sides of the equation however, if we know that owing to 
certain restritiions on the values of the letters a,b,c, the expression a+b-hc could 
not possibly vanish. 

Hence, the only legitimate conclusion from the relation xp=xpx[or, x(p— 2’i)=0], 
is 'either x=0, or, p=pl'^ but not simply *p—Px' except when x is knoum to be 
not equal to zero. 

Example 4. Show that if ^ ^ + ^ + and a— 6+c is 

c a o 

not^Q, then ~ . [0. U. 1876] 

doc 

From the given relation, we have 

1 c + a - b-¥c ^b{a-b) + c{c+ a) 

a c 6 ’ o * be 

6 + c) + c(c + a •" 6) ” ^ + c)(f> + c) 

be be 

Hence, either, a-6+ C“0, 

or, [See Note, last example.] 

a 00 

But by hypothesis, a-6+c is not zero. 

Therefore, we must have - 
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Examples* If <*+6+c“0t show that 

2(o* + 6* +c*)-(a» + 6» +c*)*. 
Item the given relation* we have 


a+6— —c. 


o*+2al!)+6“-c* 


a» + 6*-c*--2a6 
(a» + fe*-cT-4o*6», 

or. a* + 6* + c* + 2a®&* - 2a®c* - 26*c* - 4o*6* ; 

o* + 6* + c* - 2(a»fe» + fc V + c®a®). 

Hence. 2(o* + 6* + c*) - a* + 6* +c« + 2(a*fc» + 6*c® +c*o*) 

-(a» + 6»+c*)“- 
Example 6* If ffl+&+c'=0. show that 

1 -I- 1 , 1 0 

h'+c'-a* c^+a^-h* a^+P-c* 

Erom the given relation, wo have 

a + 6=— c; o®+2a6+6®«*c“ ; 

a"+&*-c®--2afe. • 

Similarly, h®+c®— a® “ —26c, and c®+a® — 6®*" — 2ca. 
Hence, the proposed expression 

1 0+6+C 0 


._-l .+ _1 

fti- _ ~ r 


-26c -2ca -2a6 -2a6c -2a6c 


--0. 


Example 7. If a+6+c*®=0, show that 




L-1. 


5Ve have 


Similarly, 

and 


2a‘^ + 6c 26 ‘^ + ca 2c® + ah 

2a® + 6c = a* + a.a + 6c 

“a® — at6+c) + 6c [ a™— (6+c)J 

=(a-6)(a-c). 

26*+ca*6®-6(a+c)+ca“(6-c)(6-a), 

2c®+a6»c®-c(a+6)+a6-(c-a)(c-6). 


Henoe, the proposed expression 
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a*(fe-c)- 6 *(o-c)+o*(o-fc) 

(a-b)j,a-eXb-c) 

_a‘(b-c)+b‘(e-a)+e‘(a-b)_(a-~ bXa- cXb - c) , 
(a-bXa-cXb-c) ' “(a- bXa-cXb-o)'"^' 

[ Art. 129 ] 

Example 8. Prove that 

(«+i)'+(»+-J )'+(»+ r)'-‘+(«+ !)(»+?)(•+ ;)■«>»-> 

(*+ 1)*+(,+ l)’-(x-+a+Ji) + (,-+2+^^) 




The given exp. =4+1 ^ + ^ )(«+ * ) z ) 

,.-‘+(i+;)(J + *+*+v) 

*')f 

-4+(«+ i){(| +«») + (* +^)}’ [ I 


4^mple 9. If xy + yz+zx*^ 1, show that 

X V_* __ 4agyg 

i - a;* 1 - y* 1 "(1 - aj“)a - y^tl - «*)* 

Sinoe, a:y + + j?® — 1, we have 

xy-¥yz^l-zx; or, y(a? + «)— l-aras ••• (i) ^ 

or, ziy+xS’^l-xy ••• (ii) j- 
«®+a?v— 1-1/2, or, ^®(2 + i/)— 1-1/2 ••• (iii) J 
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Now. the given expression 

a!(l - »*.Kl ~ s*) + yd - g*)(l - «*) + 8(1 -y *) 

♦ wwu * (T--i-»Xi-v»Xi-V) 

of which the numerator 

“ (a; + y + ;») - y ® (ff + a:) - «*(« + y) - «*(l/ + ;^) + + «» + 

- (a? + 1/ + «) - y\y(z + a:)l - ^{2(05 + 1/){ - x\x{y + 2 ) + xyzl 

- (a; + y + 2) - 1/(1 - 2®) - 2(1 - xy) - a;{l - yz) + xyz 

, . , . by (i), (ii) and (iii) ] 

— (a; + y + 2 ) - ( 1 / + 2 + a;) + 3iri/2 + a;y 2 “ 4a:i/2. 

Hence, the given 

Example 10. If as — a be fche H. C. F. of aia 5 *+ 6 ia 5 +ci and 
a«x* +62a5+C2, prove that 


' CLxb2““CL2^1 • 

and (ii) {bxC 2 ~ b 2 C\){aib 2 — 02^i)“(cia9 -C2ai)“. 

Since, x^a must be a factor of each of the expressions aio;* + bi04*Ci 
and aaa:“ + fe2aJ+<52i we have by the factor theorem (Art. 165), * 

aio® + 6 ia+Ci« 0 , 
and 020® + 6aO+C2"*0. 

Hence, by cross multiplication, 

o* a_ ^ 1^ . 

biC2"“b2Cx Ci02“C20i <l\b2“~CL2,bx 


0162-0261 


Also, 


61C2 — 62C1 0162 


— 0201 \c 1 O 2 — C 2 O 1 / 


whence, {jb\C 2 — 62Ci)(oi62 — 026i)®»(ci02 — C2O1)®. 

Eimmple 11. By performing the operation for extracting the 
square root, &id the value of a;, which will make aj*+6a?® + lla5*+3*+31 
a perfect square 

a;^+ 6 aj* 

2 aj* + 3 a 3 \to® 

/6a?®+ _9a?® 

2a;® + 6a;+i\2aj“ + 3aj+31 
/ 2 a?®+& c+ 1 
-3{r+30 

Now, in order that the given expression may be a perfect square, 
the remainder (-3aj+30) must be -0, and, therefore, 3a;->30, or, a?- 10. 

Hence, when ir-lO, the given Expression is a perfect square. 


+ lla;*+3a:+31|a:*+3a?+l 
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Example 12. If ie{i-<!)+y{c-o)+2{a-5)-0, 

then will 

o-’C c-a a-b 

We have ®(h-c)+i/(c-a)+2[(a-h)—0 1 

and identically alsoy a{b — c) + h(c — a) + c(a — 6) • 0 J 
Hence, by cross multiplication, 

.Arc .whanea bz-cy^ex-az^ ay-bx ^ 

cy — bz az--cx bx — ay * b—c c—a a—b 

Example 13. Solve a:+i/+;j=a+h+c ••• (1) \ 


i-i* 


^ i + - 

a b c 


Prom (1), (x-a)+{y-b)Hz-c)~0. 

Prom (2), ^(a:-o)+ ^-(«-c)-0. 

Hence, by cross multiplication, 
r fl?-a y-b z-c . 

J-.l l-i 

c b a c T> a 

and supposing each of these fractions we have 




y-b^h- 




Now, from (3). p(aj-a)+i(l/-6)+i(«-b)-0. 

Substituting in this equation the values of a; -a, y~~b, z-^c, found 
above, we have 

4.cr« 1 , a-h 11 ^ 

be ca ab 

Of ^ - g) + ah(g - 6) ^ Q 

or. .0 . [ Art J29 ^ 

*- 0 . 

einoe, a, 5, e being impliedly unequal, none of the factors b—c, a—b, 
a—eia zero, 

Henoe, from (a), 

*-o-0, or, flj-a ) 

V”&"0, or, y-ft [ 

#-e*-0, or,‘ *->0 j 
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Bhow 


that 


Example 14. If aj—oy + hjari y—a^+ca? and 




iTp 

From the given relations, we have 
aj-cy-ft^—O ••• • 

ca?-y+ajj*=0 
6a;+ay-;af— 0 ••• 

JBVom ^.1) and (2), by cross multiplication, 


( 1 ) 

( 2 ) 

(3) 


or, 


- 00-6 - 6 c-a - 1 +c** 
X ^ y ^ z 
OtO+h 6c +o 1 — 0 ® 


Similarly, from (2) and (3). ; 

and from (1) and (3). 

Now, from (4) and (5), 
xz 


and 


00 + 6 1 - 0 ® 
X z 


1 - 0 ® 00 + 6 
Again, from (5) and (6), 

a? ^ y , 
1 - 0 ® o6+c 
a? y 
o6+c*'l-6®’ j 


whence. 


whence. 


1 - 0 ® 1 - 0 ® 


- y* 


1 - 0 ® 1 - 6 ® 


and 
Henoe, 

Example 15. Show that if oa;+6y+OB«0, and 

- + - + ~-0, then will 
a y z 

a»* + • + ca* ■+ (a + 6 + o)(a!» + »« + « b) " 0, 

Erom the given relations, we have 

o®+i>V+cs“0 1 
and ayz+bzx-^oxy^O / 

Henooi by cross mnltiplioation, 

aKy" -«*)"" y(»* -y*)' 


... (4j 
... ( 6 ) 
... ( 6 ) 


1—27 
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and each of these ratios 




““d al90=^, [ Art. 226 ] 

, OtX^ ■{‘hy^ -^cz^ 

Thus, we have a,s(j,* _a=!)+j,»(g 2 

flt+ 6 +c 


xhl'^ -z^) + y(z^ -x‘^)+z{x^ -y^ 

XT ax^ + by^+cz ^ -x-) + z^(x^ -y^) 

Henoer x^z-y)+yHx-z)-^zHy-x) 

^ (y-z)(x - z){x-_yi^±yz±^) 
-(y-z){x-z){x-y)''~ 

[ See Arts. 140 and 129 } 

— -{xy+yz+zx ) ; 

whence, ax^ + 62 / “ + c;3® + (a + & + o)ixy +yz + zx) -» 0 . 


Example 16. If ” • show that 

+ 4 .^ 1 ±A® + (g +&)^ 

+ 2/^ + 6^ (aj + ^+^a + fe)^* 

Let each of the given ratios Then, we have aj—afc and y«6j5f. . 

Hence, -3 ^ ^2 + yi + ^2 -2(^2 + 

_a(fe® + l) _, 6a® + l)_(A;®+l)(o + 6) 
fc=* + l ■*' A;=* + r“ A;® + 1 

_ (A;« + iXa + 6)* _ fe® (a + fc)® + (a + 6)® 

“ (/c" + i)(a + 6)* “ F(5 + S)® + (a + 6)® 

_ (/:a + fcft) ® + (a + 6) ® „ (® + 2 ^) ® + (a + 6) ® 

(A:a+A;6)® + (i + 6p • (® + i;)^(a+6)®’ 

Example 17. Show that (fecd+cda+da6+a6c)® 

- abcdia + 6 + c + d)® ■** {be — ad){ca — bd){ab —cd). 
We have (6cd + eda + da6 + a&o)® 

*■ {cd(a + 6) + o6(c + d){® 

— c®d®(a+6)® +2a6cd{a+6)(c+d)+a®5®(c+d)® ; 
and (a+b+c+d)® *»(a+ b)® +2(a+6)(c+d)+(o+d)®. 
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Hence, the given expression 

• « a^d^iq +b)^ +a^b^{c +d)^ - abcd{a + bY - ahcd{c + <?)* 
* abija + dYiflh - cd) - cd{a + b) “(a5 - cd) 

= (ab - cd)\ab{c + d)* - aZ(a + bY\ 

- iab - cd){ab{c^ + d®) - cd{a® + 6®)} 

= [ab - cd)fac(fec -ad)- bd{bc - ad)\ 

= (a6 - cd){bc - ad){ac - bd). 


Example 18. Show that the following expression is an exaot 
Bqaare : ®*“* 

Putting a for b for y^-zx and c for z^-xy, we have the 

given expression 


=a® + h®+(;®-3afefl 

^ia + b+c){a^ + b^+c^-bc-ca-ab) [Art. 128] 

“•iU+^>+c){(a- 6 )®+( 6 -c)®,+(c-a)®}. ••• ( 1 ) 

Now, a-b=^(x^-yz)- (y^ - zx) 

« (® ® - 1 / ® ) + ^(a? - y) - {a? - i/)(aj + 2 / +^). 

Similarly, b~c^(y-z)(x’hy+z), 
and c-a=^(z-x)(x+y+z) ; 
whence, {a-b)^ + {b-c)^+{c- a)^ 

Mx-hy+z)%x-yY-\'(y-z)^+(s^-x)^i 
^2{x+y + z)^{a^ -yz - zx- xy), ••• (2) 

Also, a-^b+c^x^-iry^-¥z^ -yz—zx-xy. ... ( 3 ) 

Therefore, from (1), (2) and (3), the given expression 
« i(a?® + y ® + 2;® - y; 2 r - - jry) 

X {2{x + y+z)Hx^ -^y^-^z^-yz-zx- xy)\ 

=» Ka? + y + «)(a;® +y^+z^-yz-zx- xy)Y 
-(a;®+y®+««-3a;y^f)®. 


Examples. If i + 1 + I = -J--, show that 
/I . 1 . 1 \»»+^ 1 

\ a 6 c / a*»+i + 6 *^- 1 4 .c 2 »+i» 

where n is any positive integer. 


’ Prom the given relation, we have 

he + oLb + c) ^ 1 ^ Q , 

abc a+h+c " • 
\a^+c) + bc^oit+(b+G)\*’dbG^O, 



430 


ALQBBBA MADE EASY 


[chap. XXXIII.] 


Now, the left-hand expression 

— o*(& + c) -h o(6 + c)* + 6c(6 + c) 

(&+c)(o+6)(o+c)“0. 

Hence, either, 6+c—O, or, 0+6— 0, or, o+c— 0. 


Taking b+c— 0, we have c— —5. 

_1_ _ 1_ 

"" + pft+i « fcSiH-i 

1 

+ 6*»+i +c*"+i* 

[ (-6)®"+^— -6®"+*- ; Bee foot note, page 114] 


9 


Example 20. Having given x"‘by-¥cz+du, 
aas'^by’^du and U"^ax+by+cz, show that 

. J®_4- 4.^-? i ^ nxl 

l+a 1 + 6 i+‘c 1+d 


p-aa5+C0+dtt, 


Putting P for ax+by+cz+du, we have 
a5+a®-*(6y+c«+dtt)+aa? 

-P, or, ®(l+a)«P ; 

y-\‘by^iax+cz-hdu) + by 

-P, or. y(l + 6)-P; 

« + CB — (a® + 6i/ + dt4) + ci? 

—P, or, 2 ;(l+c)“P ; 

u^¥du^{ax + by+cz)+du 

—P, or, w(l+^)— P ; 


1 X. 
1+a P’ 


A Ji; 

1+6 P’ 


JL_ z. 

l+c“P’ 


1 u 
l+d"p* 



... (3) 

... (4) 


Hence, from (1), (2), (8) and (4), we have 

t_ a®+6j/+0is+dtt_^ 

l+a"*'l+6“*"l+c'^l + d“P'^P'*'P"*"p " P 



MISCEtLANEOnS EXERCISES VI 

I 


!• Mnd the value of + y® •¥z){x — y — Bz)'*' \Jxy^z^% wJaen 

aj— -1, y— -3, 1. 

2. Simplify Za-%h-c)- \2{a - 6) - 3(c + a)} - {9c - 4(c - a)}. 

8. Besolve into factors 3(a + ft)” - 2(a” - ft”) - a{a + ft). 

Divide 12aj* — 10a5*y + — 31a5^* + 20y^ by a?” - 3fljy + 4y *. 

ft aft 

a+ft (a+ft)” (a+ft)®’ 


4. 

5. 


Simplify 


6. 


Solve the equation - ~ 

• fiC — a x-rb 


7. If |a:+ “3, prove that ai^+^s^O. 


8 . SimpUfr 


II 


1. sFind the value of (2a + ft)(a - ft) + (2ft + c)(ft - c) + (2c + a)(c - a), 
whena-1. ft-2.c«-3. 

2. Divide l + 3ic-24a5”+8a?* by 2®”+3aj-l. 

3. If aj” + 7® + c is exactly divisible by ® + 4, what is the value of o ? 

4. Simplify ^i-3;;72~‘2;7ff^2' 

5. Find the H. C. F. of 

®*-3®®-2®”+12®-8 and ®®-7®+6, 

6 . Simplify (l+ “7-/r3)( J 

7. Solve the equation ^- + ^^-—^+1—^®”® 


12 


24 


8. If ®- 

X 


1, prove that ®®- -a «4. 
Ill 


1. Find the value of {a®(ft® - c*) + ft*(c* - a®) + c*(a® - ft®){ 

->-(ftc+ca+aft), when a—3i ft* —2, c—4. 

flt-mnUfTT 1+®* 1“®* 

2. Simplify iZ^+i+i-friS-i+p- 

3. Besolve into factors a* -ft® + 6ftc - 9c®. 
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4. Find the H. 0. F. of 

and &c®-3aa;®-5a®a;+3a*. 

5. Find the L. 0. M, of aj®-6a;+6, aj®-4sc + 3 and ®®-“3®+2. 

6. Eeduce to its lowest terms Y * 

05 +05 +00? TO® 

8. li a : b : X : y, show that ab : xy : : a* + b^ : x^ +y‘. 

IV 

1. Simplify 


+ y X- Jx^-y^ 


2. If the product of two expressions be ®®+®*y^+y® and one of 
them be --®i/+i/®, find the other. 

8 . Besolve into factors : 

(i) ®®+®®-i-l ; (ii) a®6®-a®-&® + l. 

4 . Show that {ax + byy + {bx —oyY “ (a® + + 1/®)* 

6 .' Find the L. C. M. of 

8®»+27, 16®* + 36®*+81 and 6®*-6®-6. 

6 , Solve 

.» j .. « 


7. Kndccandv.if 


8. If 


a+6-c a-fe+c 6+c-a 


* show that each of these frac- 




1 a* vt x^-Q6y^ ^ a?»-4y» 

1 . Simplify asa+Sa^-lOyS^iVi.^-iOyi' ^ 

2. Divide a®(fe-c) + 6®(c-a)+c®(a-fe) by a+6+Cf and find the 
factors of the quotient. 

8. Find the value.of when ®—a+3, 

X +y 


4. Find the square root of 
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6. Show that (a*+5*+c“)(®®+y*+«*)-{aa:+5tf +ca)* 

“ (at/ -w 6®)® + (62 - cy)* + (c® - oa)*. 

ft 7-2^5 . 15+6s/5 

«. Subtract 4-- jg from • 

7. Solve 2'x4»-32 1 

3*+9“= 3 ) 

8. If a : & : : c ; <2, show that (a®+c®)(6®+(i®) = (<i6+c<Z)®. 

VI 


1. Bedace to its simplest form the expression 

yz y“ 

2. Multiply a+6+^-+^- bya-f)+- 

a 0 a 0 

3. Divide ®^- 2 fe£C®-(a®-fe®)a;® + 2 a® 6 aj-a® 6 ® by 05 ® “(a+6)2C+ab. 
4- If a^y + St b=^z+Xt c=>x+y, then 

a^-hb^+c^-bc-ca-ab^^x^-hy^ + z^-yz-zx-xy. 

5. Eeduce lowest terfias. 

6. ’ Solve -+ - -29, ® - - =2. 

X y X y 

7. Solve 2a5+3y-82? + 35=0, 7a?-4y+a?-8=0, 12a5-5v-3«.+ 10-0. 

8. If a : 6=c : :/, prove that 

a\b\: • J m^b^ + w®5® 

VII 


1. Divide -2a5®y"® + 17ir®y”*-5x'^ -2405®!/* 

by -fl5®y“®-7a;®y“^+8a?*y®, 

2. Find the H. 0. F. of 

e®*a® + e®* - a® - 1 and 0 ®*a® + 2e*a® - e®* - 2e* + a® - 1. 

Q 4. 1 a® + 5® — c® — cZ® _(a+c + d — &)(&+(? +d— a) 

3. Show that 1— ;-2(a6+dd)- ^2(a6+cd) * 


4. Simplify 


5. Solve 


ab {x^+ y^)+xy{a^ + b^) 
a&(a;® - y ®) + xy(a^- 6®)’ 

aj -4 x-^x-l x-d 


x-6 X“6 aj-8 05-9 
6. Show that if each of the expressions x^+px+q and x^+p'x+q' 

be divisible by x+a, then a=- — 

p-p • 
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7« A bill of £100 was paid with guineas and half-crownsi and 48 
more half-crowns than guineas were us^ ; find how many of eaoh were 
paid. 

8 . If a : & : : c : d, prove that 4a® +66® : 4c® +6d® : : a® 6® : o®d®. 


1. Show that {aa + by'¥cz)^+(cx-by¥azY is divisible by 
(a+o)(®+af). 

2. Besolve into factors : 

(i) (6+c)®-6a(6+c) + 5a® ; (ii) a;® + 2x1/ - a® - 2ay. 

D (G + 6)}(a + 6)®-c®} 

3. Simplify -452;.. L ((,-*_ ft. 

4. If a + 6+c— 0, show that a®--6c“6®-ca=*c®-a6. 

5. Solve 3(x + 3)® + 6(x+6)®“8(x+8)®. 

6. Extract the square root of 25x“ ® - 12x + IGx” ® + 4x* - 24x‘T 

7. Find the value .of x, 1/, if i/s=4, 2fx=9, xi/ = 26. 

8. Itaib : : c : d, show that a{a + 6+c + d)=(a + 6)(a+c). 


1. Find the value of la®-(6-c)®}-l6®-(c-a)®}-{c®-<a-6)®l. 
when a—1, 6—2 and 0 — -3. 

A Q?«iTili#Tr ® ^ x(x®+3) 

2. Simplify (-B~i)«-(i+l)i--((^ 2 — j)*- 

3. Besolve into factors a® - 6* + 3a6 + 1. 

4 4i!+ 3 , 7aj-29 8a!+19 

4. Solve -9- + fe^2 18“’ 

6« Show that i — " + ? + — ^-' + — ^ — \ • 
(y-z) (2-®)* (®-yr \v~z z-x x-y) 

, 6. Solve ®+y : »-y“5 : 3, ®+6i/-36. 

7. Find the time between 8 and 9 o’clock, when the hands of a 
clock are at right angles to each other. 

8 . If a : & : : 6 : c, show that (o+6+cXa-h+o)’-o“+6*+c*> 

X 

1. Divide 27o»-86®-27c®-54a&c by 3a-26-3o. 

2. Find the H. 0. F. of ®* + ll®®-54 and ®®+ll®+12. 

3. Besolve into factors (o®-6*){®*+y®)+2(o®+6®)®y. 

I -*- -*1 


4> Simplify 
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5. Show that a*(6+c)+6*(c+a)+c®(a+&)+aMa+6+c) 

" (a* + 6* + c*)(fec + oi + a6). 

6. Solve V9+ac“ 

7. One man and two boys can do in 12 days a piece of work 
which would be done in 6 days by 3 men and 1 boy. How long would 
it take one man to do it ? 

8. If a : & : : b : c. prove that 

a*+aV+c*-6"(|i- l+J-“J(a» + 6“+c“). 


XI 

1. Show that (fl5®+ +a;i/+i/®)®-4a;i/(jc® 

2. Eesjplve into factors : 

(i) a“-&2-c*+d»-2(ad-5c) 

(ii) + ^yz+x-¥y - z, * 

3. Extract the square root of + 

Of [jX cl fiX 

4. Solve a: + 2?/+3af=6, 2a?+4|^+«=7, 3flj+2y+9;8?-14. 

5. Eind the H. 0. F. of aj^i/-a5®t/®-16a?*y® + 38a:y*“14y® and 
»® - ^x*y + 21a;®!/® " 34a;®!/ ® + 28a;!/^. 

6. A man buys 570 oranges, some at 16 for a shilling and the 
rest at 18 for a shilling ; he sells them all at 15 for k shilling and gains 
three shillings ; how many for each sort does he buy ? 


7. Simplify 




8. If a : 6=c : : /, prove that 

(a®+c®+6®)(6®+(i®+/®)-(a5+(;^?+e/)® 


XII 

1. If a;“a+d, i/“6+d, ^=»c+c2, show that 

a?*+y®+;8f*-!/2;-afa;~a;y«a® + 5*+c*-&c-cfl-a5. 


2. Simplify _ xz){z^ - cc!/) («® - xy%x^ - yz) ^ (a;® - yz){y^ - a;*)* 

3. Besolve into factors 

. (i) a;*-2aa?-5®+2a5 ; (ii) a;*+(a+5+c)a;+a5+ac. 

4. Find the H. 0. F. of 6a5*'^2a?®+9a5*+9a;-4 and 9a5^+80a5®-9. 


z+x 


x+v 


5* Solve 

f 


Ox + 13 3a; + 5 2a; 
16 ^6a;-26’'5" 
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6 . A and B can together do a work in 12 days ; A and G in 
16 days ; B and C in 20 days ; find in how many days they will do the 
work, all working together. 

7. Simplify 4 ^U7 - 3 n/76 - 6 ^/f + 18 ^/^T• 

8 . Show that, \ix\y w a\ht then will 

® v)l . 

aj+a t/ + 6 x+y+a^h 


XIII 


1. If 2s = a + 6 + c, show that 

a{h - c)(s - a)® + &(c - a)(s - hf + c[a - 6)(s - c)® = 0. 

2. Show that x^ +aj®a®+a® is divisible by aj^+a5^a^+a^. 


3. 


4. 


Simplify 


x^ — yz , y^-‘zx , z ^ ^xy 
(x + i/)(a5 + z) ^iy + z)(y •^x)(z+ x){z + y)' 


Solve 


aj-a x-h x-c 


a + Z)+c-3a;. 


5. Find how many gallons of water must be mixed with 
80 gallons of spirit which cost 16 shillings a gallon, so that by selling the 
mixture at 12 shillings a gallon there may be a gain of 10 per cent, on 
the outlay. 


6 . 


Simplify 




7. Simplify 3^128- 4V«686+ 2?/'54* 

8 . If a : 6 : : 6 : c, prove that a*+a6 + 6® : 6 ® + fec+c® : : a : c. 


XIV 


1. If a+6+c-*2s, and a^ + 6® + a& + s®*2s(a + &), show that 
(a-s)*+(6-s)*+(c-s)®“S®. 

2. If a; + a be a common factor of a?® -hpaj + g and jc^ + te+m, show 

that 

t, —p 

a „• vt 7+3^.7-3^/b 

3 . Simplify 7-3-55+7+3-^' 


4. Solve 


a-6 ^ 0 ^ 

x-a x-b^a-a x-b 


6 floi™ y-tirg, g + iP - i? -i’ . 
' 6+0 c+o flf+fc 


1 . 
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6 . A can do a piece of work in 20 days, which B can do in 
12 days.* A begins the work, but after a tirg.e B takes his place, and the 
whole work is finished in 14 days from the beginning. How long did A- 
work ? 

7. Express (a +a)(a;+2a)(aj+ 3a)(ic + 4a) as the difference of ’ two 
squares. 

8 . Show that if a{y +z)^ b{z + £c) « c{x + 1 /), then 

y -z ^ z- x _ 
a( 6 “c) Me -a) c(a- 6 )’ 


1 . For what value of b will a:* + 2a®® +(a®+8)aj®+(4a+<i6)a?+4i 
be a perfect square ? 


2. Prove that {b - c)(l + ab)(l + ac) + (c - a)(l + fec)(l + ba) 

+ (a - b){l + ca)(l + cb) == (<6 - c)(c - a){a - b). 

8 . Simplify + 


_+ L 1_ 


4. Find the H. 0. F. of 

2®* + (2a - 36)®* - (26 + 3a6)® + 36* and 2®* - (36 - 2c)® - 36o. 

6 . Find the value of 2;j^2w+2n6«-2ni’ 

A Qvvi « 20 £c+ 36 , 5a7+20 4flj , 86 
«. Solve -^g_+g^--jg = -g+-. 


7. A vessel is filled with a mixture of spirit and water, 70 per cent, 
of which is spirit. After 9 gallons are taken out and the vessel is filled 
up with water, there remains 58^ per cent, of spirit ; find the contents 
of the vessel. 

8 . If x-z : y-z : : a;* : y®, show that 

x+z : y + z : : - +2 : + 2 . 

y X 


XVI 

1. Find the H. C. F. of 

®®+2®*-6®*-7®+3 and 3®* -3®* -18®*+®* +2® +8. 

2. Solve V2®-1+ ^/&■■- 2 - j4x-3+ V6®-4. 

8 . If (a+ 6 +c)®<“(-a+ 6 +c)y— (a- 6 +c) 2 =(a+ 6 -c)«), show that 

1 + 1 

y * * to « 
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4aB 


4 . Solve 

^Jx-y ^ ^Jx-y ^ 4 
y 35 “ 6 

5. Eesolve into factors aaiy^ + 6®) + 6y(&r® +a*y). 

6. Find the continued product of /s/a+ ^/6+ Vc, kjh- tjot 
jjb+ ^/c, /*y6+ is/c- Ja. 


7. If 2 * 


a^+ab c^+ cd 


8. Bach of two vessels contains a mixture of wine and water ; a 
mixture consisting of equal measures from the two vessels contains as 
much wine as water, and another mixture consisting of four measures 
from the first vessel and one from the second is composed of wine and 
• water in the ratio of 2 : 3. Find the proportion of wine and water in 
each of the vessels. 

XVII 

1. Find the H. 0. F. of a:*+®*'+2® + 2 and «*+«* + !. 


2. 


9. 


a 1 Jy-x- n/20-« 

/2d^:j3:2 _ 

Find the value of when x- 



4. 


Show that 


a®(6® - c®) + 6®(c® - g® ) + c®( a® - 6®) 
a®(6 - c) + 6®{c - a) + c®(a - b) 


"(x6+6o+cfl. 


6. If a+5+c*=0, show that 4(6®c®+c“a®+a®6*)“(a® + 6®+o*)*. 
Hence, prove that (y - i?)*U - x )^ + (« - a:)®(a5 - y)* + (® - y)®(y - s)“ 

« (05® + 1/* + s® - ys - ^35 - 051/)*. 
/ 6* One of the digits of a number is greater by 5 than the other. 

^When the digits are inverted the number becomes i of the original 
number. Find the number. 


7. 


8 . 


«. 305® +05* -635 + 21 

Simplify i^4:29¥*+W-2'i 

If 3(a* + 6*+(5®)«(a + 6+c)*, show that a'^b^c. 
XVIII 




8. Besolve into factors : 


(i) 14a!* -•87a!+6 ; (ii) (l+a)*(l+o*)-a+o)*(l+o*) i 

(iii) i»* - «* + an(»»* + n*) - (»» + n)*(»» - n)*. 
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4. A baker charges 9^. for a loaf which he represents as weighing 
4 lbs., but which really weighs 3 lbs. 12 oz. .After he has sold a certain 
number of loaves, *he is detected and fined £5, and thus loses 6 shillings 
more than he has cleared by selling short weight. How many loaves 
does he sell ? 




6. If 


ratios- 

7. 

8 . 

1 . 


6. Simplify (^r6)(a_o)+(6_c)(fe-o)+(^o)(c-6)’ 
ay’i-hx 

^ supposing a + i+c not to be zero. 


— • then each of these 
hz-¥cy cx’^CLz ajX’\rhy'¥cz 


x+y+z* 

'Solve a<flj+i/ + z)-24, 2/(aj+y+z)-48, z(a;+y+z)-72. 

Eliminate x from the equations a+c- — -da;, a-o- “-&c. 

X x 

XIX 

Solve (»*-2aa;+3a*)^+(ic®-4aa5+6o*)^ 

-(®» -6a®+7i*)^+(a!* -7o»+9a»)i 

StnpUf, 

4- If m gold coins are equal in weight to n silver coins and p of 
the former equal in value to g of the latter, compare the values of equal 
weights of gold and silver. 


8 . 


5. If y-c+a, z— a +6, show that 

a;* +y® +z® - 3a?yz— 2(a® + 6® +c® - 3abo), 

®- 6»(a-cl+i*riF<r)”S6(a::oJ^ 

^ + 1 ••oro*+6***a6. 

a 0 

7. Simplify 

• 8. Eliminate x and y from the equations 

(6+c)sc+(c+a)y+(a+6)-0, (c+a)a;+(a+5)y+(6+c)— 0, 

(a + 6)a;+(6+c)y+(c+a)—0. 

XX 

1. Show that a(6+c)®+6(c+a)®+c(a+6)*-4a6c 

— (6 + c)(o + a)(a + 6). 

2« If a?+a bo a factor of a®a;® - 6®a?® +(ic*a;+3a®&c, and if a is not 
equal to zero, show that a® + 6® +c® ••Babe, 
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3. 

4 

5. 

6. 


1 , CCL I A& 

bimpUfy 

Divide a\h - c) + 6*(c - a) + c*(a - h) by {a - ft)(6 - c)(c - a). 
If a+6+c“0, show that a^ + ft^+c^-Safecfo^-aft). 
a , b 


Solve 


a?+a*-c 05+6-0 


-2. 


7. Solve a® + 6y + c;2j =®a + 6 +o, »■ 1, 7 ^“ + “ “ + y • 

6+c a+o 6+c a+c a b 

8. A person starts to walk at a uniform speed without stopping 
from Guttack to Jobra and back ; at the same time another starts to 
walk at a uniform speed without stopping from Jobra to Cuttack and 
back. They meet a mile and a half from Jobra and again, an hour after 
a mile from Cuttack. Find their rates of walking, and the distance 
between Cuttack and Jobra. 


XXI 


1. Show that 

iC6+o)» + (c+a)^ + (a+5)nxM6-c)+6«(c-a)+c»(a-6)} 

« 2{a^(5 - c) + 6*(c - a ) + cHa - 5)J, 

2. Show that 


If a + 6+c=0, show that a^+a6 + 6®=*6® + 6c+c®=*c®+ca+a*. 

4. If s = a + 6 + 0, prove that 

[s - 3a)« + (s - 36)"* + (5 - 3c)® = 3{(a - 6)® + (6 - c)» + (c - a)®}. 

5. Besolve into factors a® + 2a6 - 2ac - 36® + 26c. 

6 . Find the H. C. F. of - 2a5® + 5iC® - 4a5 + 3 and 

2a;*-a;®+6a;® + 2aj+3. 

7. Find the condition that oaJ® + 6® + c and a'a® + b'x + c' may have 
a common factor of the form x +/. 

8 . If a : 6“6 : c=c : d, prove that 

a : d - ^i^+6®c^aV : lb^c^+b^cd\ 


XXII 

1. Show that ct(6 — c)(l + a6){l + ac) + 6(c — a)(l + 6c)(l + 6a) 

+ da - 6)(1 + ca)(l + c6) *» a6c(a - 6)(a - c)(6 - c). 

2. If a+6+C“0, show that if a^ + 6^+c’^ = 7a6c(c*-a6)®. 

3. Show that if aa;® + 6a;+c and a'a?® + 6'a?+c' have a common 
factor of the /cm ®+/, then will (ac'-a'c)®=(6c'-6'c)(a6'-a'6). 

4. A and B run a race ; B has 50 yards start, but A runs 20 yards 

while B runs 19. What must be the length of the course that A may 
come in a yard ahead of B ? * 
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K ‘iv.nw Ht.!- *>+«+»• q(4p+3r)-r(p+r)_(p-g +r)* . 

5. .Show that —I- 

6. Show that 

7. Solve a?+y+a?«2a+2i + 2c, ai + fcy+c£f«26c+2ca + 2aif 

(6-c)aj+(c-a)y+(a-6)«"0. 

8. Eliminate Xt y% z from the equations 

a®+cy + 6;g«0, caj+6i/+a0=O, &aj+ai/+c«—0. 


1 . 


2 . 


4. 


6. 


7. 


XXIII 


Show that (fe " c)(l + a® 6)(1 + a^c) 

+ (c “ a)(l + 6®c)(l + h ^(£) + (a - b){l + c“a)(l + o^b) 

— abc{a + 6 + c)(a - b)(a - c)(fc - c). 

Eind the L. C. M. of . 

21®"*- 13® +2. 28a;® -15® +2 and 12®®-7®+l. 
Show that (x-hyy -®^ is divisible by (®® +®i/+i/®)®. 
If 25=a + 5+c and 2t^-a^ + b^ + c^t show that 


“dsCs-aXs-ftXs-c). 

If (1+®® + show that 

®=®' and 2/“=i/'. 

Q. yf abia - 5)(a® + ^®) + 5c(6 - c)C6® + c®) + ca{c - aXc® + «*) 
Simplify - a®'6^(a-6} + 6V(6-c)+c®a®(c- 


If a + 6 + c = 0, prove that 


a® + 6®+c*_a® + 6®+c® a® + 5®+<j® 
6 "■ ' 3 2 


8. Eliminate ® and ^ from the equations 

a®+&y= Va®+5®.|2+^a““2:^^-2* ®*+y®-l. 

XXIV 

1. Solve ®+y+;s**a+5+c, 5 ®+cy+a 2 f“c®+ay + 5«'“afe + 6c+ca. 

2. Divide 243 into three parts such that one half of the first, 
one-third of the second and one-fourth of the third part shall all be 
equal to one another. 

3. If 4(a® + 6®+c®+£Z®)«(a + 5+c + d)®, show that a=6“C“d. 

4. If 2s «a + &+c, show that 

a{b - c){s - a)® + b{c - a){$ - 6)® + c{a - b){s - c)® «0. 

6. If bz+cy^at az+cx^b and ay + bx^c, prove that 
a® fr® c® 
l-®*-^**>-y®“l-sf®‘ 
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6 . Eliminate x and y from the equations 

ox + as + y + on/ ~ a; ‘ - 1 

7 . If ox* — fex + c and dx® — bx+c have a common factor, show that 
a®-a&d+cd*—0. 

8 . If a*+&®+c*— (a+ 6 +c)®, then will 

fl2n+X + 5 «n+l + ^2»+l . + 5 + ^) 2n+l ^ 

where n is any positive integer. 


XXV 

1 . If X— a*-hc, ; 2 ?*c®- ab, prove that 

cl o c 


2. If 2a— a+b+c+d, show that 

4{bc + od)* - (b* + c® - a* - d®)* - 16(a - a)(s - b)(s - c)(a - d). 

3. Prove that (b+c-a)®+(c+a-b)® + (a+b-c)* 

, -3(b+c-a)(c+a-b)(a+b-c)-4(a® + b®+c®-3abc). 


4 . Show that» if a + b + c — 0 , then 


( b-c . c-G . a-b\/ a , h c \ q 

-5- +-6-+-c-)|S-o+^-i+a-^)-®- 


6 . If X : a— y ; b— a? : c, prove that 

x®+d® ^ y® + b® ^ s®+c® ^ (x+y+g)®+( a +b+c)® ^ 
x+G y + b e+c x+y+g+a+ b+c 

6 . Prove that, if ox+by+cja — 0 and -•+ ~ + ~ — 0 , then will 

X y z 

ox® + bp® + Cj 8 ® + (a + b + c)(y + «)(« + x)(x + y) - 0 . 

7 . Eliminate x, p, s from the equations : 

(i) ox+bp+flfaf -^0 \ (ii) a(p+«)— x ] 

fcx+bp+/s— 0 [ b( 0 +x)-p [■ 

px+/p+caf— 0 i c(x+p)— a? J 


8 . Eliminate Z, m, n from the equations 
aZ— bm— cn, 
Z*+m®+n *— 1 

a*Z® + b®m® + o®w® — a'®Z + b'*w + c'®n 
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quadratic equations and expressions 

I. Pure Quadratic Equations 

mation, be expresMd^Lo’the ^andard reduction and transfor- 

The required solutions are 

»-± /£ 

V a 

The following examples will serve as illustrations. 

Example 1. If 55-%'+S®“t7„17-i» „ , " 

9 6a!*-7 3 — 'find*. 

By transposition, we have 

fe*±.7_5 1-2* 35-ar 16. 

6®“-7 9 9“"" 9' 

5**_ 16+9 25. 


7 16-9’ 

a* -6 : 


[ componendo and dividendo 3 ‘ 
®-± V6. 

Eamplel 8«1™ 

By toansposition, we have 




or, 


_3 2 . 

*•+9 »*+3 ’ 

3**+9-2»*+18; «*-9- 

1—28 


[ removing the factor 18 
tram both sides ] 

e- ±3. [ arguing as bskire J 
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ExamptoS. If a+6-^^^,fiDd®. 

Wo have (a+6X®+ >/l+®*)“2o^i+®* ; 

(a+6)*— (a-6)iyi+®*,- or, U+6)*®*-{a-6)*(l+®*) ; 

®*{(a+6)*-(a-6)*H(a-&)*. or. ®*.4a6-(a-6)* ; 




®—± 


a—b 
2 Jab' 


Ezam^e 4. If 


1+ Jx*-i 
Pat y for Jx*—lBXLd y*— 1 for ®*— 2. 


Thus, we have 


1+v _ „ 1 

l+2ay y*-l y+1 


Therefore, (l+y)*=l+2ay, or, l+2y+y*-l+2ay ; 

y+,2=2a, or, y-2(a-l); 

^/5^-^=2(a-l) : ®»-l-4{a-l)»; 

, ®=±7l+4(a-l)». 

Examples. Solve (a+®)^+(a-®)^-6. 

Since {(a+®)^+(a-®)H 

•■ (« + ®) + (a - ®) + 3(o* - ®*)^{{o + ®)^ + (a - ®)^ 

— 2o+3(a®-®®)^x6 ; [ beoause (a+®)^+(a-‘®)*-6 ] 

therefore, oubing both sides of the equation, we get 

2o+3(a*-®*)^x6«=6®, or, 86(a*-®*)^-6*-2a ; 





Example 6. Solve 

a®+(a+®)* o*+(o-®)* 

Sinoe (a+®)}a^+(a-®)^}-o^(a+*)+(a+®)^{a® ~®*)^, 

. and (a-*Mo^+(«+®)^f"^a^(o-*)+(a“*)^(a*-«*)^ ; 
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thorefora, oleoring the equation of fractions, we have 
2o^+(d«_a%o+a!)*+(a-®)^t * 

— o^ia^ + (a + »)%a^ + (a - 
•■a^[a+a%a+®)^ +(a-®)^}+(a* -**)^3 
— a^+a{(a+»)^+(a-®)^} +a^(a* 

Hence, removing a^ from both sides and transposing, we get 
a^{a-(a*-**)^}-{(a+®)^+(a-®)^ix{a-(a*-»*)^{ (A) 

whence a^“{a+®)^+(a— ®)^ ; 
squaring both sides, a-2a+2(a® -®*)^. 

or, -a— 2(a*-®*)^ : 

a*-4(a*-«»): 4®»-3a*; ®-±^* 

Note. It must bs obstrvsd theU ths about equation admits of amther solution 
wbiehhas bten ootrlooked ;for a—(a*—»*)^ bting a fa^or oammon to bath tides 
0/ U), ifOtitbe taken tfual to ten, the given eguation is evidently satisfted. Senes, 
(«•— »*)*=a, or, x^O is another tobtlkn. The same remark applies to exam^ 4 , 
which the student will very easily see for himself. 


EXERCISE 127 


Eind the value of ® in each of the following equations : 


> 1 . 


24®+ ~ 
® 





3. 




5. 


14®»+16 2®*+8 ^ 
21 “8®*-ll” 3 ' 

®!-l ®*+l - 


„ 8®*+10_„ 30+4®* 

“15 ' 25 ’ 

A ® + 7 7 

®(®- 7 )'~®(®+ 7 )’*®““ 73 ’ 

6 j . Jl _ 1 

^yi-a+l'*' ^/i+*-l ® 


[ Rationalise both the tetms of the 
left-hand side and then proceed. ] 

y 7. (1+®+®*)^— a-(l-®+®*)^. 

g (®-aX®-6) _ (® +o)fa+6) g a®+l+(o*®*-l)^ _6*g ^ 
/ ■ (x-maKx-mb) {x+maVje+mb)' ' ax+l-(a*x‘-l)^ ® 

10. (a +«)*+(a-»)*-8(a* -«•)*. 



6®*+_17 . 14a*-117_ 
x*-n * 2»»-9 “ 


12 . 


g»-l ®«-S. ®*-2 ®*-6 
®*-4”®*-8 **-6”»*-9' 
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13 . 


-” 1 — 

la+(a*-®y] 

[ Since, a+(«* t 


aad similarly, 2 ; 

the left-hand side- Ma+x)^. 

Hence, squaring both sides, &c. ] 

, 4 . Q±»!‘-ua-«J±J-2Va. 

(l-2fl;P+l (1+arP-l 


n. Solution of Adfeeted Quadratic Equations 
( < by factorisation 

234. Adfeoted quadratic equations can, by suitable transfoi^ma- 
kion and reduction, be expressed in the standard form 

aa;* + 6a;+c-0. 

If the left-hand side can be easily factorised, then by equating to« 
sero either of these factors, we get a solution of the quadratic. 

The following are the illustrative examples. 

Example 1. Solve 10(2a? +3)(a; - 3) + (7a? + 3)* - 20(a5 + 3X» - !)• 

We have 10{aa?*-3a?-9)+(49a?*+42a?+9)-20(a?“ + 2a?-3) ; 

49a?® -28a? -21-0; 7a?»-4^-3-0,. 

or. (7a?®-7a?)+(3a?-3)-0, or, (7®+3X®-l)-0., 

Hence, either 7a? +3 »0 1 or, a?-l"0 1 

and a?-«-^j and a?-l I 

Thus, and 1 are roots of the equation. 

Example 2. Solve (7-4 JS)x ^ + (2 - V3)a? - 2. 

Since 7 -4 V3- (2 - a/3)®. 

We have. (2- A/3)®a?®+(2- V3)a?-2. 

Hence, putting e for (2- tJSjx, we have 

f®+s-2-0. - or. (s+2X»-l)-0. 


I 
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Henoe, either «+2— 0\ 
and .*• -2/ 

Thus, “2(2+ \/3) 

O'. 


or, 1 

and /• «■*•! I 


Examples. Solve V3i*-7«-36- >/2a?*-7ic-6-aJ-5. ••• (1) 
We have identically 

(3a:*-7a;-30)-(2a;*-7a?-5)-»»-25 (2) 

e.d., this relation is true for every value of and hence it is also tme 
(for the particular value which x has in the proposed equation. 

From (1) and (2), by division, 

J?®* -7a;- 30)-(2a;^-7a?- 6) a® - 25 
^/^*-7aJ-30“ V2«*-7a;'-6" ®-6 ’ 

or, V3«^‘7«^M+ V2®®-^-6-»+6. ••• ••• (3) 

Prom (1) and (3), by addition, 2 i^Si* -7aj-3()«2flj ; 

3a5* — 7fl5-30'"ir®, or, 2®* — 7a; — 30«*0, * 

or, (2aj+6)(aj-6)“0 ; aj--f, or, 6. 

TV. B* We might as well oa have subtracted (1) from (3) and got the same resuU* 




(a+cX®— c) {fi+h){x^h) 

By transposition, ^ 1 — J.A 

x — o\x-h a+cj a+b\x-b a+c) 


Therefore, either, -w — ~ --0, 
®— 0 a+c 


whence 


®-a + 5+c, 


or, 


_A 

®-c”a+6* 


whence also ® — a + 5 + c. 


Thus, the equation has got two eqiial roots. 

Examples. Solve . 

a+c(a-®) X a-2cx 

Rin«. »+c(a+ x) a . 

' o+i^a-®) o+c(o-a^'*"a+c(o-®)’ 

we have by transposition, 



488 


ALOBBBA MApE BAST 


[OHAd?. 


’ ' 'i|o¥c(a-»)J ®‘(a - Qox^a + c(a - «)}' 

or (o+a!Xl+c) _ c(a+a!) _ 

' X o-2caj’ 

Hence, either a+ic—Ot and /. x^—a, 

1+0 0 . a(l+o) 

- -• whence • 


or, 


a— 2ca; 


c(3+2o 


Thus, - a and flJ® ttfl roots of the equation. 


EXERCISE 128 


Solve the following equations : 

1. ®*+9*+ 18-6-4®. 2. (®-2X®+l)-206. 8. »»+3o*-4o®. 

4. — 2^+o6“fl®. 5. o6®*-(o+6)c®+c*— 0. 

6. 12®*+23a®-24o®— 0. 7. 10(®-o)“-41(»-o)6+216*— 0. 

8. 12(®-a)’‘+28(®-oX®-6)-5(®-6)*-0. 


0. 20®*+®(o+26)-30(o+h)*+6®. 


12. -i 


a^+6^ 




16.®^ 6 
14. -|+2“-f 

au* 


(o6»)'^+(o*6)"* ' 

^16. 


18. 


-®)_ a 
3a-2® ™ 4 ’ 


a ■ b ^ 2o ^ 
»-a'^®-6“«-o* 


• V2*>+ttE-9-l. 


18. ^/3aJ* + 7a? - 1 + V 3®* + 7x - 10 * 9. 

19. V4®^7i+i6+ V4»»-7a:-i-17. 


^ 20. ^/6aJ*-6^c+8- /s/6®*-6®— 7*»1. 

r 

286. If in the process of solving an adfected qnadratio by factori- 
sation, the factors are not easily obtained, any one of the following 
methods should be adopted. 


286. The ordinary method of solving an Adfected Quadratic. 
Bring the terms containing the unknown quantity to the left-hand 
side of the equation, and the kxfown quantities to the right-hand 



XXXIV.] QUADBATIO EQUATIONS 489 

side ; if the oo-efSoient of cu* be negative, change the sign of syery 
term of the equation and then divide every term by the co-efSoient of 
®* ; thus, the equation is reduced to the form 

3 

Now, add ^ square of half, the co-efficient of x) to both 
sides, on which the left-hand side becomes a complete square and we 

get|®+|J whenoe®+^-±^3+^ • 

and, therefore, ®-> - 2 

EXERCISE 129 
Solve the following equations : 

1. 70!r-63=-7®*. 

[ By transposition, we have — 7®*+70» = 63. 

Since, the co-effioient of is negative, changing the sign of every term, 
we get 7a® - 70a = - 63. * 

Dividing both Bides by 7, a®— 10a=-9. 

Now, adding (V’)®, or, 25 to both sides, 

a®-10a+26 = 25-9=16, or, (a-6)» = 16. 

Hence, a 6 => + 4, [ because a — 6 is a quantity 

of which the square is 16 ] ; 

a*6+4, or, 6-4, i.e., a=9, or, 1, ] 

2. 2®* -11®+ 5-0. 

[ By transposition, 2a* — 11a = - 6 ; 

dividing both sides by 2, a* ^ 

Adding (V)* to both sides, 

a®-Va+(V)*=W-S. i.s., 

/. a»V-+5*=6, or, J. 

3. 87-98®-30®-16®*. 

4. 17»*-86®+216-65!S-8a!». 6. 

6. 4(®*-3i*)*-10(®*-4f«-6)+3(&-t). 

7. 4(6®*-34®)*-S(®*-r7®+12)+^-^^. 

8. 2®+*02-(2'46®-®*. 


9. 4(®»+23®-24)-29a!*-8«+l. 
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10. (3® - IK® - 4) + (* - 2X2® - 3) - 4®(® - 3) - 6. 

[ The left-hand Bide-(Sa!*-13x-l-4)-t-(2«*-7x-i-6)>'.6x*-2Q{c-f 10. 

• 

Henoe, we have 5** - 20 jj+ 10* 4®* - 12® - 6, 

. ' . ®* — 8® * — 15 ; [by transposition ] 
®*-8®+(4)®*16-16 ; or, {®-4)* = l ; 

®-4*±l; a=4+l*6, or, 3.] 

11. (2® - 6)(3» - 7) - (oj - l){4a - 6) - 3(a? + 14). 

12. (3® - 11)(® - 2) -h (2® - 3)(® + 4) -h 13® - 10(2® - D* + 12. 

18. (®-J)(®-i)-K®-i){®-i)»(®-i)(®-i). 

® . 40 3(10-h®) 

16 ^10-®)“” '95 ' ■ 

Ft. . *0 3(10-fx) X 

[By transposition, - - 


14. 


96 


15 


:&0. 


■ ] 


16. 


Ste 3®-50 12®-f70 
i8'^3(i0+®j“ ' 190 


® + 4.®-4 10 


[ Subtraoting 2 from both sides, we have 

HiH-v 

8 8 4 

X— 4 ®+ 4 *’ 3 ’ 

„/ 1 1 \ 1 2x8 1 

®\®-' 4 "x-m)“ 8 ’ ° ’®*-i 6 “ 8 


17. 


® ®+1^13_ 

®-fi ® ”6 


8 

x*-16=48; .*. ®*=64; .*. x-±8.] 
[ Fiocoed as in the last example, ] 


-jj ®-i^3 .STj- 3^^ — 3_ [ Proceeding as in example 16, we get x' — 4x~0, 

®-jt-'2^®-^2'" ®-i whence (x-2)* = 4 x“2+2 = 4, v, 0. ] 


19. 

21 . 

23. 

24. 


®-2.®-t^ 2(®+^ nj. x — 2^p^ 

x+2 x-i ®-3 ®-2 ®-i-2 6 

[ We have |* ’<»*. *«• ] 

2x-9 2a:-7 7 


sc — 6 _ SC"" 1 2^ _6 ^ 
SC-12 sb-6 6 

sc+6^ sc+l ^ 1 

sd+7*sc+2"3sc+1 

2aj . 2sc-5^Qt 
®-3 ®*- 


22 . 


®-7 2®— 9 12 

[0. U. 18781 

[ We have (^^-2).|.(^^;- 9)-4».] 
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pc flc X — ^ — n oft 1 , 1 , 1 _3 ^ 

a? +6 iiaj—8 6“4aj * * aj+a fl/ + 2a aj+3fl x 




12 3 

1 . a 

x + a ®+2a x + Sa 


or, 


1 

a5+a'*'a+3a" 




whence 


«-»-2a 


. &a. 


-] 


2®+ 6(1^ 
a + a ® + 2a ' 

237. General expression for the roots of a quadratic.- 

N. B. The roots of any equation are those values of the unknown quantity that 
satisfy the equation. 

As every quadratic equation can he written in the forpi ax^ -i-bx -ire ^aO (after 
suitable reduction^ if necessary) we must regard this equation as the general type of 
all quadratics. Let us solve it. 

By transposition, ax^ + hx^ -c. 

h 

Dividing both sides by a, aj®+ --®« - • 

2 a a 

Adding to both sides, 

6» 0 b'-iao. 


2a 2a 


-b± Jh^-Aac, 


2a 


Thus, the roots of the quadratic aa?® + &a;+c*»6,are 


-6+ Jh* -iao 
2a 


And ^ and, therefore, we must regard the expression 

- T-jgg, as the general expression, for the roots sought. 

za 

*By the application of this formula we can find out the roots of a 
quadratic equation -without going through the process explained in 
Art. 236. 

Example 1. Write down the roots of 2a;® - 13®+ 15»*0. 
Comparing this with the equation oa;® + 6®+c—0, we have a —2, 
6--13, c-15. 

Hence, the roots of the given equation are 

-(-13)± v/FTsF- 4x2x16 

”” ' 2x2 

13± x/l ^I^ _13± 749 13 + 7, 

* '4 " " 4 “ 

That is, ®-5, or, f . 
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Examples. Write down the roots of -3x*^llx-i. 
Bringing all the terms to one side, we have - Sx* -lla;4-4>^0. 
Here a* -3, 6“ -fl, C"4. 

Hence. 

2x^—3) 

_ii±js/ii:+« ii± J m 

-6 ■ " -6 ~ 

11 ±13 . , 

“---g-" -4, or, i. 


-4, or, i. 


EXERCISE 180 

Write down the roots of the following equations : 

1. 3®* -17® +24-0. 2. ®*+9®+20-0. 3. 6®*-20-7®. 

4. -9®*+25-6®-10. 6. 8®*-14®+16. 6. -3®»+20*-2& 

7. 6+®-4®*-0. 

238. Sreedharaeharyya's (or Hindu) method of solving a 
quadratih. Reduce ‘the equation to the form p®‘+^®— r; multiply 
both sides of this by ip {i.e., by four times the co-efficient of x^) and 
then add g® to both sides; we thus get 4p®®®+4pq®+g®— 4pr+g*, 
the left-hand side of which is evidently a complete square, being equal 
to (2p®+g)*. 


Example 1. Solve 6®® -17®+ 6-0. 

By transposition, 6®® - 17® - - 6. 

Multiplying both sides by 4 x 5, 

4 X (5®)® - 4 X (5®) X 17- - 120. 

Adding (17)® to both sides, we have 

4 X (6®)* - 4 X (5®) X 17 + (17)® = 289 - 120, 

or, (2x6® -17)® -169; .-. 10®-17-±13; 


® 


17±13 
.10 ' 


3, or, f . 


Examples. Solve -8®®+10®-3. 

Multiplying both sides by 4 x ( - 8), 4 x 64®® - 4 x 8 x 10® — - 96. 
Adding (10)® to both sides, 

4 X 64® * - 4 X 8 X 10* + (10) ® - 100 - 96. 

or, (2x8«-10)®-4; .'. 16«-10-±2; 

10±2 8 1 

“ 16 " 4’ 2’ 


X 
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E^pleS. 6!8*+23a!-12iB+10. 

By transposition, 6»* + lla; -•10. 

Multiplying both sides by 4 x 6, 4 x (6®)“ +4 x (6®) x 11—240. 
Adding (11)* to both sides, 

4 X (6®)* + 4 X (6®) X 11 + (11)* - 121 + 240, 

or, (2 X 6® +11)*- 361 : 12®+11-±19; 


- EXERCISE 181 

Solve the following equations by Sreedharaobaryya’s method : 

1. 2®*+9®-ia 2 . 15®* -28-®. 

8. 16®*+100®-3®*+®+40. 4. ®*+50®-102-15®-®*. 

6. 17®* +19®— 1848. 6. 2c®* -oc®" 3(2® -a). 

7. ®“+«®-a6(3®+o)-2®*. 

239. Equations solved like Quadratied. Some equations 

ttiOTigh not actually quadratic themselveSi may by suitable substitu* 
tlons, be expressed as quadratics, and thus soived. 

Example 1. Solve ®* - 10®* +9-0, 


Putting y for ®*, the equation is y* - lOy +9-0, 

or, (y-l)(y-9)-0. 

Hence, either y - 1 -0, 

or, y-9=0. 

y=l, 

or, 9, 

* i.e., **-l, 

•or, 9, 

• ®-±l. 

or, +3. 


Example 2. Solve ^|^+®®-26a*. 

Multiplying both sides by ®*, 25o*+®*-26a*®*, 


or, ®*-26o*®®+26o*— 0. 
Putting y for ®*, wo have y* -26o*y +25a*— 0, 
or, '(y-o*XV“25a*)-0. 


Hence, either y - a* -0, 

or, y-25a*-0, 

i.e., y^o*, 

or, 2$a”, 

i.e., ®*-o*. 

or, 25a®, 

fiD»±a, 

or, ±5a. 
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Ezample 3. Solve (x^ + 3a?)* - (a:* + 3x) - 6—0. 
Putting y for a?* + 3a?, we have y*-y -6-0, 
or, (y+2)(y-3)-0; 
either (i)y + 2— 0, or, (ii)y“3-0. 


(i) Ify + 2-0, we have a?* + 3a? + 2»0, 

t,e. (a? + l)(a: + 2)-0, 

i.«., a?--l, or, -2. 

(ii) If y-3-0, we have a;* + 3a?-3=0. 

— 3+ ^21 

Solving the quadratic, a?- - • 

1 o -3±x/§I 

.. a?»-l, -2, or, - • 


Example 4. Solve (x + 2)(a? + 3)(a? + 4)(a? + 5) — 24(a?* + 7a? + 7). 
Be-arranging the factors on the left side, we have 
Wa? + 2)(a? + 6)H(® + 3)(a? + 4)} - 24(a? * + 7a? + 7), 
or, (a?* + 7a? + 10)(a?* + 7a? + 12) - 24(a?® + 7a? + 7), 

‘ or, ‘ (y + 10)(y H- 12) - 24(y + 7), [ putting y for a?* + 7« ] 

or, y * + 22y + 120- 24y + 168, 

or, y*-2y-48-0; (y-“8)(y+6)-0. 

Hence, either (i)y-8-0, or, (ii) y+6-0. 

(i) If y-8«0, * we have a?* + 7a?-8-0, 

or, (a?+8)(a?-l)«0 ; 

a?+8-0, or, a?-l-0, i.e., a?--8, or, 1. 

(ii) If y+6— 0, we have a?* + 7a? + 6-0, * 

or, (a? + l)(a? + 6)=0 ; 

a? + l-0, or, a? + 6-0, i.e., a?- -1, or, -6, 
a?- -8, 1, -1, or, "6. 


Example 5. Solve 3a?* - 4» + ^/ Ite* ~ 4x - 6 — 18. 

Adding - 6 to both sides, 3x* - 4a? - 6 + V3a?* - 4a? - 6 — 12. 
Putting g for jj3x^ - 4»- 6, 

the given equation reduces to 2 ?* + 0 - 12 , 
i.e., 0 * + 0 - 12 - 0 , 
or, (0-3)(0+4)-O ; 

. either (i) 0-3, or, (ii) 0 — - 4, 
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(i). If ««3, 

V3®*^-6-3, 

or. 

3®®-4®-6-9,* or, 3®®-4®-16-0, 

or, 

(®-3)(3®+5)=0 : ®-3, or, -t. 

(ii) If -4. 

\/3a;®-4ir-6“ -4, 

or, 

3®* — 4® -6“ 16, or, 3®*— 4fl?‘-22«“0. 

Solving the quadratic, ; 

6 3 

®=3, 

. 2+ J70 

-4. or. - 


240. Equations of higher degrees solved by factorisation. 


Example 1. Solve a* - 7® + 6 =0. 

By inspection ®-l is a factor of the left side. 

Hence, factorising the left side, the equation may be written as 
(®-l)(®*+®-6)“0, 

or, {® — 1)(®-2)(®+3)=0 ; [ factorising the quadratic factor ) 

either ®-l=0, or, ®-2=0, or, ®+3=0, ’ 

i.e., ®=1, 2, or, -3. 


Example 2. Solve ®® + 1 = 0. 

Here, we have {x + IX®® - ® + 1) - 0 ; 

either (i) ® + 1=0, or, (ii) ®*-® + l=0. 

(i) If ®+l=0, ®“ -1. 

(ii) If *®-® + l— 0, solving the quadratic, wo have 


or, 

Note. The square root of —3 is an impossible operation, Stich square roots are- 
kioweioer, frequently used in Algebra and are called imaginary quantities. 

Examples. Solve a;* + 7ic*+8(r® + 7a; + l«0. 


The left side of this equation is a reciprocal expression and may be> 
pat into factors, as in Art. 143. 

Here, re-arranging the terms of the left side, we have 
(a* + l) + 7(a3®+®) + 8«®-0, 
or, (ic® + l)® + 7aj(a:* + l)+6a?*-0, 
or, i(aj*+l)+a?H(®® + l)+6aj}— 0, 
or, (a5*+a5 + lX®*+6®+l)“0. 
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. either (i) aj*+a?+l“0, or, (ii) a;*+6«+l—0, 
(i) If aj®-fa?+l«0, sdlving we have 


(ii) If **+6!B+1“0, solving we have 

.‘i 4 ®* — or, — 3±\/8. 

2 

241. Exponential equations solved as a quadratic. 
Example 1. Solve + 


have 

5* 1 _ 6 

.5 ■*■ “5* 5’ "■ 

"5 + y “ § '.[ patting p for 6*] 

or, 

l/*-6i/+5“0, 


or. , 

(l/-l)(l/-6)«0, whence y-1, or, 6, 

t.e., 

S*-!, or, 5, i,e. 

5*=5“, or, 5^ ; 

• 

• • 

»-0, or, 1. 


2. Solve 2*-® + 2*-*-3. 


1 have 

2« 2^ 

gS+^-“3* or. 

'*^ + -“•3, [ putting y for 2* ] 

or, 

p*-12i/+32><»0. 


or, 

(l/-4Xtf-8)-0; 

.". v-4, or, 8, 

i.e.t 

1 

o 

po 

2*-»2*, or, 2* : 


.'. ®“2, or, 3. 


EXERCISE 182 

Solve the following equations : 

1, «"-6«*+ll®-6“0. 2. ®*-4®*+»+2-0. 

8. 2a!*+6»*-4a;-3— 0. 4. ®*+5!B*-2a!-6-'0. 

5. a*-6a!*+6!B”-5®+l-0. 6. ®*-5a!*+14a!»-20®+16-0. 

7. ®*+8»*+24ir»+32a!-20=0. 8. (®+2)(*+3X»+4X*+6)-360, . 

9. (*-lX®-2X*+3X*+4)+4-0. 

10. «*-4®*-**+l(te+4“0. 11. »*-6a!*+lS«*-18®+6— 0. 
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12. 2a!*-5®*-3x»+9x*-a!-2-0. 18. x*-l-0. 

U.‘ x*-37x?+36-0. 15. 3*' *+3*^* -4. 16. 7*-*+7*-*-U. •. 

17. 2*-2*-**-7(l-2‘-*). 18. x*-l-0. 19. 11*+11-*-121t1t. 

20. 2x*-8x-6 j2x*-6x+3--8.- 

21. 9x - 4x* + 7 to* - 9x + 11- 5. 

22. 2{x*-3x+l)*+5(x*-3x+l)+3-0. 

28. (x+4)(x+l)+ n/(x+6)(x-3)->3x+31. 

24 10x*-63x''+52x*+63x+10“0. 


242. The Nature of Roots of a Quadraitc. If a, 'P denote . 
the roots of the quadiatio equation ax*+6x+c»0, 'we have by Art. 237. 

and 

2a 2a 


Three distinot oases do, therefore, arise according as the expression 
under the radical t6“-4ac) is (1) zero, (2) positive and (3) negative. 


Case 1. Equal Roots. 


If6®-4ac-0, */6*-4 <k-0; 

2a 2a 

Hence, the roots o/ax*+ix+C“0 are real and equal if 6*-4ac"0. 




Example. Examine the roots of 12a; + 9 » 0. 
Here, a=*4, &«*-12 and c«9 ; 

. fe*«4ac«(-12)*-4.4.9*144-144«0. 


Hence, the roots of 4a;^~12a;+9~0 are real and equal and are 
found to be |, 


Case II; and Unequal Roots. If &^-4ac is a 'positive 

quantity, iac is real, 

* .' . a and p are reaZ but unequal. 


B.enoe, the roots of ax^-i-bx+c-O are real and unequal if 6*-4ao 
is positive, 

(i) If 6® - 4ae is a perfect square^ VP-4ao is rational and real. 

In this case, the roots are also rational, real and unequal. 

(ii) If 6® -4ac is positive but not a perfect square, a/F® - 4ac is real 
but irrational. 

Henoe, the roots are also real, irrational and unequal. 

Example !• The roots of 2a;®+7a;-4-*0 are real and unequal as 
well as rational, since 7®-4.2.(-4)— 49+32—81 is positive and a perfect 
square. The roots are found to be i and -4. 
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Example 2. The roots of are real, unequal but 

Irrational, since. (-9)® -4.2.8=-81-64— 17 is positive but not a perfect 
' square. 

Thus, the roots are 

Casein. Imaginary Roots. If 6*-4ac is negative, 

— thd square root of a negative quantity, which is an impossible 
operation. Such square roots are, however, frequently used in Algebra 
and are called imaginary quantities. 

Hence, if is negative^ the roots of ax^ + bx-¥c"^0 are 

imaginary quantities. 

Thus, the roots of re®-® +1«0 are imaginary, since (-1)®- 4.1.1 « -3 
and is, therefore, a negative quantity. 

The roots are _ 1± .^-3, 


EXERCISE 183 

Examine the roots of the following equations : 

1. 3®"“+ 20a: -19-0. 2. 3a:'*-8a;+9-0. 3. a:'' + 5a:+4-0, 

4. 4a:*-12a;+9-0. 6. -3a:*-2a: + 6-0. 6. -4a:“+5a:-8-0. 
7. 3a:^ + 7a:+8=0. 8. 4a;®-8a: + (4-a®-6®)-0. 

9. (a - 6)a:* + 2(a + b)x - (a - 6) — 0. 

10. For what value of m will the equation 2a:® + 8a?+m-0 have 
equal roots ? 

11. If 4aj® -pa: +9-0 has equal roots, find p, 

12. For what value of m will the equation ®®-2(5+2m)» 
+ 3(7 + 10w)— 0 have equal roots ? 


[ By the condition of the problem, 

{- 2(6 + 2w)>* - 4.1.3(7 + lOw) « 0, 4(5 + 2w)* - 4.3(7 + lOw) = 0. 

or, (26+20m+4m*)-3(7 + 10m)«0, or, 2w* — 6w+2«0, 
or, (2m-lKw-2)=0 ; w*=i, or, 2. ] 


a:® + 14a:+9 


Find the greatest and least values of value® 


of X, 


[Iiet Then x*+14x+9-m(**+3ie+8), 

* +isa+il 


or, (l-m)x*+9(7-«)x+S(3— w)“0 j 

. -a(7-m) ± ./4.(7-w)*-4(l-»»).3)3-t»^ 

.. X- 
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The expression under the radical sign 

, »s4(49-14m-f »»*)-r2(6-4m+m*) 

- - 8(m* + »» - 20) * - 8(m - 4)im+ 6). 

Since z is real, the expression must be positive or zero, 
i.e., — 8(m-4){m Vs) must bo positive or zero. 

m cannot he greater than 4, but may be equal to 4 (since for any value of 
m greater than 4, say 5, the expression is negative). 

Hence, the greatest value of the expression « 4. 

Similarly, m cannot be less than -6, but may be equal to 5) (sinoe for any 
value of m less than —5, say the expression is negative). 

Henoe, the least value required » — 5. ] • 


14. Prove that must lie between 1 and -xV for all real 

values of x. 

15. Prove that the value of * ^ must not lie between— 8 

and 8i if x be real. 

[ Let ® proceed as in Ex. 13. ] 

16. If X be real, prove that cannot lie between 

—6 and 3. 

ap* — 2.r+21 

17. If X be real, prove that ‘ ^fo between 

aand-y. 

18. If X be real, the value between 

I and 1. 


’^243. A quadratic equation cannot have more than two 
roots. 

I^pt ax‘ + 6x4-c«>0 be any quadratic equation. To prove that It 
cannot have more than two roots. 


Proof. 


Since ax* + 6x+c 


[ factorising ] 


•*a(x-tt){x-P). 

[ Putting a for and /» for ~^:Lil^EEs J 


1-29 
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and ainco a is not zero, we have ax® + fea: + c'“0, when and only when 
««!.ny one of the two factors x- a, a; is zero, 

*.a., when and only when x“=a, or, p. 

Thus, the quadratic equation ax® + 6x+c=0 has got the two roots 
a and P and no more. 


244. If a quadratic equation in x is satisfied by three different 
values of Xt the equation will be satisfied by every value of x. 

Let the quadratic equation ax® + fcx + c=0 bo satisfied by three 
different Values a, of x. 

aa® + fea + c=0, ... ... (i) 

ai3® + &i3+c=0, ... ... ( 2 ) 

and ay® + 6 y+c = 0 . ... ... ( 3 ) 

Subtracting (2) from (1), wo have a(a® - j3®) + 6(a-j3)=0, 
or, (a - p){a{a + /J) + 5 }= 0 . 

Now, a-j3 is not zero ( a and P being different ). 

, r a(a + ^) + 6 =* 0 . ... ... ( 4 ) 

Similarly, from (1) and (3), 

a(a + y) + 6 - 0 . ... ... ( 5 ) 

Hence, subtracting (5) from ( 4 ), 

a{p-y)^0. 

But, is not zero ( since p and y are different ). 

a«^ 0 . 

Hence, from (4), 0.(a + j3) + 6 =* 0, i.e., 6-0. 

Since, a ”0, 6-0, wo have from ( 1 ), c-0. 

ax^ + bx+c^0j:^+0js+0,0^0for every value of X. c 


245. Relations between roots and co-efficients of a 
quadratic. 


If a and p be the roots of the quadratic ax® + 6x+C“0, to prove that 

a + j3“ - and aj3— - • 
a a 

Solving the equation as in Art. 237, we have 

a - — — 

2a " * 


and 


Bm, Jb^-iac 

^ •2a 
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—26 h 

Hence, by addition, a+/J** -^--i - ’• 

and by multiplication, 

4a 


« ( “ * 4 ^?^) 4 ^ ? . 

4a* ""4a*"" a 

Since, the equation a£C* + 6 aj+c «0 can also be 

®*+ 35+ “ “ 0 , we may express the result as follows : 

a a 


written as 


In a quadratic equation of the form a;*+px+q="0 (i.e., "where the* 
co-efficient o/ a?* awei arc aZZ on one side), 

(i) the sum of the roots** — the co-efficient of x ; 

(ii) the product of the roots *■ the constant term, 

i.c., the term independent of x. 

Example!. If a, p denote the roots of the quadratic ®* + 6 a 5 
+ 9=0, prove that a + /3= -6 and ai3**9. 

Here, the co-efficient of jr* = 1 and the terms are all on one side. 

Hence, we have a+i3=-the co-efficient of* a :— -6 and a0=the 
constant term = 9 . 


Example 2. Ifa, i^be the roots of 3a?* -17® +19-0, prove that 
a+P = V and ajS=V^. 

Re-writing the equation in the form ®* + (- y)®+ V=0, so that 
the co-efficient o/®* = l, and the terms are all on one side^ we have 

a+j3= -the co-efficient of ®= ~(- V)" Vi 
and aP = the conibant term = V* 

Example 3. If a, p are the roots of ®* +p® +q=0, find 
(i) a~P\ (ii) a* + i3® ; (iii) a“^ + /5“\ 

We have a+^= - the co-efficient of ® in ®® +p®+^ = -p, 
and ajS = the constant term =q. 


(i) Since (a-i 8 )* = (a + i3)*-4ai3«(-p)*-4g— p®-4q. 

a-^P^ ± J -r4q. 

(ii) a* + /3®-(a + iJ)®-3a/5(a+i3)-(-p)®-3q(-p)- -p® + 3p«. 


246. Formation of equations with given roots. 

^ Let a, be the given roots and let ®*-p®+g=0 be the equation 
eou^t. 

' a+j3- -(the co-efficient of x in ®* -px+g)— -(-p)-»p, 

' and aj? = the constant tenfi=g. 
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Substituting for p andg in ®"“pa5+g— 0, 

the required equation is a*- (a +P)x+aP-0, ... ... (-4) 

or, (ir-a)(x-/5)-0. ... ... (B) 

Oi)ierwise\ The expression (x-a)(a:-i5) is zero if any one of its 
factors x-a, x-P is zero, 

ix., if X has any one of the values a and p. 

Uence. the equation whose roots are a, p is (x-a)(x-p)“0. 

[ Evidently tho equation has no other roots ; for, if the left-hand side is zero, 
one of its factors must be zero, bo that x must have one of tho values a or jS. ] 

Note. Similarly, the equation whoee roote are a, p, y is * 

*0, and so on. 


Example 1. Form the quadratic whose roots are 4 and - 6. 
By (B), the equation is (x-4)lx-(-6)(“0, 
i.e., {x-4)(x + 5)-0, 

or, x“+x-20-0. 


Exa]Xiple 2. Form the quadratic whose roots are 3+ ^/5 and 
3-V5. 

Since, (3+ ^/6) + (3- ^/6)■*6, 

and (3+ V5)(3- ^/5)-3*-5-4 ; 

/. by (4), the equation sought is x* -6x+4-0. 

Examples. If a, p are the roots of ax^ + 6x+c»0, form the 
equation whoso roots are ^ and ^ ^ 

By (4), the required equation is 

b c 

SincOi a+p^ — — and ~ • wo have 

a *-f + at a ^ a ^b^- 2ac ^ 


op 


op 


0 

a 


c 

a 


ac 


Hence, the required equation is x* - + 1- 0, 

ac 

or, OCX* - (6* - 2ac)x+ac “O. 


Example 4. Form the quadratic whose roots are the reciprocals 
of the roots of the equation x*+3x-l-4-0. 

Let Qtpbe tho roots of x* ->-3x-f-4»0. 
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ISnd the aqaatioa whose roots are- and 4 ' 

• a • p 

By (il), the equation required is 

But since a, p are the roots of a 5 “ + 3«+4— 0, we have a+^*-3 
and a^«4. 

• a + /3 -3 .11 

• • ajS “ 4 ’ 4* 

Hence, from (1), the required equation is oe* - (-T)iJ 5 +i“ 0 , 
or, »* + i«+i-0, 
or, 4aj*+3a?+l-0. 

247. Common Root of two equations. ^ 

Let a-the common root of the equations aa:® + &aj+c-0 and 
aV + A'aj+c'-O. 

Wo have aa* + &a + c —O, and o a* + Va + c' ■■0. ' • 

9 1 

By cross multiplication, v- “ >. * 


’ bo’-b'e 

"ca'- 

c'a“i6' 

-a’b' 


b'c , 

IPb 

1 

c'a . 
■a'6*'” 


(1) 

hc'-h'e 

lea' 




, ab'-a'b 


-abf 



(ca'-c'a)* 

-(6c'- 

-b'etab'' 

-a'b) 

(2) 


which is the condition that the equations shall have a common root. 
From (1), the common root 

be - b'c ca' - c'a 


be -be ea -e a 

"ca'-c'a* ab'-a'b* 


EXERCISE 134 

Form the equations whose roots are : 

1. 3 and 1. 2. 5 and -7. 8. 3 and i. 

4. (i) 3+ /5 and 3->/5 ; (ii) 2a+>/6 and 2a- Jb. 

•5. Find the sum and the product of the roots of : 

(i) «*-6a?+6"-0 ; (ii) ®*+9a5-13-0 ; 

(iii) -8®*+20a?+16-0 ; (iv) 6aj»-7a?+3 ; 

(v) 3»+l--15®*. • 
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6. If a and p are the roots of the equation 0, form the 

fuquation whose roots are : 

(i) a^+afi and ; 

[ (a*+a^) + (^*+o^)«a* + 2a^+P*«{a + ^)*«(— p)* =sp*, 
and (a* + a/3)(^* + a|3) = a(a+|3)j8(a+/9) = ai3(a+/3)*=p*g ; 
since, a + jS = -p and aj3 = g. 

Henoei the required equation is x* — p'x+p'gsO, ] 

(ii) a®+j3* and Qafi ; (iii) a”® + /3"* and ^5 (iv) a+ ^ and p+ ^ • 

7. If the equations a;® +fca;+ea«=0 and ®®+cfl;+a6-»0 have a 
common root, their other roots will satisfy the equation a;®+aa; + &c— 0. 

[0. U. F. A. 18791 

[ Let aasthe common root of the two equations. 

Then, a® + 6a+ca = 0, ••• ••• ••• (1) 

and a*+ca.+flb“0. 

Subtracting, (6-c)a+a(c~b)**0. 

Dividing by (6— c), a— e=0, i.e., asu. 

Since, the product of the roots of the first equation » ca, and one of these 
root8»a. ^ 

CA 

•*. the other root of the Ist equation ■■ ^ »c. 

ob 

Similarly, the remaining root of the 2nd equation « - =* 5. 

Hence, the required equation has the roots b and c, and is, therefore, 

»* — (6+c)a!+bc=0, ••• ••• ... ••• (2) 

Since, a « a, we have from (1), 

a* + 6(X+ca=0^ i.e., a(o+6+c)*®0, 

or, u+6+c*0. 

from (2), we have aj*+ax+6c=0. ( •.• 6+c=— o). ] 

771 ® 71 ® 

8. If ® be real, show that j ~ i ®>°y value. 

[M. U. 1883] 

[ Let the given expression a>p. 

• • i-*. -- - 


or, px* - (m* +7i»)x- (p- w* +n*)=0. 

Bolylng, t ± VR +Z.),. 

]iy 

Since, x is real, the expression under the radical sign must be positive^ 
or, (m* +n*)* — 4p(ffi* — n*)+4p* is positive, 
or, (w* -71*)* #*4p(w* — n*)+4p* + 4m*«* is positive, 
or, (m* — n* - 2p)* +4w*n* must be positive. 

This condition can evidently be satisfied by giving any real value to p, i.e.j to 
the expression. ] ^ 
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9. If the equations a;®+piij+g*=0 and a?*+p'a?+q'*0 have a 
common root, show that it must be • ^ « 

either or, 

g-q p -p 

10. Form the equations whose roots are the reciprocals of the roots 
of (i) 3a?®+8i + 91“0 ; (ii) aa;® + 6a; + c“0. 

11. If one root of the equation aa5* + fej5 + c®®0, be the square of the 

other, prove that 6® + + ac® ** Zahc. 

12* If ax® + 6x + c *= a'x® + hfx + c', when x 183, 281 and 397 respec- 
tively, prove that a^a\ h^b and c*=c'. * , 

[ (aflB* + 6x + c)-(aV + 6'a:+c') = 0 ; 


1.0., (a— a')a:* + (6 — b')a;+(c — c')*0 for three distinct values ®f x. 

By Art. 244, a— a'=0, 6— and c— c'**0.] 

13. Find a, 6, c, if (a - 12)x® +(6 - 31)x *- 181 - c for any value of x. 

14. Find k, if the roots of 5x® +7/cx+3**0 be the reciprocals of the 
roots of 3x® + (8 - A;)x + 5 « 0. 

15. Find a and /c, if the roots of 3x* + 2fcx + ft + 2**0 bo the 
reciprocals of the roots of 2ax® +(A;+a)x+3*0. 


CHAPTER XXXV 
EQUATIONAL PROBLEMS 

248. What are eggs a dozen when two more in a shilling’s worth 
lowers the price one penny per dozen ? 

Let x-the number of eggs we get for a shilling. 

12 

Then the price of each egg* pence, 

144 

and . ’ . the price of a dozen * pence. * • • (1) 

If two more were obtained for a shilling, Le., if (x+2) eggs were 
worth a shilling, the price of a dozen would, for a similar reason, be 
144 
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But by the condition of the probletHi the latter price is one penny 
less than the former pricoi hepce 

a: + 2 X * 

/. a;* + 2x-288, 

/. aj* + ac+l-289 ; 

®*16. 

Hence, from (1), the price per dozen *-9d. 

249 . Find two numbers, whose difiFerence multiplied by the 
difference of their squares -160 ; and whose sum, multiplied by the sum 
of their squares gives the number 580. 

Let x+y and a-y be the numbers. 

Then, by the Ist condition of the problem, 

2y.(4ary)-160, 

^ or, ^ a;y* — 20. ••• ••• (1) 

By the 2nd condition of the problem, 

2x{2{a;*+y*)}«580, 

or, a;(aj* + y*)-145. ••• ••• (2) 

From (1) and (2), by subtraction, 

®*- 125-5®; 

• • X 5* ® 

Hence, from (1), a:y® — 5.y * — 20, 

«.«.• y*-4; 

y-2. 

a;-6, andi/-2. 

Hence, the required numbers are 7 and 3. 

250 . A sets off from London to York and B at the same time 
from York to London, and they travel uniformly ; A reaches York 
16 hours and B reaches London 36 hours, after they have met on the 
road. Find in what time each has performed the journey. 



Let L, Y represent London and York respectively, and M the place 
where the travellers meet. Let m, n be the measures of LM,MY 
respectively in miles. , 
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Now» Bmoa A travels m miles (m.. from ilf to 7) in 16 hoars, 

he travels 1 mile id— boars and m miles in ~.m boars: hence, the 
n fi 

time in which A travelled from L to hoarSs 


Similarly, the time in which B travelled from F to hoar& 

m 

Now, since they started at the same instant, the time in which 
A travelled from L to Af is evidently equal to the time in which 
B travelled from Y to M, 

16 36 , m3 

V whence -“s' 

n m n A 

Hence, the time in which A performed the journey 
“ hours— 40 hours J 

and the time in which B performed the journey 

— (^11+36) hours— 60 hours. * 

251. A fraudulent tradesman contrives to employ his false 
balance both in buying and selling a certain article, thereby gaining 
11 per cent, more on his outlay than he would gain, wore the balance 
true. If, however, the scale pans, in which the article is weighed when 
bought and sold respectively, were interchanged, he would neither 
gain nor lose by the tranaactibn. Determine the legitimate gain per 
cent, on the article. 

[ In a false balaacQ if any weight be placed on one of the scale pans, the weight 
to be put on the other phn in order to make the beam horizontal will be different^ 
For inaUnce. if in baying rice a dve-seer counterpoise be put on the pan, the 
quantity of rice put on the other will be either more or less than 6 seers. Suppose 
when the five-seer counterpoise is put on the scale pan 4, wo are required to put on 
the pan B, a quantity of rice whose real weight is greater than 5 seers ; but what- 
ever mhy be its real weight, as its weight now is supposed to be equal to the weight 
of the counterpoise, we take it to be 5 seers. Thus, we take for 5 seers what is really 
more than 5 aeers. Hence, if the merchant oontrivos to put the counterpoise on A 
and the article bought on B, he will evidently take away more of the article than 
he is supposed to do ; let the supposed weight of the article, so bought, be to lbs. ; 
if then \V lbs. be the real weight of the article, to is less than W, Again, in sailing 
the article if he puts the counterpoise on B and the article on A and if JV* be the 
weight of the oounterpoiso, then W* is greater than W. By this contrivance than 
the merchant buys iribs. of the article at^tho price of to lbs. and sells away these 
W lbs. again at the price of IF lbs. Hence, in such a transaction the merohant'e 
gain is two- fold, he buys more of the article than he pays for and the whole quantity 
thus bought he sells away at the price of a still greater quantity. ] 
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Let w and TF" be the apparent weights of the article when bought 
and sold respectively. 

Then, evidently w is less, and TT' greater, than the true weight. 
Let p- prime cost of unit of weight, 
x^the legitimate gain per cent. 

Then, the selling price of a unit of weight 

“P + a? hundredths of p “p|l + • 

Hence, the price paid by the merchant in buying the article, 

, his outlay “tn.p., and the price realised by selling it — TT. + * 

. by the condition of the problem, 

M'+iSo) - p. + (a; + 11) hundredths of w» p. 




( 1 ) 


If the scale pans were interchanged, the cost of buying the article 

would bo p ard the price realised by sale, w;. p.|l+Y^j ; hence by 
the 2nd condition of the problem, 

w.l>.(l + igo) = Tr.p. (2) 


From (1) and (2), 

OJ + ll 


l+‘ 


100 


-1 + 


1 + 


100 


or. 


or, 


\mf 




*1 + 


X 

iob’ 

JC + ll 


+, ® + 1 , 
^100^ 4 


= 11 + 1 , 
100^ 4 


100 

36 
’lOO' 

X 6 _ 1 1 . 

’• ioo”io 2“i6’. 

a? -10, 

the legitimate gain is 10 per cent. 


252. A body of men were formed into a hollow square, three 
deep, when it was observed that with the addition of 25 to their number» 
a solid square might be formed, of which the number of men in each side 
would be greater by 22 than the square root of the number of men in 
each side of the hollow square, Bequired the number of men in the 
hollow square. * 
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[ A number of men are said to be arranged in a solid square when they are' 
arranged in parallel fows and the number of rows ii equal to the number of men in 
each row. The following diagram, in which Ci, Ao. represent men, will* 

clearly illustrate the matter. 


A. 

B. 

c. 

D. 

E. 

E. 

G* 

H. 

A. 

B. 

c. 

D, 

E. 

E. 

o. 

H. 

A. 

B. 

T" 

D,- 

E.- 

— P. 

G, 

H. 

A. 

B. 

t 

J>4- 

-j.. 

E. 

G. 

H. 

A. 

B. 


D«- 

1 

E. 

E. 

G. 

H. 

A. 

B. 

1 

c,- 

— D,- 

E,- 

1 • 

-E. 

G, 

H. 

A, 

B, 

0, 

D, 

E, 

E, 

G,' 

H, 

A, 

B. 

0, 

D. 

E. 

E. 

G. 

H. 


The above diagram represents an arrangement in which there are 8 rows, each 
containing 8 men. This is a soZid square. If the square C,l^,F*Ce be removed 
from inside, the remainder will be a hollow square two deep having 8 men in each 
side; if, however, tha-square bo removed, the remainder will be a hollow 

square three deep. 

Hence, the number of men in a hollow square two deep having x men in each 
Bide®"®' — (®— 4)* ; in one deep**®* — (®-6)* ; and so on ; thus, the number 
of men in a hollow square n deep having ® men in each side*®*— (® -2n)*. ] 

Let cc— the number of men in a side of the hollow square ; then 
the whole number of men ■■ a;® — te — 6 )® ... ... ... (1) 

Hence, by the 2nd condition of the problem, 
a:»-(®-6)*+25-(a!^+22)», 
or, 12® -11 —*+44®^ +484. 

lla!-44®^-495, 
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or, a;-4a;^-45. 

05— 4-^ +4 ■■49. 

^ a;^-2—7; whence a? —81. 

Hence, from (1), the whole number of men 
-8l»-75®-156 x 6 - 936. 

263. K engages to play a game of chess with B on the following 
conditions that B should name a certain number and put into 
possession twenty-four rupees together with as many rupees as equal to 
.the square of this number and that at the conclusion of the game K 
should return to D only a number of rupees equal to eight times the 
number named. What number could B name with the greatest 
advantage possible to himself ? 

Let x— the number which H should name; then he has to deposit 
with it, (24 + a;*) rupees and get back at the end of the game only 
8 cb rupees ; 

hence, B has altogether to lose (ic® + 24-8x) rupees. 

tx must be Such that this loss may be as small as possible. 

Now, since a;*- 8r + 24— (a? -4)* +8. which is always greater than 
8 except when a;— 4, the loss will for all values of x be greater than Bs. 8 
except when x has this value. 

Hence, in order that the loss may be a minimum B should name 
the number 4. 

254. With the object of examining a student of the 1st year as 
regards his progress in Algebra, 1 undertake to engage in a certain 
contract with him, which is as follows : he is to give me a certain 
number of books, each worth as many rupees as the number of books, 
and to get from me in return six times as many rupees as any of those 
books is worth and also 21 rupees more. How many books should he 
bring me, with the greatest possible advantage to himself ? 

Let tr-the number of books that the student brings me ; then, 
since the price of each book is x rupees, evidently I get x^ rupees from 
him.; and in return 1 give him (6^ + 21) rupees. 

Hence, his gain (or loss as the case may be) -(21 + 6® -a*) rupees. 

Now, 21 + ar-®*-21-(®*-ar)-30-(®*-6®+9)-30-(®-3)*. 

Evidently, therefore, the student is a loser if a- 3 be greater than 6, 
f.e., if X be greater than 8 ; and he is a gainer if x be 8 or less than 8. 

But not only should the student be a gainer but his gain must be 
the greatest i)Ossible, which evidently is the case when (a « 3)” is the 
least possible, i.e., when a— 3. 

Hence, the student should bring 4ne onlv three books. 



XXXV.] 


EQUATIONAL PROBLEMS 


461 


255. Bama, Lakshmana and Bharata went to visit a Bisbi and 
brought'their wivQs with them. The Rislii knew the wives* names to be 
Urmila, Mandavi and Sita» but forgot which was tlie wife of each liero. 
They told the Bishi that they had given presents to Pandits, and that 
each of the six had rewarded as many Pandits, as he or slie had given 
gold mudras to each Pandit. Rama had rewarded 23 more Pandits than 
Urmila, and Lakshmana had rewarded 1 1 Pandits more than Mandavi» 
likewise each hero had given away 63 gold mudras more than his wife. 
The Bishi having thought on what tliey said, dismissed them with hie 
blessing, naming correctly the wife of each hero. From the conditions 
given, do you also find out the names of the wives ? 

Let a;*“the number of Pandits rewarded by any hero, 
and 1/ — the number of Pandits rewarded by his wife ; 
then the number of gold mudras given away by the hero—a?* ; 
and the number of gold mudras given away by his wife»i/‘. 

Hence, by the last condition of the problem, we have 

^ * 

or, + 

But 63 - 63X 1, or, 21 x3, or, 9x7 ; 

hence, since and x^y are positive integers, and is necessarily 
greater than x-y, we get the toilovving three pairs of values for + y 
and x^y and no other. 


(1) a; + y«63 \ (2) a:+i/«21 \ (3) a?+y 

x-y^l J J* X 

Hence, we have the following three pairs of values for 


(1) a; + y«63 \ 
x-y^l J 
Hence, we havi 
(1) ic-32 I 
1/-31 r 


a:+y«9 \ 

r 


X and yt 

... U) 


(1) ic-32 I (2) 12 I (3) xS \ , 

y-3l r 1,-9 r v-1 I - 

i.e., the wife of the hero who rewarded 32 Pandits, rewarded 
31 Pandits ; 

the wife of the hero who rewarded 12 Pandits, rewarded 
9 Pandits ; ... ... ... ... ... (a) 

and the wife of the hero who rewarded 8 Pandits, rewarded only 
one Pandit. , ... ... ... ... ••• (fi) 

Now, let us 6nd out the names of the wives from the other condi- 
tions of the problem. 

The number of Pandits rewarded by Bama may be 32, 12 or 8; but 
since he is known to have rewarded 23 more Pandits than somebody 
else, the number of Pandits rewarded by him must he 32. 


The number of Pandits rewarded by Lakshmana may then be 
either 12 or 8, but as he is known to have rewarded 11 more Pandits than 
.somebody else, the number of Pandits rewarded by him must be 12-*‘(a) 

Hence, the number of Pandits^ rewarded by Bharata must be 6* **(6) 
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Again, since the number of Pandits rewarded by Urmila is 23 less 
« ithan the number rewarded by Bama, it must he 9 ; hejice, by (a)’ and (a), 
Urmila is the wife of Lakshmana ; 

, also, since the number of Pandits rewarded by Mandavi is 11 less 
than the number rewarded by Laksbmana. it must be 1 ; and, therefore, 
by (P) and (6), Mandavi is the wife of Bharata ; evidently, therefore, 
•Sita 13 the wife of Bama. 

Thus, we have 

Bama 1 Lakshmana ) Bharata 1 

Sita J’ Urmila J Mandavi/ 


^ EXERCISE 135 

* A person bought a certain number of oxen for £80 ; 
bought 4 more for the same sum, each ox would have cos^ £l 
the number of oxen and the price of each. 


if he had 
less ; find 


‘2. A gentleman sends a lad into the market to buy a shilling's 
wSrth of oranges. The lad having eaten a couple, the gentleman 
pays at the rate of a penny for fifteen more than the market price. 
How many did the gentleman get for his shilling ? 

3. The plate of a looking glass is 18 inches by 12, and is to be 
framed with a frame of equ-il width, whose area is to be equal to that of 
the glass- Bequired the width of the frame. 

4. A and B lay out some money on speculation. A disposes 
nf his bargain for £11, and gains as much^^er cent, as B lays out ; B’s 
^ain is £36, and it appears that A gains four times as much per cent 
as B. Bequired the capital of each. 

\J5<, A boat's crew row 3^ miles down a river and back again in 
1 hour and 40 minutes. Supposing the river to have a current of 2 miles 
per hour, find the rate at which the crew would row in still water. 

6. What two numbers are those whose sum multiplied by the 
greater is 201 ; and whose difference multiplied by the less is 35 ? 

7. What two numbers are those whose sum added to thd sum of 
their squares is 42 and whose product is 15 ? 

’8. A and B distribute £60 each among a certain number of 
persons. A relieves 40 persons more than B does, and B* gives to each 
&$. mote than A. How many persons did A and B respectively relieve ? 

The product of two numbers added to their sum is 23 ; and five 
times their sum taken from the sum of their squares leaves 8 ; required 
the numbers* 


10. A horse dealer buys a horse, and pays a certain sum for it ; he 
afterwards sells it again for Bs. 171, and gains exactly as much per cent, 
ae the horse had cost him. How much did he pay for the horse ? 

11. The small wheel of a bicycle makes 135 revolutions more than 
'the large wheel in a distance of 260 t&»rd8 ; if the circumference of each 
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were one foot more, the small wheel would make 27 revolutions more 
than the large wheei in a distance of 70 yards. Find the circumference 
of each 'wheel. 

12. By lowering the price of apples and selling them one penay a 
dozen cheaper, an apple-woman finds that she can sell 60 more than she 
used to do for 5s. At what price per dozen did she sell them at first ? 

There is a number between 10 and 100 ; when multiplied by 
the digit on the left the product is 280 ; if the sum of the digits be multi- 
plied by the same digit the product is 56 ; required the number. 

. ^ ftre two stations 300 miles apart. Two trains start 

simultaneously frorn A and each to the opposite station The train 
from A roaches B nine hours, the train from B reaches A four hoursi 
after they meet. Find the rate at which each train travels- 

selliug a horse for £24, I lose as much per cent, as it costs 
mo. What was the prime cost of it ? 

16. Find three numbers, such that if the first bo multiplied by the 

? • j ^ second and the third, the second by the sum of the first and 

the third and the third by the sum of the first and the second, the 
products shall be 408, 480 and 504 respectively ? 

17. There are two square buildings that are paved with stones, a 
foot square each. The side of one building exceeds that of the other by 
12 feet, and both their pavements taken together contain 2120 atones. 
What are the lengths of them separately ? 

• c There are three, numbers, the difforonoo of whose differences 
ts 6 ; their sum is 44, and continued product 1950 ; find the numbers. 

19 . A tra^n A starts to go from P to Q, two stations 240 miles 
apart, and travels uniformly. An hour later, another train B starts 
from P, and after travelling for 2 hours, comes to a point that A had 
passed 45 minutes previously. The pace of B is now increased by 
6 miles an hour, and it overtakes A just on entering Q. Find the 
rates at which they started. 

• 

20. A square court-yard has a rectangular gravel walk round it 
inside. The side of the court wants 2 yards of being 6 times che breadth 
of the gravel walk ; and the number of square-yards in the walk exceeds 
the number of yards in the periphery of the court by 92. Bequired the 
area of the court. 

21. Divide the number 26 into three.such parts that their squares 
may have equal differences, and that the sum of those squares may 
be 300. 

22. The number of soldiers present at a review is such that they 
jould all be formed into a solid square and also could be formed into 
four hollow squares each 4 deep and each containing 24 more men in 
•the front rank than when form^ into a solid square : find the whole 
number. 
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23. A and B run a race round a two-mile course. In the first hit 
B reaches the winning post 2 minutes before A. In the second hit A 
increases his speed 2 miles an hour, and B diminishes his by the sama 
quantity ; and A then reaches the winning post 2 minutes before B. 
Find at what rate each ran in the first hit. 


24. From a vessel of wine containing a gallons, b gallons aro 
drawn off and the vessel is filled up with water. Find the quantity of 
wine remaining in the vessel when this has been repeated 4 times. 

25. A wall was built round a rectangular court to a certain height* 
Now the length of one side of the court was two yards less, whilst 
three times the length of the other was 25 yards greater, than 8 times 
the height of the wall ; and the number of square yards in the court 
was greater than the number in the wall by 178. Eequired the dimen- 
sions of the court, and the height of the wall. 

26. A person bought a number of £20 railway shares when they 
were at a certain rate per cent, discount for £1,500 ; and afterwards 
when they were at the. same rate per cent, premium sold them all but 
60 for £1,000. How many did he buy and what did he give for each 
of them ? 

27* The sum of 4 numbers is 44 ; the sum of the product of the Ist 
and 2nd, and 3rd and 4th is 250 ; of the Ist and 3rd, and 2nd and 4th is 
234 ; and of the 1st and 4th, and 2nd and 3rd is 225. Find them. 

28. To complete a certain work A requires m times as long a time 
as B and 0 together ; B requires n times as long as A and G together ; 
and 0 requires p times as long as A and B together. Compare the times 
in which each would do it and prove that, 

_iL+_JL+„L .1 

m + 1 w + 1 2? + I 

29. In a certain village there lived in the year 1872 a number of 
families each consisting of as many members as there were families. 
Ten years afterwards it was found that during this interval there were 
670 births in the village and that on the average 50 lives were lost per 
family. Prove that the number of persons, living in the village at the 
time of this calculation, could not be less than 45, and if this number 
be actually 45, find out the number of souls that lived in the village 
in the year 1872. 

30. Suppose you agree to give me out of your landed property a 
square plot of ground and receive in exchange a circular plot of land 
whose area is 76 square feet and also a rectangular plot, one of whose 
sides is 36 feet and the other is equal to a side of the piece of land you 
give me. What must be the area of the plot you give me, so that you 
can profit most by the exchange. 
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GRAPHS OF QUADRATIC EQUATIONS AND EXPRESSIONS 
AND THEIR APPLICATIONS 

256. The graphs of X and Y being expressions of 

the first degree in x and y. 

Example 1. Draw the graph of the equation -25, 

The equation a?®— 25 may be written as 

a;^-25«0\ “ 

or, (aj-5X®+5)«0 / 

> ^ 

Evidently, the given equation is satisfied (i) by all those points 
which satisfy the equation ®-5«0; (ii) by all those points whioh 
satisfy the equation a; + 5 - 0, 



Hence, the required graph consists of two straight lines^ one 
being the graph of the equation a; -5-0 and the other being the graph 
of thq equation a;+5-0i as shown in the above diagram. 

1-30 
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Example 2. Draw the^graph of the equation a;® -3 jJ“28“(X 


Factorising the left-side of the equation, we ha^ 


(aj-7)(aJ+4)«0. 
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nence, proceeding as in example 1, we notice that the required 
graph consists of two straight lines, one being the graph of the 
equation a;-7«0 and the other being the graph of a; + 4=0, as shown 
in the above diagram. 

Examples. Draw the graph of the equation i/®=4a;®. 

From the given equation, we have 

^*"4a;®=0 I 
or, (i/+2x)(i/-2»)» 0 f 

Clearly, the given equation is satisfied by (i) all those points which 
satisfy the equation y + 2a;“'0, arid also (ii) by all those points which 
satisfy the equation - 2aj“0. 

Henoe, the required graph consists of two straight lines, one 
being the graph of the equation v+2a;=0. and the other being the graph 
of the equation y- 2®— 0. 
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Hence, the required graph is as shown below : 



Example 4. Draw the graph of the equation 

+ 4v+5»0. 

Factorising the left-aide of the given equation, we have 

(a;+V-6)(2a?-y-l)*»0. 

Obviously, the given equation is satisfied (i) by all those points 
which satisfy the equation aj+y-S-O as well as (ii) by all those points 
which satisfy the equation 2^ - v - 1 —O. 
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Hence, the required graph consists of two straight lines, one 
•being the graph of the equation x+y-6^0 and the other being the 
graph of the equation 1*0, as shown in the diagram. 



257. Thus, it is clear from the above examples that whenever a 
quadratic equation can be expressed in the form XY^O, where X and Y 
are expressions of the first degree in x and Vt the graph consists of a 
pair of straight lines, which are resi)ectively the graphs of the equations 
X-'0andY=0. 

When, however, a quadratic equation cannot bo expressed in the 
form XF“0, its graph is a curve. We shall now proceed to consider 
a few graphs of this nature, 

258. Draw the graph of the equation 

Let twice the length of a side of a small square represent the unit 
of length. 

With centre 0 and a radius equal to 6 units of length describe a 
circle, as in the diagram on the next page. Then this circle will bo the 
required graph* 
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Take any point P on the circle, and let its co-ordinates be denoted 
by X and y\ evidently then a® +i/® = OP* “36. But if a point, such' 
as Qt be taken anywhere not on the circle^ it is easy to see that its 
oo-ordinates will not satisfy the given equation. 



Thus, it is shown that the co-ordinates of every point on the circle, 
and ot DO other point satisfy the given equation. Hence, the circle 
drawn is the required graph. 

259. Draw the graph of the equation 
(jc-3)*+(y-2)*-25. 

Let twice the length of a side of a small square represent the unit 
of length. 

Let A be the point (3, 2). With centre A and a radius equal '* 

5 units of length describe a circle as in the diagram on the ne^^ 

Then this circle will be the required graph. 
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Take any point P on the circle, and let its co-ordinates be denoted 
«by X and y. Now from the diagram, it is clear that AP is the hypote- 
nuse of a right-angled triangle of which the sides are (05-3) and (l/-2) 
units of length resi)ectively. 


Hence, (a 5 - 3 )®+{y -2)* 
= ^p2 = 25, which shows 
that the co-ordinates of P 
satisfy the given equation. 
But if a point, such as 
Q, be taken anywhere not 
on the circle^ it is easy to^ 
see that its co-ordinates 
will not satisty the given 
equation. 

Thus, it is clear that 
the co-ordinates of every 
point on the circle and of 
no other point, satisfy the 
given equation. Hence, 
the circle described is the 
required graph. 

Note 1, The graph of (x + 2)® -!'(> + 5)* =^49. It may he shewn as above 

that the graph of the equation ==^4^0 is a circle of which the centre is 

the point ( — 2, — fi), and the radius is equal to 7 units of Imgth, 

Note 2. The graph of x* +y® — 8jc+10y4-25 = 0. The equation — 8a; 

+ 10j/+25 = 0 can he easily reduced to the /orm (a- 4)* -ffi/H- 6)* = 16. Hence, its 
graph is a circle of which the centre is the point (4, —5) o7w2 the radius is equal to 
4 uMs of length. 

Example 1. Solve graphically a;®-6a;-12=0. 

The equation may bo written in the form 

(a®-6a;+9)+4«25, t.e., (a? -3)"* +2'* = 25. 

the roots of the given equation are the abscissaa of the points 
whore the line t/ = 0 (i.e. , the JC-axis) cuts the circle (a: - 3)® + (v - 2)* = 26 
[ for, putting y=0 in the equation of the circle, we have (a;-^®+(f/-2)“ 
-26, t. e., (a!-3)®+4-K ]. 

Hence, drawing circle (a;-3)’’+(y-2)® =25 as in Art. 269, we 
notice from the diagram that these abscissas are 7*6 and -1*6 
approximately. 

.* . the required roots are 7*6 and — 1*6 approximately. 
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Example 2. Trace the graph of (i) a:® 169 and (ii) a?+p-17. 
Find the co-ordinates of their points of intersection. 



The graph of + is a circle with the centre at the 

origin and the radius equal to 18 units. The graph of a;+i/ — 17 is a 
straight line passing through the points (17, 0) and (0, 17). Taking the 
side elf a small square as the unit of length and drawing the graphs, 
we shall find that they will intersect at P(12, 5) and Q(6, 12) as in the 
above diagram. 

Note. To solve graphically the equation 

x2+y2.,i69 1 

x+y 17/ 

we notice that the co-ordinates of each of the above points P and Q satisfy both the 
equations and are, therefore, the required solutions. 

Thus, the roots are 12 1 anda;a 5 
6 J , y^l2 
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Example 8. Show that the graph of 3a:+4p=26 touches that of 
z’ and find the co-ordinates of the point of contact. [O.U. 1911] 

The graph of a!*-Hp®-25=6® is a circle with its centre at the origin 
and radius equal to 5 units. The graph of 3a: -t- 4?/ =25 is a straight line 



passing through (5, 2'5) and ( — 1, 7). _ Taking twice the side of u STOoiJ 
square as the unit of length and drawing the graphs, wo find that they 
touch at .^3, 4) as the diagram. 


EXERCISE 136 

Draw the graphs of the following equations : 


1. a:*-«-p*-81. 

8. (a:-H6)*-Kp-7)=-100. 

6. ®*+p*+14a:-16v-H32=0. 

7. **-H/“-10a:+16v-65-0. 

Solve graphically ; 

8. *»+»»-100l 

® -fy - 14 J 


2. (®-5)“+(y-6)*-49. 

4. — 14y + l“0. 

6. »*H-y®+12a:-H8i/+92-0. 


9. ®®-(-y®“261 

® — y = 1 1 
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10. a!*+i/*-4fl!-6i/-12-0l. 11. a!*-4!r-12“0. 

• ® + 1/ ■= 12 J [ The roots are the abscissse of the points 

• where the »-axis cuts a’ + j/® — — 12 

=0, etc. ] 

12. ®>-6a?~16-0. 

13. Draw the graphs of a5® + v® “*36 and 3iC-4t/-'30. Show that 
they touch at (3'6. - 4*8). 

14. Draw the graph of cc®+y®-4a5“62/“23*»0 and find its 
tangents parallel to the co-ordinate axes. 

16. Draw the graph of a; ® - 10a; - Vdy + 25 = 0 and show that it 

touches the co-ordinate axes. Find the co-ordinates of the points 
of contact. 


16. Draw tho graphs of the following equations : 

(1) a;® = 16; (2) a;®-5a; + 6=0; 

(3) 5a;®-3a;-2=0; (4) i/®-32/=0; 

(5) xy=0; (6) a;®-3a;t/+2i/®=0 ; 

(7) a;®-|/^ + 47/~4=0; (8) (a;-h3)’“ = 4(y-5)^ 


17. Draw the graph of 5a;* -"24a;y-52/® «0 and show that Hiey are 
two perpendicular straight lines. 

18. Find the angle between tlie straight linos which represent 
the graphs of : 

(i)a;i/=0; (ii) (a;-3)(?/-2)=0; 

(iii) (3a;-2y + 5)(2a; + 3y + 2)=0 ; (iv) (7.7;-62/ + 3)(6a;+7y+8)=0. 


260. Draw the graph of the equation 4 a:® + 93;* =36. 

(1) When a;=*0, we have i/* = 4, and, therefore, y“±2. Hence, 
tho points (0, 2) and (0, -2) are on the required graph. 

(2) When y—0, we have a;* = 9, and, therefore, a;=±3. Hence, 
the pofiits (3, 0) and (-3, 0) are on the required graph. 

(3) When a;=±l, we have 92/* = 32, and, thei^fore, i/"±i^V2 

. - = +1-885-. •= ±1-9 approximately. Hence, the 

four points (1, 1*9), (1, — 1’9), ( — 1, 1*9) and (■%!, —1*9) are on the 
required graph. 

(4) When a;=±2, wo have 9y* = 20, and, therefore, y«±f\/6 

2x2*236... ^4*472... 

= + -g- — “ ± " g ^ ± 1 490 **±15 nearly. 

Hence, the four points (2, 1*6), (2, -1*6), (-2, 1*5) and (-2, -1*5) 
are on tho required graph. • 
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Corresponding values of x and y may be tabulated as follows : 
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Let us now plot the twelve points as found above (taking 5 times 
the side of a small square as the unit of length) and draw a free-hand 
curve through them, as in the above diagram. 

The curve so drawn is the required graph. 

Note 1. Evidently the curve is eymmetrical about the axis of Xj i.e., every 

chord at right angles to the axis ofx is bisected by it. Similarly^ the curve is also 
symmetrical about the axis of y. 

Note 2. The curve lies entirely within the space enclosed by the four straight 
lines 05 = 3, »=s — 3, j/ = 2, 2/=“ -2, since from the given equation it is obvious that x is 

imaginary when^ V > ^ o,nd < — 2 and y is imaginary when x > 3 and < — 3. 

A curve of this class is called an Ellipse, 
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Example 1. Draw the graph of the e:(pression | ^9-JC®, 

Let 

For each value of ®, there will be two equal and opposite values 
ofy. Thus, (l)when a;"=0, 2 /= ±4; (2) when2/=0, £c*-±3; (3) when 
*“±1, y—±i\/S^±S'‘S approximately; (4) when fl?=±2, y>-±4\/6 
*• ±3*0 approximately. 

The corresponding values of x and y may be arranged in a tabular 
form as follows : 
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Plotting these twelve points (taking 4 times the side of a small 
square as the unit of length) and drawing a free-hand curve through 
them as shown in the diagram on the last page, we obtain the required 
graph. 

Example 2. Draw the graph of 4(® - 2)® + 9(i^ - 3)® « 36. 

Ke- writing the equation, we have 

9(y-3)®*36-4(aj-2)®^ 
or, 1/-3* ±tN/9-(a;-2)®. 

Hence, for each value of a; — 2, we get two values of i/ — 3 from 
which the corresponding values of x and y may be tabulated as follows : 


X 

2 

2 

7" 

'-7 

1 

1 



3 

4 

4 

0 

0 

1 

y 

5 

• 1 1 

i ^ j 

1 3 • 

1 i 

4*9 

i 

11 

1 4*9 

ri ! 

1 7! 

I 4-6 

1*5 

1 

4*6 

1 

1-5 


V 

■1 

■! 

w 

■1 

■1 

B 

S’ 

m 

b 

■ 

i 

■1 

B 

a 

B 

i 

H 

a 

a 

B 

a 



a 

a 

B 

b 

fl 

1 

a 

B 

a 

§ 

1 


■ 

B| 

i 

■ 

1 

i 

B 

B 

B 

E 

Bl 

E 

B 

i 

E 

a. 

a 

B 

B 

a 

B 


B 

■ 

B 

B 

1 

I 

a 

E 

B 

B 

i 

■ 

■ 

Bi 

■ 

■ 

B 

B 

B 

B 

i 

■ 

B 

■ 

a 

i 

B 

B 

B 

a 

B 

a 

a 


B 

E 

B 

s 

I 

a 

a 

B 

1 

B 

m 

■; 

B 

B] 

i 

Bl 

■ 

Bl 

■ 

B 

B 

■ 

B 

B 

B 

E 

E 

B' 

E 

B 

a 

a 

B 


a 

a 

E 

a 

B 

E 

a 

E 

E 

B 

i 


B 

Bl 

■ 

El 

■ 

El 

■ 

B 

B! 

m 

Bl 

a: 

a 

a 

a 

i 

B 

a 

B 

a 

a 



a 

B 

B 

B 

a 

B 

a 

B 
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■ 

! 

■ 

■ 

Bl 

■ 

Bl 

■ 

B 

B 

B 

B 

B 

a 

B 

B 

E’ 

B 

a 

E 

B 

a 



a 

B 

B 

a 

a 

a 

a 

I 


1 

■ 

i 

■1 

■ 

E: 

■ 



i 

Bi 

E 

n 

B 

B 

B 

E 

a 

B 

a 


a 

a 
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B 
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a 
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E 

E 


a 
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i 
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■ 
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■: 

m 

a 

B 

a 

a 

E 

B 


a 

a 
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i 
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a 

a 
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E' 
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■ 

a 

E 
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Plotting those twelve points (taking 4 times the side of a small 
square as the unit of length) and drawing a free-hand curve through 
them as shown in the diagram we got the required graph. 
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Exfunple 3. Draw the graph of 4a;^ + 9i/ ^ - 16a? - 54y + 61 0. 
The left-hand Bide of the given equation 
=4(a;'*-4a?) + 9(y®-62/) + 61 
= 4Ka? - 2)2 - 4} + 9{(y - 3)2 - 9}+ 61 
= 4(a?-2)2 + 9(i/-3)2-36. 

/. the equation is 4(a?- 2 ) 2 + 9 ( 1 / -3)2 -36-0, 
or, 4(a?- 2)2 + 9(1/ -3)2 = 36. 

To draw its graph see example 2 on the last page. 

261. Draw the graph of the equation 



(1) When a?“0, we have i/2=— 1, and, therefore, y is imaginary* 
This shows that the graph does not cut the axis of y, 

(2) Wheni/=0, wo have a?2 = l, and, therefore, a?=»±l. Hence, 
the points (1, 0) and ( -1, 0) are on the reguired graph. 

(3) When a?='±2, we have y2*3, and, therefore, y“±^/3— 

+732- = ±1’7 approximately. Hence, the four points (2, 1*7), 

(2, -1*7), (-2, 1’7) and (-2, -1*7) aife on the required graph. 
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(4) When a;— ±3, we have y^—S, and therefore, y«±2V2*= 

± 2 X 1*414 ± 2*828- •••••=+ 2*8 approximately. . Hence, the four 

points (3, 2*8), (3, -2*8), (-3, 2*8) and (-3, -2*8) are on the required 
graph. 

The corresponding values of x and y may be tabulated as follows : 


X 

1 

-1 

2 

2 

-2 

-2 

3 

3 

-3 

-3 

y 

i V 

0 

1*7 

-1*7 

j 1*7 

-1*7 

1 2*8 

-2*8 

2*8 

-2*8 


Let us now plot the ten points as found above (taking 6 times the 
side of a small square as the unit of length) and draw a free-hand curve 
through them, as in the diagram on the last page. 

The curve so drawn is the required graph. 

Note 1. The curve so drawn is evidently symmetrical about the axis of x and 
also about the axis of y, * 

Note 2. The curve consists of two branches, one lying entirely on the right of 
the 1 and the^ other lying entirely on the left of the line x -= - i. 

A curve of this class is called a Hyperbola* 

Example 1. Trace the graph of (i) a;® -y® = l, and {ii) x^ + y^^h 
Show that they touch each other. 

Draw the graph of a;®-y^ = l as above and the graph of the circle 
£C® + 1 /^ = 1 on the same scale. It will be found that they touch each other 
at the points (1, 0) and (-1, 0). 

Example 2. Trace the graph of (i) cc®— 2 /® — 1 and (ii) x=^2y. 
Find the co-ordinates of their points of intersection. 

Draw the Hyperbola x^-y^ = l and the straight line a;=2y on the 
same scale. Produce the straight lino, if necessary, to meet the Hyper- 
bola. They will be fo’und to intersect at two points whose co-ordinates 
are (1*2, *6) and (-1*2, -*6) approximately. 


262. Draw the graph of the equation 

Evidently the following points are on the required graph and their 
co-ordinates may be tabulated as follows : 


X 

0 

1 

-1 

1*6 

-1*6 

2 

-2 

2*5 

-2*6 

3 

-3 

3*6 

-3*6 

4 

-4 

V 

0 

1 

1 

i 

2*26 

2*26 

1 

4 

4 

6*25 

6*26 

9 

9 

12*26 

12*26 


16 


Let 2 times the side of a smal! square be the unit of length. 




rxxxvi.] 


GBAPHg OP QUADBATIO EQUATIONS 


479 


Let us now plot the points found above and draw a curve through 
them free-hand, as«in the following diagram.* 

The curve so drawn is the required graph. 



Note 1. Sincct y — we have x-± x is imaginary when y is negative. 

Hence, no point of the curve can have a mgative ordinate and, therefore, no part of 
the curve can lie below the x-axis. The curve passes through the origin, lies entirely 
above the x-axis and extends upwards to infinity. 

Note 2. Every chord drawn perpendicular to OY is bisected by it can be 
easily verified, Hetice, the curve drawn above is symmetrical about the axis of y. 
This is also evident from the fact that if the paper be folded about OY the left-hard 
portion of the curve entirely coincides with the right-hand portion. 

A curve of this class is called a Parabola, 

Note 8. The graph of y* -x®. The curve y^x'^ lies entirely above the axis 
ofx, and extends upwards to infinity. It is easy to see that the graph of the equaiion 
- a;® woidd he an equal curve being entirely below the axis of x and extending 
downwards to infinity. 
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Note 4. To determine the square root of a number from the graph of 
y=jc®. The abscissa of any point on the curve is evidently the square root of the 
crdincUe, lienee^ when the graph of the equation y = x^ is drawn by measuring the 
abs^ssa of any point on the graph we can determine the square root of the number 
which represents the ordinate. Thus, in the diagram, the ordinates of T or Q 
represent 5, the square root of 6 = the abscissa of P or or —2*26 approxi- 

maiely. [ 2 sides of a small square — 1 unit, J 

263. Draw the graph of the equation y^%x^. 

Evidently the following points are on the required graph and their 
oo-ordinates may be tabulated as follows : 
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Taking six-times the side of a small square as the unit of length, 
let us plot the points found above and draw a curve through them free- 
hand, as in the diagram on page 480. 

The curve so drawn is the required graph. 

Note 1. Since we have .‘.a is imaginary for every nega> 

tive value of y. Hence, as in the graph of Art, 262, the curve passes through the 
origin, lies entirely above the x-axia and extends upwards to infinity. 

Again, it may he easily verified that every chord drawn perpendicular to OY is 
bisected by it. Hence, the curve is symmetrical about the axis of Y, 

Note 2. The graph of y- -Sa* can be easily seen to be an equal curve passinQ 
through the origin, lying entirely below the x-axis and extending dowmvards to infinity, 

264. Draw the graph of the equation 3^— - 5 a:^. 

Evidently, the following points are on the required graph and their 
co-ordinates may be tabulated as follows : 


X 

0 





1 

-i 



1 

-1 

y 

0 

—1 


-i 



- 1 ^ 

-n 

_ .. 

1 - 3 * 

1 

-6 

-6 



1—31 
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Taking 5 times the side of a small square as the unit of length, let 
us plot the points found above, and draw a curve through them free- 
hand, as in the diagram on the last page. 

The curve so drawn is the required graph. 

Note 1. Since we have x is imagmary for every 

positive value of y. lienee^ no point on the curve can have a positive ordinate and, 
therefore, no part of the curve can lie above the x-axis. The curve passes through 
the origin, lies entirely below the x-axis and extends downwards to infinity. 

Note 2. It may be easily seen that every chord drawn perpendicular to OT is 
bisected by it. Hence, the curve is symmetrical about the axis of y. 

Note 3. ■ The graph of the equation y=^5x^ can be easily seen to be an equal 
curve passif^ through the origin, lying entirely above the x-axis and extending 
upwards to infinity. 

265. It is clear, from Arts. 262, 263 and 264, that the graph of 

any equation of the form where k is any numerical constant, 

positive or negative, is a curve which (i) is symmetrical about the axis 
of Vt (ii) li^s entirely on one side of the axis of x and (iii) extends up to 
infinity on that side. A curve of this class is called a Parabola. 

If ^ be a positive integer, the curve will be as in the Fig. of 
Art. 2(J2 but will rise more steeply in the direction of OY. [Seethe 
fig. of Art. 263, ] If /c be a positive fraction, we shall have a flatter curve, 
extending more rapidly to the right and left of OY. li k be negative, as 
in Art. 264, the curve will lie below the sc-axis and will be steeper or 
flatter than the graph of y^x^, according as k is greater or less than 
unity. [ See the fig. of Art. 264. ] 

In every case, the axis of a; is a tangent to the curve at the origin. 

266. We shall now discuss the graphs of some quadratic func- 
tions of the form ajc^ + 6aj + c. It will be seen, as in the next article, 
that the curve is always a parabola, differing in shape and position 
according to values of a, b, c. 

267. Draw the graph of the expression 3-4 x-2jc^. 

The required graph is the same as that of the equation 


It is easy to see that the following points are on the required 
graph : 


a ;»0 

y-3 


!• 



a- 1-5 
-7‘5 


I 



!• 


a5--2 1 *->-3 1 *-*-3'5 1 

3 J »—-3 J y--7’6 J 


Take ten sidM of a small square as the unit for measuring x, and 
one side of a small square as the unit for measuring y. 
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Let us now plot the above points and draw a ourve through them 
tree-hi^nd, as in the following diagram. 


I IBI IIM—BMMMM aBBBBBlIBBSIlBBBBl 


lllllllllllllllll|l||||||| 


B 95 BSB 999 BBB 9 SB I 

aBa aSae m8m|gBaHaHa 
■■■■■ShSBbhSSSr nsiBssiSssBsssI 



IB999B9999S9BBBBBB"""*""*">aHi| 

sS:sBHSsi»»8iBB8ii»^^ 

aiiiwiiaiSBaaia.^! 

88S8S8888SS88S8SSS8SSBS8888SS8, 

|■■flBBfl■888B■B8Bi■■■l:<■■i■n■8E■■■■■■■| 

■■■■■■■■■■■■■■■kinnnniSBBBSI 

■■■B8BiB8BHBaHnBmiBi8BBBB8BBSil 

B999BBB999B999BB99§"*>»""H"i 

BBBBBB9999BB99B9BB^SBB'^»H"M 

I ■BBBaRBBaaaBBBa BBaa^ ■anaa laaBi I 
l■BBBa■BaBB■BBB■■BBBaaBiBB■BBB■| 
|■aaBBBBBBB■BBi■■BBB■Kvi§aB■BaBll 
I BaaBB BaBBBBBaaB bbbbb bSSbbbbbbb I 
IbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbI 

iBBBaBBBBBBBBBBB^aBBBBBBBSBBBBBl 


The ourve so drawn is the required graph. 

-Note. Th$ graph of any expression of the jorm ax* +ba:+c ia a parabola* 
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268. Graphical solution of Quadratic Equations. 

* Example 1. To solve graphically the equation 3 - 4aj - 2a;® "0. 

Draw the graph of y— 3 -4a; -2a;® as in the last article. 

From the figure it is evident that y“0, when x is approximately 
equal to '6 or -2'6. Hence, 3 -4a;- 2a;® =0, when a; •=» ’6 or -2*6 approxi- 
mately, in other words, the roots of the equation 3-4a;-2a;®'»0 are 
*6 and - 2'6 approximately. From this it is clear that the roots of the 
equation 3-4a;-2a;®«0 are the abscissa of the points where the graph of 
the expression 3 - 4a; - 2a;® cuts the axis of x. 

Example 2. Trace the graph of i/«=a;®-a; from a;«=-l to a;»*2 
' and therefrom obtain an approximate solution of the equation 

l-a;®-a;. [0. U. 1917} 

The following points evidently lie on the graph : 


SB 

-1 

-J 

0 

i 

1 

li 

2 

y 

1 

<2 1 1 

0 


0 

1 

2 


Taking 8 sides of a small square as the unit of length, the graph 
will be as shown in the diagram. 



If we now put i/“l, the equation i/'-a;®-® becomes 1— sc® -a?. 
Hence, the roots of the equation I— sc® - sc are the absoissss of the points 
P and ^of thegrapk of &tNvhich the ordinate is 1. P and) 
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Q are evidently the points where the line ypl meets the graph. From ^ 
the figure we fixfd that the absoissas of P and ^ are 1*6 and -**6 * 
respeotively, which are, therefore, the required solutions. 

Examples. Trace the graphs of (i) y-Soj® and (ii) 1 /—J&+ 1 , 
and determine the points where they meet. [0. U. 1915] 

Deduce the roots of the equation 3a;® « 2a; + 1. 

Evidently, the corresponding values of a; and y on 3a?® may be 
tabulated as follows : 


X 

0 

i 

-4 

§ 

-8 

1 

-1 

1 

OSH j 

-14 

y 1 

0 

1 

-i 

4 


t 

3 

3 

64 

64 




486 


AIiOEBBA MADE EASY 


[OHAP. 


Also, the^ points *-0 | and | straight lino »- 2®+!. 

Taking six times the side of a small square as the unit of lengthy 
the graphs will be as shown in the diagram on the last page. 

Let the straight line meet the parabola at P and Q whose co-ordi* 
nates are found from the diagram to be (l, 3) and ( — i) respectively. 

The abscissa of the points common to the graphs of 
y ■■ 2a; + 1 are evidently the roots of 3a;* *= 2a; + 1. But, from the figure,, 
these abseisssB are 1 and — which are, therefore, the required roots of 
3a;*»2a;+l. 

269. Draw the graph of 

We have i/“ ± iv/a;. The corresponding values of a; and y may bo 
tabulated as follows : 


X 

0 

■26 

■25 

1 

1 

2^25 

2^25 

4 

4 

6 - 2 S 

626 

y 

0 

•5 

-■6 

1 

-1 

1-6 

- r 5 

2 

-2 

2*6 

- 2-6 


Let four sides of a small square be the unit of length. Now,, 
plotting the points found above and drawing a curve through them 
free-hand, the graph will be as in the diagram. 
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Note 1. Since for every point of the graphs ?/▼ ± six and is, therefore, imagi- 
nary when X is nefative, it follows that no point of the graph can have a negative 
abscissa, i.e,, no part of the graph lies on the negative side of the y-axis. This 
graph, therefore, lies on the positive side of the y~axis and extends to infinity on that 
side. It is easy to see that the curve is symmetrical about the x-axis. 

Note 2. The graph of is evidently an equal curve turned in the 

opposite direction on the negatibe side of the x-axts. 


270. Maximum and minimum values of quadratic expres- 
sions. 

Example 1. Show graphically that the expression 3 -4a? -2a;® is 
positive for all values of x between — 2*6 and ‘6 and find its maximum 
value. 

Let i/“3 -4a?-2x®. 

Drawing the graph of 3- 4a?- 2a?® as in Art. 267, we find that 
for all values of a? between - 2*6 and ’6 the curve lies above the a?- axis 
and the ordinates are positive, and for values.of x greater than *6 and 
less than - 2*6, the curve is below the axis of a? and the ordinates 
are negative. But the ordinate (i/) *» 3 - 4a? - 2a;®. ^ 

Hence, 3 -4a; -2a?® is positive for all values of a? between -2*6 
and *6. 

Also* we notice from the figure that the ordinate is greatest at the 
point P(- 1, 5), its greatest value being 5. 

The maximum value required =5. 

Example 2. Show graphically that the expression a;® - a? is negative 
for all values of a? between a?«=0 and a?=*l. Find its minimum value. 

Let i/=a??-a?. 

Drawing the graph of y** a?®- a? as iri Art 268, Example 2 (see the 
diagram on page 4^), we find that for all values of a? between a?«0 and 
a?*=l the curve is below the a;-axis and the ordinates are negative. 

B&t the ordinates (y)=a?®-a;. 

Hence, a;® -a? is negative for all values of a? between a?*0 and a?—l. 

Also, it is evident from the figure that y a;® -a?) has the 
minimum value -J- at the point A. 


271. Draw the graph of the equation xy^l. 


'It is easy to see that the following points are on the required 
graph : 

0 ?" *1 \ *2 1 a?« *4 1 

y I /• l/«* 5 r y = 2'5 I* 


a?- *8 


}■ 


a— 1 J 

»-ir 


a?« 

!/- 


2 

*6 


1 - 


«-'5 

y— 2 
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Evidently also the following points are on the required graph : 
fl!“ - 1 1 ae--'2 \ - *4 K a:- - *5 1 

P--10J’ y--5l’ »=-2-5r y--2r 

*=- ’8 1 a:--! 1 a:- - 2 1 

— 1'25 r p«* —1 r — ‘5 r 

Let one inch be the unit for measuring x and one-tenth of an inob 
the unit for measuring ]{. 
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I^et us now plot the points and draw a curve through them free- 
hand, as is in the^above diagram : * * 

The curve so drawn is the required graph. 

Note 1. As X diminishes from 1 to eero, y increases from 1 to infinity ; and as 
X diminishes from zero to — 1, y increases froni negative infinity io — 1. 

Note 2. As X increases from 1 to infinity, y diminishes from 1 to zero ; and as 
X diminishes from —1 to negative infinity, y increases from — 1 zero. 

Note 3. The graph consists of two branches, one lying between OX and OY, 
and the other between OX’ and OY’. 

Note 4. The more we move towards the right or left of O, the nearer does the • 
curve approach the axis of x ; whilst the more we move upwards and downwards 
from 0, the nearer does the curve approach the axis of y. But in 710 case does the 
curve meet the axis except at an infinite distance from 0. Hence, each of the 
axis is said to be an Asymptote to the curve. 

Note 5. A curve of this kind is called a Rectangular Hyperbola, 

Example. Draw the graphs of (i)a:y®8» and (ii)a;+y-9. Find 
the co-ordinates of their points of intersection. 



Drawing the graph of 0 : 1 / » 8 by the above method and the graph 
of the straight line ic+y -9 in the* same figure on the same scale, as in 
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, the diagram on the last pages it will be found that they intersect at two 
points P and Q whose co-ordinates are 

I and I respectively. 

EXERCISE 137 

Draw the graphs of the following equations ; 

1. a;*+4i/*-4. 2. 4x®+92/®«l. 3. 25x® + i/»«25. 

4. i6x»+9y*-l. 5. a;*-4y’^-4. 6. 

1 . 4aj»-i/®-16. 8. 

9. In one and the same diagram draw the graphs of 4ir^-9y‘*0 
arid4x*-9y*“36. 

10. In one and the same diagram draw the graphs of 9y®-“4a?*— 0 
and9y“-4x“«36. 

11. Draw the graph of the equation 5y*«a;®-l0, taking the 
unit for measuring y live times as large as that for measuring x, 

12. .Draw the graph of the equation £c“ -‘4a; + 22 /= 0 , taking the 
unit for measuring y twice as large as that for measuring x» 

13. Draw the graph of the equation 2/®+£c—0, taking the unit for 
measuring x equal to half that for measuring y, 

14. Draw the graph of the equation taking the same unit 

for measuring both x and y. 

15. Find graphically, correct to the first figure after the decimal 
point, the square roots of : 

(i) 3 ; (ii) 6 ; (iii) 7. 

16. Find graphically, the minimum values of the expression : 

(i) fl5* + 6a: + 10 ; (ii) 4ir® + 4j; + 6 ; (iii) ^x^+4^ + 1 ; 

‘ (iv) 2a;®-6x+7. 

17* Find graphically, the maximum values of the expression : 

(i) 4j;-ac* ; (ii) 3+6a?-9x®. (iii) 12-3®-^-. 

(iv) l+2aj-2a:®. 

18. Draw the graphs of the equations (i) a:y« 4 and (ii) x+y-ft 
and find where they intersect. 

19. Show graphically that (i) the expression 4aJ-iC* is positive for 
all values of x between 0 and 4; (ii) the expression a;® +6® + 12 is 
positive for all values of x and (iii) a:* -4a; -5 is negative for all values 
of X between -1 and 6. 

20. Draw the graphs of (i) a;y— 78 , and (ii) a;+y — 2 and find where 
they intersect. 
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Solve graphically : 

21. aj®-4a:-3. 

23. 2aj®-7a5+5-0. 

25. 1. 

OJ . 1 ’ 

(iii) y® -4a; 1. 

y -2a; I’ 


22. 3a;®-a;+2. 
24. 7a?®-2a;-5. 
(ii) xy - 6 1. 

aj+y* ' -6 ) 
(iv) a;® - y\ 

X — -2y f 


CHAPTEE XXXVII 
ARITHMETICAL PROGRESSION 

272. Definition. ^ Quantities are said to be in Arithmetical 
Progression when they increase regularly by* a common quantity (called 
the common difference). 

Thus, each of the following series of quantities js in Arithmetical 
Progression ; * 


2. 

6. 

11, 

14, 

&0. 

9. 

5, 

-3, 

-7, 

&c. 


d + 6. 

a +26, 

a +36, 

&c. 


a-6. 

a-2b, 

CO 

1 

&c. 


In the first of the above examples the quantities increase by 3» 
whereas in the second the quantities decrease by 4 ; so the common 
difiTerences in these tvro cases are said to be 3 and -4 respectively. 
Similarly, in the third example the common difference is b and in the 
fourth it is -6. 

N, B. Arithmetical progression is briefly written as A. P. 

273. The common difference of the terms of an A. P. is found 
by subtracting any term of the series from the term following it. 

Thus, in the series o, a + 6, a +26, a + 36,..., the common difference 
■■ (o + 6) — a — (a + 26) — (o + 6) — (d + 36) — (d + 26) — * — 6. 

274. To find the nth term of an A. P. 

If dbe the first term and 6, the common difference of a series of 
numbers in Arithmetical Progression, wo have the 2nd term — d+6» 

the 3rd term— d+26, the 4th term-d + 36, the 10th term-d+96 

the 2l6t term— d+206 ; and so on. Bence, the nth term -d+(w- 1)6. 

Example 1. Find the 19th term of the series 10, 8, 6, 4,:&c. 

The first term— 10, and the common difference — -2. 

Hence, the 19th term-10+18(-2)-10 - 36- -26. 
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Example 2. What term the series 6, 7, 9, lli &o. is 25 ? ' 

€ 

Let the rth term of the given series be the required term ; thent 
we must have 

25«5+(r-l).2 

« 3 + 2r, whence r 11. ^ 

Thus, the 11th term of the given series «■ 25. 

275. Given any two terms of an A. P., to find it completely. 

Example 1. The 7th and the 13th terms of an A. P. are 34 and 
64 respectively. Find the series. 

Let a “the first term, 

5“ the common difference of the A. P. 

The 7th term=a+(7-l)6“a+65“34, ••• **• (1) 

and thel3thterm“a + (13-l)b“a+126*=64. ••• •• (2) 

From (1) and (2), by subtraction, 

66=30, 6=5. 

Now from (1), a+6x5=34, or, a=34-30=4. 

Hence, the first term and the common difference of the required 
series are 4 and 5 respectively. 

.' . The series is 4, 9, 14, 19, 24,. .. 

Example 2. The pth and the qth terms of an A. P. are c and d 
respectively. Find the series completely. 

Let a = the first term, 

and 6= the common difference of the A. P. 

Thepth term=a+(p-l)6«c, ••• ••• -v (1) 

and the qth term=a+(q-l)6=d. ••• ••• (2) 

Solving equations (1) and (2), a and 6 can be obtained. Thus, by 
subtraction from (1) and (2), we have, 

(p-q)b’-o-d. 

p-q 

Also, from (1), a + (p - 1)5 = a + (p - 1). — - - c. 

'p-q 

(p - l)( c -d) dip - 1} - e(q - 1), 

Hence, a and 6 being known, the whole series may be written 
down. 
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EXERCISE 138 

1. ’Find the 8*h. 20th and (?t-3)th terms of the series : 

(i) 2, 4, 6. 8. &c. (ii) 1, 3, 5. 7. &c. (iii) V. h i 
(iv) f, T, &c. (v) 5, 11, 17,..* 

2. What terms of the series 9, 11, 13, 15, Ac., are 65, 99 and 
6n-13? 

3. The first term of a given series is 3 and the 7th term 39, find 

the common difference. ^ 

4. If , there be 60 terms in A. P. of which the first term is 8 and 
the last term 185, find the 31st term. 

5. The 3rd and the 13th terms of a series in A. P are - 40 and 0. 
Find the series and determine its 20th term. 

6. The 5th and the 31st terms of an A. P. are 1 and -77. Obtain 

its 1st and 18bh terms. . 

7* Find the Ist term and the common difference of a series whose- 
8th and 102th terms are 23 and 305 respectively. • • 

8. The pth term of an A. P. is c and its qth term is d. Find the* 
rth term. 

9. jy every term of an A. P. be increased or diminished by the 
same qtcantity, the resulting terms will also be in A. P, 

10. Provo that if each term of an A. F be multiplied or divided by 
the sa/me quantity q, the resulting series will also be in A, P. 

11. If a be the first term and I the last term of a series of numbers 
in A. P., show that the 5th term from the beginning + the 5th term from 
the end«a+Z. 

12. In the preceding example, show that the rth term from the- 
beginning + the rth term from the end a + L 

13. Is 302 a term of the series 3, 8, 13, 18, &c. ? 

[ Here, the common difference's. If possible, let 302-tho rth term of the 
series, r being evidently an integer. 

, 302-3 304 

302=3+(r-l)6, or, r-1-- g- • or, r= g - 

The value of r being fractional is inadmissible. 

302 is not a term of the series. ] 

14. The pth term of an A, P. is q and the gth term is p. Show 

that the mth term is p+3 “Wt. ; 
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276. To find the sum of n terms of an Arithmetic series of 
iirhich the first term is a and the common difference, b. 

Let S denote the required sum, and the last term the nth 
term). 

Then, S a + (a + 6) + (a + 26) + (a + 36) + &c. + {a + (n — 1)6J. 

And, by writing the series in the reverse order, we have also 
S “ i + (Z — 6) + (i — 26) + (Z — 36) + &c. + {Z — (n — 1)6}. 

Therefore, by addition, 

2S “ (a 4- Z) + (a + Z) + (a + Z) + &c.. .. to n terms ■»n(a + Z). 

iS“^(a + Z), ••• ••• •• * ... (1) 

Thus, the sum of n terms in A. P. is n times the semi-sum of the 
iOrst and last terms, or, in other words, n times the average of the first 
ond last terms. 

Also, since Z“a+(n-l)6, 

.*. 2 ^ j ($) 

AT. The fomtulce (1) and (2) should be carefully remembered so that they 

might readily he applied in any suitable case. 

Example 1. Find the sum of 20 terms of the series 5, 4j*, 3}, &o. 
The first term*-* 6, and the common diff. = V “6*" -f. 

Hence, the required sum = ^{2 x 6 + (20 - 1) x ( - 1)} 

= 10(10-^^)-10(-t)- -26S. 

Example 2. Find the value of 1+2 + 3+4+&0. to '*00 terms. 

The last term of the series evidently-” 100. 

Hence, the required sum =» - J^(l + 100) = 60 x 101 “ 5050. 

Example 3. Find, without assuming any formula, the sum of 
1+4+7 + 10+ +.37. [O.U. 1919] 

Evidently, the common difference -3, and the number of terms in 
4ihe ‘series -13. 

Let 8 denote the required sum. 

S-1+4+7 + +31+34+37. 

Also, re-writing the series in the reverse order, 

S-37+34+31 + +7+4+1. 

Adding together the two series, ^ 

2S-38+ 38+ to 13 terms -38x13. 

S-MxiA«i9>ci3 - 247. 
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Example 4. Find, without assuming any formula the sum of the 

eeries 1 + 3 + 5 + 7 + tow terms. 

Evidently, the common difference =2, 
and the nth term « 1 + (w - 1) x 2=2w - 1. 

Let S = the sum required. 

/S-l+3 + 5 + --+(2w-5) + (2w-3) + (2»-l). 
Re-writing the series in the reverse order, 

S = (2w — 1) + (2w — 3) + (2w — 5) + *** + 6+3 + l# 

Adding the two series, 

• 2S“2w + 27t + 2?i + to n terms » 2n.n. \ 

EXERCISE 139 
Find the sum of the following series : 

1. 1 + 2+3 + 4 + &c. to 25 terms. 

2. .1 + 3 + 5 + 7 + &G, to 30 terms. 

3. -3, 3, 9, 15, to 14 terms. 

4. f + f + J+ to 20 terms. 

3. 1 ^- + if + + to 30 terms. 

6. li^ + l + J+f + to 16 terms. 

7. 3+4+8+9 + 13 + 14+18 + 19+*-* to20termB. [0. U. F. A. 1881] 

[ The given series * (3 + 4) + (8 + 9) + (13 + 14) + (18 + 19) + ••• 

*=7 + 17 + 27+37 + to 10 terms 

8. 5 + 4} + 4i + &c. to 21 terms. 

9. 13 + 12ff + 111 + &o to 40 terms. 

10. 2 + 7 + 12 + &c. to 101 terms. 

11. - — ~ + " - ^ + &o. to w terms. 

n n n 

t2. & 0 . ton terms. 

a+b a+b a-t-b 

13. 1+&+3+9+5+13+7+17+ to 30 terms. 

14. (2-|) + (2-|)+(2-|) + tonterms. 

16. (a+6)*+(a®+6“)+(a-6)* + tonterms. 
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Find the sum of the following series without applying any formula : 
16. 3+6+7+ to29Wms. 17. -10-6— 2+‘?+"* to 22 terms» 

18. (jy-y)+(2aj-3y) + (3a;-6y)+ to n terms. 

19. 6+8+11 + + 166. 20. 8+3-2-7-12- to n terms. 


277. Applications of the formulae (1) and (2) of the preced- 
ing article. The following examples illustrate some important applioa* 
tions of those formulae. 


Example 1. The first term of a series in A. P. is 17, the last term 
- 12| ahd the sum 26xV ; find the common difference. 


Let n»the number of terms ; then, we must have 


or. 


4Q7«37n . 407 11 

16 le" • • ”“37 



If, ^hen, b be the required common difference, we must have 
-12|(=«the 11th term) *=17 +106. 

106= -121-17= -291= 


235 „_^xi7 __47 
8xl0“ 6x2x8 16’ 


Example 2. The sum of a series in A. P. is 72, the first term 17 
and the common difference -2 ; find the number of terms, and explain 
the double answer. 

Let n=the number of terms. 

Then, wo must have 

72-|j2xl7+(»-l)x{-2)l 

- |{34-2(n-l)l- J-(36-2re)=18n-»*. 

«*-1871+72-0. or, (n-6)(n-12)-0. 
n=6, or, 12, 

The double answer shows that there are two sets of numbers, satis- 
fying the conditions of the problem, and this can be easily verified. For, 
the series to 6 terms is 17, 16, 13, 11, 9, 7 ; and to 12 terms it is 17, 15, 
13, 11, 9, 7, 6, 3, 1, -1, -3, -6 ; now since the sum of the last 6 terms 
of the latter set of numbers =0 ; evidently, therefore, the sum of 6 terms 
of the series, is exactly the same as that of 12 terms. 
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E^mple 3. How many terms of the the series -8, —6, -4, &c. 
amount to 62 ? ^ 

Let n = the required number. 

Then, we must have 

52=.|}2x(-8) + («-l)x2} 

--2(2M-18)-n®-9n. 
w® “9ii-62=0 ; 

or, (n - 13)(w + 4) =0. w = 13, or, - 4. ' • 

Hence, since the number of terms can only be a positive integer, 
we must reject the negative value and take 13 to be the answer to the 
question. 

Example 4. The sum of p terms of an A. P. is g and the sum of 
q terms is p ; find the sum otp + q terms. 

Let a be the first term, and b the common difference ; then, since 
the sum of p terms = q, we must have ^ ^ 

g=|{2a + (p- !)!!»}, 

or, 2q=p,2a+p(p-l)6. ... ... (1) 1 

Similarly, 2p«q.2a+q(q-l)&. ... ... (2) J 

Subtracting (2) from (1), we have 

2(q - p) « (p - q).2a + {(p® - q - (p - g)}6 
«(p-g).2a + (p-g)(p + g-l)6. 

-2=2a + (p+g-l)6. 

Hence, the sum of (p + g) terms 

=^^|2a + (2J+g'-l)6} 

= -^®x(-2)= -(p+g). 

EXERCISE 140 

1. The first term of an A. P. is 5, the number of terms 30, and 
their sum 1455 ; find the common difference. 

2. The first term of a series being 2, and the 5th term being 7, 
find how many terms must be taken so that the sum may be 63. 

3. What is the common difference when the first term is 1, the 
last 50, and the sum 204 ? 

4. How many terms of the sqries 19, 17, 15, &c., amount to 91 ? 
1—32 
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5. The sum of a certain number of terms of the series 21i 19f 17, 
&c. is 120. Find the last term and the number of terms. 

6. How many terms of the series 54, 61, 48, &o., must be taken 
to make 513 ? Explain the double answer. 

7. If the sum of 8 terms of an A. P. is 64, and the sum of 19 terms 
is d61i find the sum of n terms. 

8. Find the series of which the nth term is ^ “ • and also find 
the sum of the series to lOfi terms. 

9. ,fFind the series whose rth term is 2r-l ; find the sum of the 
series to n terms. 

10. The sum of n terms of an A. P. is 3n^~n, and the common 
difference 6 ; find the first term. 

11. The sum of n terms of an A. P. is 40, the common difference 2, 
and the last term 13 ; find n. 

12. Prove that the latter half of 2n terms of any arithmetical 
series— J of the sum of 3n terms of the same series. 

13. If 2n + l terms of the series 1, 3, 5, 7, 9> &o., be taken, then 
the sutU of the aUemate terms 1, 5, 9. &c., will be to the sum of the 
remaining terms 3, 7, 11, &c., as n+1 is to n. 

14. Ptov.lh.1 (1) 

and (ii) + 

, 278. Arithmetic means. 

Definitions : (1) When three quantities are in Arithmetical 
Progression the middle one is said to be the Arithmetic mean between 
the other two. 

Thus, 5 is the Arithmetic mean between 3 and 7. 

(2) If A and B be any two quantities and a?i, X 2 t a? 3 , a? 4 , &c., 
®x-i, a number of others such that -4, ®i, X 21 ® 3 » &c., Xn-u Xn, B 
are in Arithmetical Progression, then Xi^ X21 Xs, &c, are called the 
Arithmetic means between A and B. 

Thus, 3, 4, 5, 6, 7 are Arithmetic means between 2 and 8, and so 
are the numbers 3}, 5 and 6? ; for both the series 2, 3, 4, 5, 6, 7, 8 and 
2, 3h 6, 6i, 8 are in A. P. 

Note. It is evident from the above example that between any two quantities 
the number of different sets of Arithmetic means is unlimited, 

279. To insert a given number of Arithmetic means between 
two given quantities. 

Let a and c be the two given quantities, and n the number of 
means to be inserted. t 



XXXVII.] 


ARITHMETICAL PROGRESSION 


499 


Then, we have to find out n quantities a?i, X 21 Xs, &o., 0 ^- 2 , 
such that a, Xu ««, aJa. Ao-i fiCn-if irn, c may be in A. P. Evidently the ’ 
series [a, Xx, X 2 , Xz, Xn-t, Xnt c] consists of n+2 terms of which 
a IS the first term and c the last. 

Hence, if b be the common difference, we must have 
c— a+(7i+l)f>, 

whence 

n+1 

Hence, a;i*a+6=®a+^-— 

n + 1 

cc 2 “ G + 2b “ a + 

&o. &c. &o. 

aj»-a+n6«a+““^- 

n+1 

Example 1. Find the Arithmetic mean between any two Quan- 
tities a and b. , ^ m 

Let iB«tho quantity sought. ^ ^ 

Then, a, a, b are in A. P. ; and we must have x-a-b-aj, 

whence a?= - 

Example 2. Insert 4 Arithmetic means between 3 and 18. 

Let 071, X 2 i Xat x^ be the means. 

Then, 3, aji, a; 2 i xst 18 are in A. P. 

Hence, if b=»the common difference, 

we must have 18*=3 + 5b. b«3. 

Hence, a:i*=3+ b= 6 

fl52“3+2b“ 9 
fiCa*®3 + 3b**12 
a?4 = 3+4b=15 

Thus, the required means are 6, 9, 12 and 15. 

EXERCISE 141 

1. Find the Arithmetic means between (i) 5 and 8 ; (ii) - 6 
and 21 ; (ii) m-n and m + n\ (iv) (a + a;)® and (a -a?)®. 

2. Insert 2 Arithmetic means between (i) 8 and 12 ; (ii) -6 and 14. 

3. Insert 3 Arithmetic means between 117 and 477. 

4. Insert 4 Arithmetic means between 2 and - 18. 

5. Insert 17 Arithmetic means between 3^ and - 4H. 

6. There are n Arithmetic means between 1 and 34, such that 
the 7th mean : (n-l)th mean® 5 : 9 \ required n. 
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280. The Natural Numbers. The numbers 1, 2, 3, &c. are 
oalled the natural numbers. 

(i) To find the sum of the first n natural numbers. 

Let S denote the sum ; then 

S*=l + 2+3+ + n 

u) 

(ii) To find the sum of the first n odd natural numbers. 

Let ' S denote the sum ; then 

5=1 + 3 + 5+7 + to n terms 

= |i2 + (TO-l)x2l 

“ ^ x2n=n^. ... ... ... (B)' 

(iii) To find the «8um of the squares of the first n natural 
numbers. 

t. t. 

Let iS denote the sum ; then 

)S=l* + 2® + 3*+4* + +n*. 

We have, »* - (» - 1)* - 3»® - 3n + 1. 

Hence, putting 1, 2, 3, &o.. for n, we have 

is-Qs-ai^-ai+i, 

2® -1* = 3.2® -3.2+1, 

3®- 2®= 3.3® -3.3 + 1, 

4®-3® = 3.4®-3.4+l, 


(71 - 1)® - (7t - 2)® = 3(7t - n» - 3.(71 - 1) + 1, 
7i®-(n-l)® = 3.7i®-3.7»+l. 

Hence, by addition, 

n®=3(l® + 2® + 3® + -+7t®)-3(l + 2 + 3+— +7»)+7t 

.3S-3.«L«+i)+7,. 

n 


3S-7t®-7t+— 
c 7tf7l + l)(2TO+l) 

s - . 


■7l(7l+l){(7l-l) + 3l : 


... (C) 


(iv) To find the sum of the cubes of the first n natural 
numbers. 

Let S denote the sum ; then 

• iS-l® + 2* + 3® + 

We have, n* — (ti — 1)* — 47i® — Gti® + 471 - 1. 


+ 71 ®. 
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Hence, patting 1, 2, 3, &o., for n, we have 

• l*-0* =4.1* -6.r +4.1-1, 

• 2*-l*=4.2*-6.2® + 4.2-l, 

3* -2* = 4.3® -6.3® + 4.3-1, 

(n - 1)* - (n - 2)* = 4.(« - 1)® - 6.(»i - 1)® + 4.(n - 1) — 1 , 
n* - (n - 1)* =4.n® - 6.n» + 4n - 1. 

Hence, by addition, 

m* = 4(1® + 2® + 3® + &c. + »®)-6(1® + 2®+3® + &0. + «®) 

+4(l + 2 + 3 + &o. + m) — M 

. 4:S^n* + n + n(n + l)(2n + 1) - 2?i(n + 1) 

= + l){(n® - 71 + 1) + {2n + 1) - 2f = 71(71 + l)(?x® + 72 ) ; 

. g„.n*(n±l)®^{n^±l)j® 

Thus, the sum of the cubes of the first 71 7iatural n7mbcrs is eq^ial to 
the square of the sum of these 7iumbers, ' 

l^xample 1. Sum tho series 1.2 + 2.3 + 3.4 + &c. to 71 terms. 

The 72th term of the series e viden tly= 72 ( 72 + 1) = 72 ^* + 72 . 

Hence, putting 72=* 1, the 1st tcnn = l® + l, 

„ „ 72 = 2, „ 2nd terra = 2® + 2, 

,, „ 72 = 3, „ 3rd term =3® + 3, 

and BO on. 

Hence, if S denote the sum of the given series, wo have 

S = (1* + 1) + (2^ + 2) + (3* + 3) + (fee. to 72 terras • 

= (1» + 2» + 3^ + (&C. + 72®) + (1 + 2 + 3+(&0. + 72) 

72^72 + y(272 + 1) n(72 +J.) 

« g - + 2 

72 ( 72 + l)f 272+1 . .,1 72(72 + 1 X 72 + 2 ) 

2-i“3 3 

Example 2. Sum the series 1® + 3® + 5® + 7* + &o. to 72 terms. 

Since evidently each term of the given series is equal to the square 
of the corresponding term of the series 1, 3, 5, 7, (fee., the 72 th term 
of the given series* the square of the? 2 th term of the series 1, 3, 5, 7, &o. ; 

and .*. the 72 th term = {1 + ( 72 - 1) x 2P = (272 -*1)®= 472® -472 + 1. 

Hence, putting 72 = 1, 2, 3, (fee., we have 
the 1st term =4.1® -4.1 + 1, 

.. 2nd „ =4J2®- 4.2 + 1, 

„ 3rd „ =4.3® -4.3 + 1. 

and so on. 
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Hence, if S' denote the snm of the given serieB, we must have 
S-4(l*+2*+3^+&o.+n®)-4(l+2+3 + &.o.+») + » 

a - g - - 4 - 2 i-n 

-2«(«+l){(^3t.l) _ij +„=.2«(n+lhlfcl)+„ 

-§H(«*-l) + 3l=|(4n»-l). 

Example 3. Sum the series : 

+ (1® + 2®) + (1® + 2® + 3®) + &c. to n terms. 

The nth term of the given series 

“l® + 2®+3® + &c.+n® 

^n(2«* + 3«+l) +^2 +i„. 

Hence, the lat term“i.l®+tl®+i-l> 

„ 2nd „„ -i.2®+i2® + i2, 

„ 3rd „ =i.3»+4^®+i.3. 

an^ 60 on. 

Hence, if S denote the required sum, we must have 
S - Kl* + 2* + 3® + &c. + n») 

+Kl“ + 2® + 3®+&c.+n®)+i(l+2+3 + «5o.+») 

1 n®(n + l)® 1 n(«jPl)(2» + l) . 1 w(»+l) 

- 3 - 1 - 2 ' g +g- 2 

= + 1 ) + (2n + 1) + 1} 

(»® +3n+2)-”(^+\^>t-®. 

EXERaSE 142 

Sum the series : 

1. 2® + 6® + 8® + &c. to n terms. 

2. 1.2® + 2.3® + 3.4® + &c. to n terms. 

3. 1.3 + 3.6 + 6,7 + 7.9 + &c. to n terms. 

4. 1® + 3® + 6® + &o. to n terms. 

5. l + (l + 2) + (l+2+3) + &c. ton terms. 

6. (l) + (l+3) + (l + 3 + 6) + &c. to n terms. 

7. 1.2.3 + 2.3,4 + 3.4.6 + &o. to n terms. 

8. 2,3.1 + 3.4.4 + 4.6.7 + &o. to n %erms. 

9. 1-2+3-4+6-6+&C. to n terms. 

10, 1 ® -2® + 3* -4® + 6 ® -6® +& 9 , ton terms. 
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281. Miscellaneous Examples and Problems. 

Emmple 1. Prove that if the number of terms of an A. P. be odd^ • 
twice the middle term is equal to the sum of the first and the last terms. 

Since the number of terms is odd, let it be denoted by 2w + 1. . 

Evidently, the middle term is one which has n terms on either side 
of it : hence, it is the (w+l)th term from the beginning and also the 
(n+l)th term from the end. 

Hence, putting M for the middle term, we must have 

Jlf=a + (n+l-l)5=a4-n5 y* (1) 

and also ... (2) • 

Hence, by addition, 2M = a + Z. 

Example 2. Prove that the sum of an odd number of terms in 
Af P. is equal to the middle term multiplied by the number of terms. 

Let 2n + 1 “ the number of terms. 

Then, the sum of the terms 

^ ^ |- example.] 

«(2?i + l)xjyr. 

Example 3. Find the first five terms of the series of which the 
sum to n terms =5n* + 3n. 

Let Zi, ^21 ^9f denote respectively the 1st, 2nd, 3rd, &o., 

nth terms of the series ; 

and let 5i, $2, $3, Ac., Sn denote respectively the sums of 1, 2, 3, 
&c., n terms of the series. 

Evidently then Si^t\ ; S2*ii + ^2 ; 53“^i+^2+^3 ; and so on. 

Now, by the question, we have 5n = 571’® + 37J. 

(i.e., thp stim of any number of terms =5 times the square of that number * 
+ 3 times that number). 

Hence, putting n=*l, we have si - 6 + 3-8, 

„ n=2, „ 52=20+6=26, 

„ n=3, „ 53=45+9=54, 

„ n=4, „ 54 = 80 + 12 = 92, 

„ n=6, „ 55 = 125+16=140, and so on. 

Hence, ti=5i=8, 

t2“52-si= 26- 8=18, 

^3=53-52= 64-26=28, 

Z4=54“53= 92—54=38, 

t6=S6 -54=140-92=48, and so on. 

' Thus, the first five terms of thc^ series are 8, 18, 28, 38 and 48. 
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Example 4. Sum the series : 1+6+12+ 22 + 35+&0. to n terms. 

' [ The peculiarity of the series is that the successive difierences of the terms are 

In A. P. J 

Let S denote the required sum and let U denote the nth term of 
the series. Then, we have 

/S=l + 5 + 12 + 22+**- + ^ft ; 

also iS*=0+l+ 6+12+**‘ + fn-i + ^n« 

Hence, by subtraction, 

0“l + 4:+7 + 10+&c. + («„-«„-i)-f„ 

=U + 4 + 7+10 + &c. to n termsf-in. 

i.e., the 7ith term of the given series = J.w® -Jw. 


Hence, the 1st term^f.l’^ -i.l, 

2nd ,. -i.2"-i2. 

3rd „ = 3 . 3 ^ - 4 . 3 , and so on. 

Hence, S « t(l^ + 2'“^ + 3^ + <tc. + )i^) ~ + 2 + 3 + &c. + n) 

_ 3 n(w + l)(2n + l)_ 1 + + 


a 6 

Example 5. Sum the series 

Let jS denote the sum to n terms. 
Now, we have 


Fa 2^3 ^4 ^ 


, 1 
‘^“ra- 


1 - 


t 


tz * 
&c., 

tn^ 


_ 1 
^ 2.3" 
1 

3.4" 


1 

3’ 


1 

4' 

&c., &c., 

. 1 __A.. 

n(n + l) n n+1 
1 

w + l*’n + l 

Example 6. Divide 15 into three parts which are in A. P. and 
whose product = 120. 

Lot a-j5, a and a + i3 be the numbers ; 
then, we have 

(a-i3).a.(a + i5)«=120, ••• ••• ••• (1) 1 

and (a — j3) + a + (a + i8)**15./* ••• ••• ••• (2) J 


Hence, 


5 = 1 - 
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Prom (2), 3o=15. =5. 

Prom (1), • o(a* -/?*)= 120. 

5.(25 -i8®) = 120. 25-/J®-24. 

/J* = l. i3-±l. 

Hence, the numbers are 4, 6, 6. 

Example 7. If o*. 6®, c® be in A. P., then 

Evidently ii,' , + arc in A.P.. 

if = _ 1 : 

c + Oj h + c a ^rb c + a 

• - .. 

‘ '* (c + a)(/j+c) (a + 6)(c + a)’ 

if (6-a)(i + rt) — (c-"&)(c’+/j), 
i.0.. if 

but, this is true by hypotlaesis. , ^ 

111 • A -n 

.. L . * , ’ , , are m A. P. 

b + c c + a a + b 

Example 8, If a, b and c bo respectivejly the pth, q^th and rth terms 
of an A. P., prove that a{q-r) + b{r-p) + c(p-q)^0. 

Let a denote the first term and p the common difference of the 
A. P., of which a, b and c are the pth, qth and rth terms ; then, we 
must have 


a=*a + (^--l)/? 

- (1) 

6 = a+(g-l)/3 

... (2) 

c = a + (r-l)/i 

- (3) 


Now, wo have to eliminate a and p from these three equations. 
Subtracting (2) from (1), and (3) from (2), wo have 
a-‘b = (p-q)P, 

b-c^(q-r)p. ^ 

Hence, {a - b){q -r)-{b- c)(p - q), 

or, a{q-r) + b{r-p) +c(p - g) =0. 

Example 9. A person lends Es. 1000 to a friend agreeing to charge 
no interest and also to recover the amount by monthly instalments 
decreasing successively by Rs. 2. In how many months will the loan bo 
paid up, if the j^st instalment be Rs. 64 ? [0. TJ. 1920.1 

Let 91 = the number of months required, 

the successive instalments are evidently in A. P. 

whose 1st term = 64, 
and whose common diffe^v^nco^ -2. 
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Since, the sum of the n instalments —Rs. 1000. 

The sum of the Ist n terms of this A. P.«1000, r 

i.e., -|{2x64+{n-l)(-2)}-1000. 

or, (65w-n*)-1000, 

or, n®-66n + 1000»0, 
or, (n-26)(w-40)“0. 

Hence, n — 25, or, 40. 

But n cannot be 40, since in that case the 40th instalment 

—the 40th term of the A. P. 
-64+(-2)(40-l)--14, 

which is inadmissible, as no instalment can be negative. 

n must be 25. 


EXERCISE 143 

1. The (n+l)th teirm of a series in A. P. is reauired the 

sum of the series to (2w + l) terms. • 

2. Find the first five terms of the series of which the sum to 
n terms is 2w*+7n. 

3. The sum to n terms of an A. P. is 3?^® + 10n ; find the first term 
and the common difference. 


4. 

i^ n® + n. 

5. 

6 . 

7. 

8 . 


Find the 35th term of the series of which the sum to n terms 


Sum the series : 
Sum the series : 
Sum the series : 
Sum the series : 


1+3+6+10 + 15+&C. to n terms. 
2+6+10+17 + &C. to n terms. 

2 + 7+ 14 + 23 + 34+ &c, to n terms, 
(i) g^ + ^^+^g + &o. to n terms. 


a(i^6) + (a+i+2&)+&+-24+3fc)'"*^^ ” 

9. Find 4 numbers in A.P., such that their sum shall be 56, and 
the sum of their squares 864. 

[ Lot a— 3i3, a — a+|3 and a+3/3 be the numbers. ] 

10. The sum of three numbers in A. P. is 15, and the sum of the 
squares of the two extremes is. 58. What are the numbers ? 

11. There are four numbers in A. P., the sum of the two extremes 
is 8, and the product of the means is 15. What are the numbers ? 

12* Find six numbers in A. P., such that the sum of the two 
extremes may be 16 and the product of the two middle terms 63. 

[ Lot a — 6)8, a— 3/5, o-/5, a+^, a+8/5, a+5/5 be tho numbers. ] 
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13. (i) If (5-c)®, (c-a)*, (o-6)* are in A. P., show that 

111 • A -D 

h — -" I. S’™ m A, P. 

O C C~“ CL CL““0 

(ii) If a, 6, c be in A. P., show that, 

(1) ^ are in A. P. (2) b+c, c+a, a + b are in A. P. 


(3) a®(6+c), b^{c+a)f c®(a + h) are in A. P. 




are in A. P, 


are in A, P. 

14. If a, b and c be respectively the sums of p, q and r terms of 
an A. P., prove that 

^(g-r)+ ^(r-p)+ ^(p-g)=0. 

’ 15. The pth term of an A. P. is a and the gth term, 6. Show that 
the sum of the first (p+q) terms is 


' [M.U.1887.] 

[ See Example 2, Art. 276. ] 

16. There are n Arithmetic means between 3 and 64, such that the 
8th mean : {n — 2)th mean =3:6; find n, 

17. If S\, Sz, Sz be the sums of n terms of three Arithmetic series, 
the first term of each being 1 and the respective common difference 1, 2, 
3, prove that + Ss =252. 

18. If there be r Arithmetic Progressions, each beginning from 
unity, whose common differences are 1, 2, 3, &c., r, show that the sum 
of their nth terms is=i{(n-l).r**+(n+i).r}. 

19. Sum the series : n.l + (n - 1).2 + (n - 2).3 + (n - 3).4 + &c. + l.n. 

[The rth term of the series ={n-(r-l)}.r=(n+l).r-r*. Hence, the reqd. 
Bum=(iH-l){l + 2+3+ — + n>-{l* + 2*+3* + —+n*>=&c. ] 

20. On the ground are placed n stones ; the distance between the 
first and second is one yard, between the 2nd and 3rd three yards, 
between the 3rd and 4th five yards, and so on. How far will a person 
have to travel who shall bring them, one by one, to a basket placed at 
the first stone ? 


21. A class consists of a number of boys whose ages are in A. P., 

the common difference being four months. If the youngest boy is just 
eight years old, and if the sum of the ages is 168 years, find the number 
of boys in the class. [0. U. Entr. Paper, 1872.] 

22. The interior angles of a rectilineal figure are in A. P. If the 
least angle is 42** and the common difference is find the number of 
sides. 
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282. Definition. Quantities are said to be in Geometrical 
Progression when each is equal to the product of the preceding and some 
constant factor. 

The constant factor is called the common ratio of the series, and 
it is found by dividing any term by that which immediately precedes it 

Thus, each of the following series forms a Geometrical Progression : 


2. 

4. 

8, 

16, 

&c. 

h 


4, 

ilTi 

&G. 

~}t 

1 

fil 

_ 1 

BT* 

&c. 

ar. 



ar^t 

&c. 


In the first example the common ratio is 2, in the second -J-, in the 
third - ^ , and in the fourth r. 

N, B. ^Geometrical Progression* is briejbj written as G. P. 

283. To find the nth term of a G. P. 

If*a bo tho first term and r the common ratio of a Geometric series, 

wo have the 2nd term =a.r, the 3rd tovm — a.r^, the 4th term==a.r®, 

the 10th term~a.r® the 21st term^a.r®*^, and soon. Hence, the 

nth term=a.r”“^. 

Example. Find the 6th term of the series 2, 6, 18, 54, &c. 

Here, a=»2 and the common ratio = 2 ; 

The 6th torm=2x(3)®-^ = 486. 

284. Given any two terms of a G. P., to find the series 
completely. 

Example 1. Find tho G. P. whose 5th term is 81 and whose 
' 8th term is 2187. 

Let a “the 1st term, and r=the common ratio, 

81=a.r«-^=ar* (1) 

and 2187-ar®“^ = ar^ ••• (2) 

Dividing. : r«3. 

Hence, ar*=a.3^ *81, 

81 . 

or, a«*g 4 «»l. 

Thus, the series is 1, 3, 9, 27, &c. 

Example 2. If c and d be the pth and qth terms respectively of 
a G. P., to determine it completely: 

Let a « the 1st teim^ and r = the common ratio, 
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c*=the pth term of the G. P. 

• *••• ( 1 ) 

Similarly, ... (2) 

By division, 

■■■ '-(if- 

Substituting for r in (1), we have 
c c 

I d p- W-i) 

Hence, the 1st term and the common ratio being known, the 
complete series may be written down. 


EXERaSE 144 

1. Find the 8th term of the series 4. 12, 36, &c, 

2. Find the 6th term of the series 3^, 21-, 1^^, &c.* » 

3. Find the 9th term of the series 1, 4, 16, 64, &c. 

4. Find the 6th term of the series 1, -3, 9, -27, &c. 

5. Find the 5th term and the {n - l)th term of the series f, - 1, |, Ac. 

6.1 Find the 7th term of the series -21, 14, ~9J-, &o. 

7. The first two terms of a series in G. P., are 125 and 25, 
what are the 6th and 7th terms ? 

8. Find the series (i) whoso 6th and 11th terms are respectively 

192 and 6144 ; (ii) whose 2nd and 8th terms are 9 and respectively ; 

(iii) whose 6th and 8th terms are 8 and respectively. 

9. The jpth and g-th terms of a G. P., are c and d respectively. 
Find the nth term. 

10. If every term of a G. P. is multiplied or divided by the same 
quantity^ the resulting series is also a G, P. 

11. In a G. P., if the (p + g)th terra = w and the (p-g)th term — n, 

find the pth and (zth terms. [B. U. 1888.] 

12. In a G. P., prove that the product of any pair of terms equi- 
distant from the beginning and the end is constant. 

285. To find the sum of a number of terms in Geometrical 
Progression. 

Let a be the term, r the common ratio, n the number of terms 
and S the sum required ; then 

S ■■ a + ar + ar* + ar® + Ac. + ar”"\ 

Sr- • ar + ar® +ar®*.\ Ac. +ar"’^ + ar". 
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Hence, by subtraction, 

iSr-iS«ar*-a. 


or. 




ad-r”) 

1-r 


( 1 ) 

( 2 ) 


Cor. If I denote the last (or the nth) term of the series, we have 

; hence, from (1), “• •" •" (3) 

Note. The formula (^) may conveniently he used in all cases except when r 
is positive and greater than 1. 


Example 1. Find the sum of - i + 1 ~ &o* to 7 terms. 

The common ratio® 

Hence, by formula (2), the sum ® ° 

Example 2. 'Find the sum of 3+4i+6i-+&o. to 5 terms. 

The common ratio ®4i-»*3®tx|«f. 

Hence, if S denote the required sum, wo have by formula (1), 

S=3:!(^^y =3 X 2= W=39*. 

EXERCISE 145 

1. Sum 1 + 3 + 9 + 27 + Ac. to 12 terms. 

2. Sum 81 - 27 + 9 - Ac. to 8 terms. 

3- Sum 2 “ 4 + 8 — Ac. to 10 terms. 

4. Sum 4 - i J - Ac. to 5 terms, 

5. Sum 2 — 4+8- Ac. to 2r terms. 

6. Sum 24 - 1 + 1 - Ac. to n terms. 

7. Show that the sum of n terms of a G. P. beginning with the 
pth term, is times the sum of an equal number of terms of the same 
series beginning with the qth term. 


286. If n be an integer and r a given proper fraction, to prove 
that r" diminishes as n increases. 


Letr®^. Now, since f of any number is undoubtedly less than 
that number, 

is less than f , 
is less than (^)*, 
is less than (f r» 
and so c 


because (^)® of f ; 

because of (f)* 

because of (|)* 


(f)* 

(?)" 
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Hence, it is clear that in the series f, (f)“, (^)®, (f)* each term 

IS less than the preceding ; which is briefly Expressed by saying that (f)" 
diminishes as n increases. 

Similarly, the proposition may be proved for any other value of r 
which IS less than 1. 

.Hence, generally speaking, if r has a given value less than 1, 
diminishes as n increases. 

Note. From the above it is quite clear that if r he a primer fraction, r" M very 
mall when n is infinitely large. 


287. The sum of a Geometrical series continued to infinity. 


Let us consider the series a, ar, ar^, ar^, &c« 
If S denote the sum to n terms, we have 

S-4— 

1—r 1— r 1— r 


If then r be a proper fraction, the larger n is, the smaller will be 
(r" and .’.) I hence by sufficiently increasing the value of n wo can 

ar^ 1 

make less than any assigned quantity, however kmall ; and there- 
fore by sufficiently increasing the value of n, the sum of n terms of the 
series can he made to differ from hy as small a quantity as we please. 


This statement is usually put thus : the sum of an infinite number 
of terms of the Geometrical Progression is or more briefly, the sum 

to infinity is 

Let us apply all these remarks to a particular example. 

Consider the series 1, i, J, &c. 

Here, a=l, r==i ; hence the sum to n terms 

Now, by taking n large enough, 2"“^ can be made as largo as we 
please, and therefore, as small as we please. 

Hence, we may say that hy taking n large enough, the sum of 
n terms of the series can be made to differ from 2 hy as small a quantity 
as we please ; or briefly, the sum of an infinite number of terms of this 
series is 2. 

N. B. It must be borne in mind that the sum of n terms of a Geometrical Pro- 
•gression approaches a fixed limit as n increases indefinitely only when r is less 
than unity. If r be greater than unity V^ere is no such fixed limit. 
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Example 1. Prove that in a decreasing Geometrical Progression 
continued to infinity each term bears a constant ratio to the sum of all 
which follow it. 

Let the series be a, ar, ar®, ar®, &c., where r is less than unity. 
Then, the term *=ar""^ and the sum of all the terms which follow 

this 

“ ar”(l + r + r® + r® + &c. to infinity) 


Hence, the ratio of the wth term to the sum of all which follow it 




— 

r 


Now, this is constant whatever value n may have, which proves the. 
proposition. 

Example 2. Sum to infinity f | — &c. 

Here, and r=* 

Hence, the required sum = = Ig* 

» « A » 9 


EXERCISE 146 


Sum to infinity each o( the following series : 

1. ^+i+J + iV+&c. 2. 1 — J+J — J + &0. 3. H+i+f+^+&c 
4. 1-J+-J--&0. 5. 3|+2i+li + &c. 

2 3 2 3 

6 . g + ga + g3 “i* g4 f series. ] 

Y + y'r "1“ Y** "^74 ■I'&c* 8. ^”^3 3 ^3’*' 

9. (^/2 + l) + l + (V2-l) + &c. 

10. Find the common ratio of a G. P., continued to infinity in 
which each term is ten times the sum of all the terms which follow it. 


288. Recurring Decimals. Recurring decimals furnish a good 
illustration of infinite Geometrical Progressions. 

Thus, for example, *234= •23434343d 


= *2 
• +*034 
+ *00034 
+ *0000034 
+ ’&c., &c. 


2 . 34^ . ,34 . 34 
“10 Id® 10® io^ 


+ &C. 


Here the terms after A constitute a G. P., of which the first derm 

34 . 1 

is j^Qa and the common ratio 


10 ® 
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Hence we may take 234 “jq+jqs+|i-jq,J- which 
agrees with the value found by the usual Arithmetical rule. 

289. Geometric means. Definition 1. When three quantities 
are in Geometrical Progression the middle one is called the Geometric 
mean between the other two. 

Definition 2. When any number of quantities aji, a? 2 . rcs, &c., are 
^ch that^di iCii X2t ®3i &c., b are in G.P.f then iCi, X2t ® 3 f &o., are called 
Geometric means between a and h. 

(i) To find the Geometric means between two given quantities. 

Let a and b be the two given quantities ; G the Geometric mean. 

Then since, a, G, b are in G. P., we must have ^ • each being 

equal to the common ratio. .* . G® and • G= 

(ii) To insert a given number of Geometric means between two 
given quantities. 

Let a and b be the two given quantities ; and Xi, X 2 , Xs, xa, &c., a;„, 
the n means to be inserted. ^ 

Then a, Xi,X2tX3, &c,, Xn, b are in G. P. 

Let r denote the common ratio of the series ; 
then b “ the (?i + 2)th term « 

XT / ^ \"+^. / b \”+^. / b j 

Jdence, a;i=*a. I I * l • 8^ so on. 

Example. Insert 3 Geometic means between i and 128. 

Let XitX 29 ^3 be the means. 

Then, jci, X2fXa, 128 are in G. P. 

Hence, if r be the common ratio:of the series, 
we must have 

V 128 = the 6th term — i.r*. 
r*=»266, whence r—4. 


Hence, Xi=i.4 * 2 ) 

X2-^W^ 8 [. 

a:3“i-4«-32 J 

290. The Arithmetic mean of any two positive quantities is greater 
than their Geometric mean. 

Let a and b be two positive quantities. 


their Arithmetic mean 


a±b 

""2V 


and Geometric mean— Jajf, 


1—33 
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Now, 


r_ 

2 


a positive quantity. 


0+6 


^ tjdh. 


EXERCISE 147 

1. Insert 2 Geometric means between 3 and 24. 

2. Insert 3 Geometric means between 2i- and 
S. * Insert 4 Geometric means between | and 

4. Insert 5 Geometric means between 3f and 40i. 

5. If a, b and c be in G. P., and x, y be the Arithmetic means 
between a, b and 6, c respectively, prove that 


^ ^ -=2 and 

X y 


1 + 1 
X y 


2 

y 


[P. U. 1892] 


6. The Arithmetic mean of a and b is to their Geometric mean as 
w to n ; show that a : ?i-w+ : m- [A. U. 1889] 

7/ If the Arithmetic and Geometric means between two quantities 
be respectively A and 5, prove that the quantities are 


A+ and A- 

[ Let the numbers be a and h. Suppose a > b. 

••• ••• ( 1 ) 


and Jah^B. 

Now, (a-b)*=(o+b)»-4ab«4(A*-B»). 

or, a-b»2^A*^B*. ”• — (2) 

( taking the positive root, since, a > b, 
i.e., a~b is positive. ) 

Adding (1) and (2), 2a = 2A+2 or, u=A+ 

Also, subtracting (2) from (1), b= A - -B*- ] 


291. Miscellaneous Series and Examples. 

Example 1. If a; < 1, sum the series 

l + 2a;+Ste*+ir®+&o., to infinity. 
Let 8 denote the required sum ; then 

S ■■ 1 + 2® + 3®* + 4®* + &c. 
and S®« ®+2ir*+3®® + &c. 

Hence, by subtraction, 

5(l-®)»l+®+fl;*+a;* + &o., to infinity 
1 

*1-®* 
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Example 2. Sum to n terms 6+ 56+55$+&o« 

Let S denote the required sum ; then 

S— 6+ 55 + 555+&0. to n terms 

“ 6{1 + 11 + 111 + &c. to n terms} 

■*4x9{l + ll + lll+<kc’. to n terms} 

-H9 + 99 + 999+&0. to n terms] 

—11(10 - 1) + (10* - 1) + (10® - 1) + &o. to n terms 
“ + 10® + &o. to n terms) - n} 




6n 

9' 


then 


Example 3. Sum to n terms 1+5+13+29 + Ac. 

Let tn denote the nth term of the series, and S the required sum ; 


• + «»; 


S-1+5+13+29+- 
and S-0+1+ 5+13+* 

Therefore, by subtraction, 

0— (1+4+8+16+&C. ton terms) -fn. 
/n-l+{4+8+16+&c. to (n-1) term^ 
„..4(2"-"-l) 

2-i ' 

-l + 2*.(2"-^-l)-2"+'--3. 


Hence, 

the 1st term “2*— 3, 

„ 2nd „ -2* -3, 

„ 3rd „ -2* -3, 
and BO on. 

Hence, 

S-(2®-3)+(2»-3)+{2* 
-(2®+2®+2*+&c. to 
_2*.(2»-l) „ 

2-"i 

• 

-4(2*-l)-3». 


Example 4. If a, dfC,dbe in G. P., show that 
(a-^)*-(5-c)*+(c-a)*+(<«-6)*. 


We have ^ ^ ^ • each of them being equal to the common 

Uf 0 C 

ratio. c*— and bc^ad, (<») 

Hence, (6-o)»+(c-a)*+((i-6)* 

- (6* + c» - 26c) + (o* +a» - 2ca) + (d* + 6* - 2d6) 

"2(6® — oc)+2(c* ^6^+a* +d*— 26c 
-2x0+2x0+a®+d®->2ad ' [bya] 

"(a-d)*. w 
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Example 5. If a, b,e,d\>e in 6. P., shew that 

6*-c®,c®— d* are in G. P. 

Evidently a* - 6*, 6* - c*, c* - d* are in G. P., 

if 

hod 

How, since a, 6, c, d are in G. P., we have • 

a 0 c 

ac’^b^t bd^c^ and ad"*bc. 

Hence. (a* - 6»)(c* - d®) - a V - - aH^ + b^d^ 

-6^-6V-6®c®+c* 
-6*-26V+c*-(6*-c*)®. 
areinG. P. 

Example 6. The continued product of three numbers in G. P. is 
216, and the sum of the products of them in pairs is 156 ; find the 
numbers. 

Let ^ » a, ar be the numbers ; 

then, by the conditions given, we must have 

^•a.ar= 216 ••• (1) 

and ^ •a+ ^ -ar+a-ar^lfifi ••• (2) 

Y T , 

Prom (1), a^»216. a**6. 

Hence, from (2), ^ 

r 00 o 

3(l+r+r®)«13r, 

or. (3r«-10r + 3)-0, or, (r-3)(3r-l)«0. 

• • r*3, or, 

Hence, the numbers are 2, 6, 18. 

EXERaSE 148 

1. Pind by the method of summation of infinite Geometric series 
bhe values of : 

(i) *027 ; (ii) 1145 ; (iii) *21501 ; (iv) 142857. 

2. Sum 1 + 3® + 6®* + 7®® + &c. to infinity. 

3. Sum 1.2® + 2.4®^ + 3.8®* + &o. to infinity. 

4. Sum 1.3® + 4.9®* + 7.27®® + &o. to infinity. 

5. Sum a + 2a® + 3a® + 4a^ + &o. to n terms. 

6. Sum 1 -3® +6®*- 7®® +&0. to infinity. 

7. Sum J + i + + Ac. to infinity. 
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2 3 4 

8. • Sum 1 + <^ + 2 ^ + 2 ^ ^ terms; 

9. Find the nth term, and the sum to n terms of the series : 

1.1, 2.3. 4.5, 8.7, &o. 

2 3 4 

10. Sum 1 + g + g 2 + ga + &o. to n terms. 

11. Sum to n terms 4 + 44 + 444+&C. 

12. Sum the series *9 +*99+ *999 + &c. to n terms. 

13. Sum the series 1 + 3 + 7 + 15 + &c. to n terms. 

14. Sum ton terms -6-4+0+8+24+&C. 

15. Find the sum of 6 + 9 + 21 + 69 + 261 + &c. to n terms. 

16. If a, 5, c, d be in G. P., shew that 

(a^ + 5^ + + c" + - (ah + 5c + cd)\ 

[ We have b ” c ” ^ ^ ’ 

thus, a = 6/c, 6 =s cfe, c = dk, 

hence a* + 5’+c’ = fc’(6*+c®+d*), 
and also a’+b^ + c^^fclab+bc+cd). ] 

17. If a, 5, c, d are in G. P., prove that 

' (i) (5 + c)(5 + d) =■ (c + a)(o + d) ; 

, (ii) (a + d)(5 + c) - (a + c)(5 + - c)“. 

18. Three numbers whose sum is 15 are in A. P. ; if 1, 4 and 19 be. 
added to them respectively, the results are in G. P. Determine the 
numbers. 

[ Let a-j3, a, a + p be the numbers. ] 

19. Three numbers whose product is 512 are in G. P. ; if 8 be added 
to the first and 6 to the second, the numbers *are in A. P. Find the 
numbers. 


20. The sum of three quantities in G. P. is 24f, and their product 
is 64 ; find them. 

21. • If a, 5, c be respectively the pth, qth and rth terms of a 

Geometric series, prove that V’** - 1. 

22. If a, 5, c be in A.P. and x, y, z in G. P., prove that 

23. If S be the sum, P the product and B the sum of the 
reciprocals of n terms in G. P., prove that P® - 



24. Find the sum of n terms of the series, the rth term of which 
is (2r + l)2^ 


25. If A - 1 + r® + r + • • • to infinity and B*l+r^+r **+••• to infinity . 
•provethat 
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26. If there be n terms in O. P., prove that tbe nth root of their 
product is equal to the square root of the product of the first and last 
terms. 

. 27. If n Geometrical means be found between two quantities 
a and c, show that their product will be (ac)^. . 

28. If a, b, c, d are in G. P., shew that the reciprocals of 
b^-c^t are also in G. P. 

29. If Sit S 2 t 8%t &o.t Sn are the sums of infinite Geometric series, 
whose first terms are 1, 2, 3, &c., n, and whose common ratios are 

if it 4 . &c., respectively, prove that 


Si +S 2 + /S8 + &c. + iSii“ ^(n + 3). 

30. Find the sum of tbe infinite series — 

l + (l + a)r+{l + a+a®)r* + (l+a+a® + a®)r® + &c., r and a being 
proper fractions. 


CHAPTEE XXXIX 
VARIATION 

292. Definition.^ One quantity is said to vary directly as 
another when the two quantities are so related that if one of them be 
changed, the other is changed in the same ratio ; or, in other words, if 
a, a! be any two values of a quantity A, and btb' the corresponding values 
of a second quantity E, then A is said to vary directly as B when 
a : ; b\ 

« 

For instance, suppose the measure of the area of a triangle is a, 
when that of the base is b ; now if the height remaining unchanged, 
the base be increased to 26, then as we know from Geometry the area 
will become 2a ; if the base becomes 36, the area will be 3a ; and so on. 
Thus, the height remaining the same if the base is doubled, trebled, 
quadrupled, &o., the area also becomes doubled, trebled, quadrupled, Ac., 

the area changes in the same ratio as the base) and so we say that 
if the height of a triangle remains unaltered, the area varies directly 
as the base. 

Note 1 . Ths word directly is often omitted^ so that when we say A variee 
ae B it is implied that A varies directly as B. 

Note 2. The symbol oc is used to eim)res8 variation : thus, A oc B stands for 
**A varies as B'\ 
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29 B. If A varies as Bj then the numerical measure of wy 
value of A and 4hat of the corresponding value of B are in a 
constant ratio. 

Let au nz, as, &c., be the measure? of a series of values of and 
let bi, &2, 5ai &o., be the measures of the corresponding values of B. 

Then, by definition, ” *» = \ j and so on- 

us O2 Os t>s O4, O4 

Hence, «*&c., which proves the proposition. 

0i O2 O3 O4 

Note. Putting m for each of the above ratios, we have 
a, =mba , emd so on. Thus, when A varies as B, the numerical measure, of any value 
of A is equal to that of the corresponding value of B multiplied by a constant. This 
result is briefly expressed ^as follows : **If A oc B, then A ^mB, where m is a 
constant.** 

294. Definition. (1) One quantity A is said to vary irtversely 
as another H, when A varies directly as the reoiptocal of B. 

Thus, if A varies inversely as B, 4 » where m is constanT;. 

Illustration : If 20 men do a certain work* in 4 hours, 10 men 
would do it in 8 hours, 40 men in 2 hours ; and so on. Thus, when the 
number of men diminishes^ the time proportionally increases and vice 
versa. This is expressed by saying that if the amount of work to be 
done remains constant, the number of men varies inversely as the time. 

(2) One quantity is said to vary jointly as a number of others, 
when it varies directly as their product. Thus, if A varies jointly as B 
and C7, A ^m.BG^ where m is constant. 

Illustration : The monthly income of a day labourer varies 
jointly as his daily earning and the number of days he works in a month- 

(3] A is said to vary directly as B and inversely as G when 
A varies jointly as B and the reciprocal of C, that is, whbn 

JD 

A^m. where m is constant. 

Illustration : The time of travelling a distance varies directly as 
the distance and inversely as the speed of travelling. 

295. An Important Theorem. 

If A varies as B when G is constant, and A varies as G when B is 
constant, then will A vary as BG when both B and G vary. 

Suppose Oi is the value of A when bi is that of B, and Ci that oi 
C. Suppose also that 02 is the value^of A when bz is that of B, and C2 
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that of C. Then the proposition will be proved if we can show that 

Now, the change of A from a\ to a 2 is due to two causes, namely, 

( 1 ) the change of B from bi to 62 and (2) the change of G from 
Cl to C 2 . 


Hence, it is clear that if one only of these causes be present (e.c., 
if either B ov G alone undergoes the supposed change), A will change 
from ai to some value which is different from 02 - Let, therefore, a' be 
the value of A when 62 is that of and Ci that of*C. 

Thus, we have the value of A 


=ai when those of B and G are respectively hx and Ci ...(1) 

«="g' when those of B and G are respectively 62 and Ci ...(2) 

■■a 2 when those oE B and 0 are respectively 62 and C 2 ...(3) 


Hence, from ( 1 ) and ( 2 ), we see that A changes from ai to a', when 
B changes from b\ to 62 , G remaining confitant (z.c., retaining the 
value Cl), and, therefore, by hypothesis, 

'bl' - ’ 

and from (2) and (3), we see that A changes from a' to a 2 when G 
changes from Ci to C 2 , B remaininq constant (nc., retaining the value 62)1 
and, therefore, by hypothesis, 


ai 

a'' 


a _ct 
a2 C 2 


(P) 


Hence, from (a) and 


a a 2 


61 

62 


c>. 


or, 


a\ b\C\ 
a2 b2C2 


which proves the proposition. 


Illustration : (1) Suppose that a number of plants have to be 
watered ; the quantity of water bestowed evidently varies directly as the 
number of men employed if the time for watering remains unchanged] 
and also it varies directly as the number of hours for which the men 
can work, if the number of men engaged remain the same ; hence, if the 
number of men and the number of hours be both variable, the quantity 
of water will vary as the product of the number of men and the number 
of hours. 

(2) The area of a triangle varies directly, as the base when the 
height is constant, and it also varies directly, as the height when the 
base is constant ; hence when both the base and the height are variable, 
the area varies as the product of the numbers which express the base 
and the height. 


Cor. If there be any number of quantities B, C, B, &c., each of 
which varies as another A when the rest are constant ; then if they are 
all variable, A varies as their predict. 
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•206. Some result worth remembering. 

(1) li A^B and B°^G^ then A<^C. 

For, let and nC, where m and n are constants*; then 

A —mnG ; and . as mn is constant, il « C. 

(2) If iloc 0, and C, then A ±S« C, and JAB'^ G. 

For, let A^mGt and B^nG, where m and n are constants ; then 
A+B — (m+n)Gt B,nd A-B — (m-n)G. (i4±B)«C. 

also J AB^ JmnG'^ =» G Jmn. . * . jAB « C. 

(3) then Bo^^^and 

For, let if* mBC, then B* ^-*4. B« 

m L/ Lf 

Similarly, G^ 

(4) If if oc B, and B, then i40« BD. 

For, let A * mB, and G * nB, then AG- mnBD, . -4 C « BB. 

(5) li A of^B, then A^<^B\ 

For, let A ^mB, then 4“*m’‘B“. A^ozB\ 

(6) If A<xBt then AP^BP^ where P is any quantity variable 
. or invariable. 

For, let 4*wB, then AP^mBP. AP^^BP. 

297. Examples. Application of the principles explained in 
some of the preceding articles will be illustrated by the following 
examples. 

• 

Example 1. If y varies as x, and y = 5 when a; *12, find the value 
of y When x — 18. 

By supposition, y^mx, where m is constant. 

Putting t/ = 5, a;*12, we have 5*wl2. .'. 

Hence, x and y are connected by the relation y— A®. 

* Hence, when a; *18, we have y“T^.18« V“7A. 

Example 2. If z varies as px+y^ and if jj— 3 when x*!, y»2, and 
z^5 when £r*2 and i/*3, find p. 

By supposition, Z"^m{px + y), where m is constant. 

Putting «“3, »“!, y*2, we l^ave 3— 7w(p + 2). 


( 1 ) 
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Again putting y-3, we have 5-'w(2p+3). ... 

Hence, from (1) and (2), by division, | whence p«l. 


Example 3. If sum of 3 quantities, of which the 1st « 

the 2nd « a;, and the 3rd is constant ; and when a;«l, 2, 3 ; 11, 18 

respectively, find the eqtuition between x and y. 


By supposition, y’^mx^+nx+p, where m, n, p are constants. 

Now% since 1 / ■» 6, when a; ■= 1, we have 

6“??t+w+p. ••• ... ... } 

Similarly, ll*4m+2n+p, ... ... ... (2) [ 

and 18“9w+3n+p. ... ... (3) ) 

From (1) and (2), by subtraction, 3m 4* n “5. ... ... (4) 

Similarly, from (2) and (3), 5m + n = 7. ... ... (6) 

Now, subtracting (4) from (6), we have - 
, , 2m«2. m=*l ; 

hence, from (4), n ■■ 2. / . from (1), p “ 3. 

Hence, the equation between x and y is v=*®*+2£C + 3. 


Example 4. If a + fe « a - 6, prove that a® + fc* « ab ; 

and if a « 6, prove that « ab, 

(i) By supposition, a+5“m(a-6), where m is constant. 
Hence, (a + 5)® — m®(a - 5)®, 

or, a® + 6^ + 2ah =» m^(a^ + 5® - 2ab). 


(m^-l)(a’^ + 5®)-2a6(l+m*). 

m — i 

xi . ‘2(m® + l) . . , 

But ” 2 ' -• IS constant, 
m “"i 


(ii) Since a*m5, 

multiplying both sides by a, we have a* ^m,ab ... (1) 

and also multiplying both sides by - » we have ... (2) 

m m 

Subtracting (2) from (1), 

where | is constant, 

.'. a5. 
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.Examples. The wages of 6 men for 6 weeks being £14. fo.»hov 
many weeks will 4 men work for £19 ? 

Let X denote the wages (in pounds), earned by y men in z weeks. 

Then, evidently x oc when z is constant ; 

and also a; « when y is constant, 
when y and z are both variable, 

X vz. 

i.e., x^m.yz, when m is constant. 

Now, since a;“14J-, when i/«5 and ;Ef=6. * . 

14y"Wx5x6. ••• ••• ••• (3) 

Also, if zt denote the required number of weeks, then, since the 
corresponding values of x and y are respectively 19 and 4, we have 

19“Wx4x2Ji. ••• ... (4) 

Hence, dividing (3) by (4), 

* 3‘ 5x6 u iA 

-a _ whence *10 ; 

4 4X2?!* • 

i.e., the required time* 10 weeks, 

Example 6, Assuming that the quantity of work done varies as 
the cube root of the number of agents when the time is the same, and 
varies as the square root of the time when the number of agents is the 
same ; find how long 3 men would take to do one-fifth of the work which 
24 men can do in 25 hours. 

Let X denote the quantity of work done by y men in z hours. 

Then, by supposition, 

X oc. when z and .* z^ is constant, 

and also, x oc when y and / is 

Hence, when both y and z and y^ and are variable, 

X « y^z^, 

i.e., x-k,yK^, when k is constant. 

Now, since by the problem, 

a?*l, when y*24 and is— 25. 

l-fcV24.N/25. (1) 

Also, if zi be the required number of hours, since the corresponding 
values of x and y are respectively i and 3, we have 


... ( 2 ) 
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. . /-.X,. /n^ K >/2ix5 V8 x5 

, Hence, dividing (1) by (2); ^“^ 5 ^ J 

^/-^^=2and «i"4; 

Le . , the required time « 4 hours. 

Example 7. A sphere of metal is known to have a hollow space 
about its centre in the form of a concentric sphere, and its weight is t 
of the weight of a solid sphere of the same substance and radius ; 
compare the inner and outer radii, having given that the weights of 
spheres of the same substance (radii) 

Let R be the outer radius and W the weight of a solid sphew of 
the given metal of radius B ; also let r be the inner radius (i.e., radius 
of the spherical cavity), and w the weight of a solid sphere of the given 
metal of radius r. 

Then, by hypothesis, 

W^KB\ 

and w^Kr^, where K is constant. 

Now, since {W-w) is the weight of the given sphere, we have, by 
the question, TT-tc^STT, hence, we must have 

whence 

Examples, A point moves with a speed which is different in 
different miles, W invariable in the same mile, and its speed m any 
mile varies inversely as the number of miles travelled 
commences this mile. If the second mile be described in 2 hours, find 
the time occupied in describing the nth mile. 

Evidently, the time of describing any jnile varies inversely the 
speed in that mile ; hence, if Vn denote the speed in nth mile and in the 
number of hours required to describe the nth mile, we must have 

» where m is constant. 

Vn 

K 

Also, by hypothesis, where K is constant ; 

hence, 

Evidently, then tn is known if ^ is known ; and since the time of 
describing the 2nd mile is two hour3'(i.0., ^n*"2, when n*“2), we have 

• ^»2. 

3-jgr 1. • • iT 

Hence, tn-2(n-l), 

2 .C., the nth mile is despribed in 2(n-l) hours. 
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Example 9, A locomotive engine without a train oan go 24 milee 
an hour, and its speed is diminished by a'quantity which varies as the* 
square root of the number of waggons attached. With four waggons its 
speed is 20 miles an hour. Find the greatest number of waggons which 
the engine can move. 

Let X’^the number of waggons attached. 

Then the number of miles travelled by the train per hour (t.e., its 
speed)*® 24 -w Jx, whore m is a constant. 

Now, since the speed is 20 miles per hour when a; **4, we must have , 
20*24“ 24““ 2wt. wi**2. 

Hence, the speed of the engine with x waggons *24- 2 >/jc ; 
evidently, therefore, the speed diminishes as x increases. 

Now, let us see for what value of x the speed is reduced to nothing. 

If Xi be this value, we must have 

0«24“2>ya?i. Vfl5i»*»12, anda;i*144. 

Thus, when 144 waggons are attached, the bngine fails to 
move the the train. 

Hence, the greatest number of waggons which the engine can 
move *143. 


Example 10. lix^VtZ be variable quantities such that y^z-x 
is constant, and that (x+y-^z^x^z-y) varies as yz^ prove that ^c+y+^ 
varies as yz, 

> By supposition, we have y-¥z-x^k ••• ••• (1) 

and (x’^y~z){x'^z-y)^myz, ••• ••• (2) 

where k and m are constants. 

Now, fsom (2), we havea5®-{v-2f)**my^. 

a;® - (y-^zY * (w - ^yz% 
or, (aj+v+2)(a?-v-;?)*(m-4)y;j. 


Hence, from (1), 

(x + 1/ + 2:)( - W - (m - 4)yaf. 

x+y+g-i~^^vz. 


t.e.,*(a constant) 


Hence, x+y+z oc yz. 
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1. If y « X, and y-5 when a;** 16, find the equation between 
X and y. 

21 If y « X, and y = 10 when aj—25, find y when 05-36. 

3. If P varies inversely as and Q-10 when P«2, what will 
P becomes when 0—8 ? 

4. If P oe Qi?, and the three corresponding values of P, Q, It be 
6. 9, 10 respectively, find the value of P when 0-6 and P -3. 

f 

5. If the square of x vary as the cube of y, and 05 — 2 , when y — 3, 
find the equation between 05 and y. 

6. Given that y varies as the sum of two quantities, one of which 
varies as 05 directly, the other as 05 inversely and that y— 4, when 05 — 1 , 
and y-6 when 05—2, find the equation between x and y. 

7. If xyoc 05® +y®, and y=4 when 05«3, find the equation between 

X and y. * « 

8. Given that y is equal to the sum of two quantities, one of 
which varies as 05, and the other varies inversely as 05®, and when 
05-1, 2, y-6, 6 respectively, find the equation between 05 and y. 

9. If y — the sum of 3 quantities of which the 1st is constant, the 
2nd oc 05, and the 3rd <» 05 , also when 05-3, 5,7, y— 0, -12, -32 
respectively, find the equation between 05 and y. 

^2 

10. Given that y® a® -05® and when 05« J ja, If “^ 2 * *1^® 

equation between x and y. 

11 . If y — r + 5 , whilst r ^ x, and s oc Jx\ and if, when 05 - 4 , y— 5 , 
and when 05 - 9, y - 10, show that 6 y - 6(05 + Jx), 

12. Assuming that the time of oscillation of a pendulum varies as 
the square root of its length ; if the length of a pendulum which 
•oscillates once in a second be 39*2 inches, find the length of one which 
oscillates 66 times in a minute. 

13. If 13 men earn £7 in 16 days oi 8 hours each, what will be the 
wages of 62 men for 12i days of 9 hours each ? 

14. Given that the volume of a sphere varies as the cube of its 
radius, prove that the volume of a sphere whose radius is 6 inches is 
equal to the sum of the volumes of three spheres whose radii are 3, 4, 6 
inches. 
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15. The volume of a pyramid varies jointly as its height and the 

area of its base ; and when the area of the*bas6 is 60 square feet and the * 
height 14 feet, th*e volume is 28D cubic feet. What is the area of the 
base of a pyramid whose volume is 390 cubic feet and whose height 
is 26 feet ? . * - 

16. Given that the area of a circle varies as the square of its 
Radius, and that the area of a circle is 154 square feet, when the radius 
is 7 feet ; find the area of a circle whose radius is 10 feet 6 inches. 

17. If the volume of a cone whose height is 12 inches and base 
30 square inches be 120 cubic inches, find the volume of another whose 
height is 20 inches and base 1 square foot ; the volume of a cone varying • 
as the height and base jointly. 

18. The volume' of a circular cylinder varies as the square of the 
radius of the base when the height is the same and as the height when 
the base is the same. The volume is 88 cubic feet when the height is 
7 feet, and the radius of the base is 2 feet ; what will be the height of a 
cylinder on a base of a radius 9 feet, when the volume is 396 cubic feet ? 

19. Two circular gold plates, each an inch thick, the diameters of 
which are 6 inches and 8 inches respectively, are fuelted and* formed 
into a single circular plate one inch thick. Find its diameter, having 
given that the area of a circle varies as the square of its diameter. 

20. Given that the illustration from a source of light varies 
inversely as the square of the distance, how much farther from a candle 
must a book, which is now three inches off, be removed, so as to receive 
just half as much light ? 

21. A solid spherical mass of glass, 1 inch in diameter, is blown 
into a shell bounded by two concentric spheres, the diameter of the 
outer one being 3 inches. Calculate the thickness of the shell. (The 
volume of a sphere varies directly as the cube of its diameter.) 

22. When a body falls from rest, its distance from the starting 
point Varies as the square of the time it has been falling ; if a body falls 
through 402^ feet in 5 seconds, how far does it fall in lOiseconds ? Also 
how far does it fall in the 10th second ? 

23. If 10 men can reap a field of acres, in 3 days of 12 hours 
each, how long will it take 8 men to reap 9 acres, working 16 hours 
a day ? 


24. The square of the time of a planet's revolution varies as the 
cube of its distance from the Sun ; find the time of Venus’s revolution, 
assuming the distance of the Earth and Venus from the Sun to be 
91} and 16 millions of miles respectively. 

[ If P be the time of revolution measured in days, and D the distance 
n millions of miles, we have whez^ JT is a oonstant, Ac. ] 
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25. The value of a silver coin varies directly as the square of its 
diameter while its thickness' remains the same, and directly as its 
thickness while its diameter remains the same. The silver coins have 
their diameters in the ratio of 4 : 3 ; find the ratio of their thickness if 
the value of the first be four times the value of the second. 

[B. U. P. E. 1885] 

26. The value of diamonds the square of their weights, and the 
square of the value of rubies the cube of their weights. A diamond 
of a carats is worth m times the value of a ruby of h carats, and both 
together are worth Bequired the value of a diamond and of a 
ruby, each weighing n carats. 

27. If a oc ^ and 5 « c, show that (a® + 5®)^ «= c®. 

28. lix+y oc a;- 2 /, show that ir® + y® « xy •\‘y^^xy{x±y). 

29. Given that cc + 1 / «: ^ ~ • and that x-y « g - ^ • find the rela- 

z z 

tion between x and a, provided that 2 “ 2 , when and ^ = 1. 

[B. U. P. B. 1888] 


30. If aj oc 


prove that a;+y is least when x^y. 

[ We have a constant. ] 

31. The consumption of coal by a locomotive varies as the square 
of the velocity ; when the speed is 16 miles an hour the consumption of 
coal per hour is 2 tons ; if the price of coal be lOs. per ton and the other 
expenses of the engine be ll^. 3d. an hour, find the least cost of a 
journey of 100 miles. [ Apply the preceding example. ] 


32. If oc y, and y x Xt show that 
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Exercise 1. [ Pages 2-3 ] 


1. 

100. 

2. 10. 

3. 12 miles. 

4. 

8 miles. 

6. 

9. 

6. 12. 

7. 45 minutes 

8. 

15 minutes. 

9. 

32.. 

10. A:20i. 11. Ssq. 

yds. 

12. 

75. Sd. 

13. 

20. 

14. 9. 

15. 28. 


16. 

4. 


17. 

4m 

18. 900. 

19. 1952. 


20. 

720. 




Exercise 2. [ Pages 8-9 

] 



1. 

34. 

2. 0. 

3. 4. 

4. 

1. 

5. 


6. 

14. 

7. 6. 

8. 4. 

9. 

12. * 

10. 

8. 

11. 

2. 

12. i. 

13. 5. 

14 

. 80. 

15. 

29. 

16. 

325. 

17. 0. 

18. 14. 

19. 

, 114. 

20. 

4. 

21. 

69. 

22. 19. 

23. 0. 

24, 

. 326. 

25. 

9. 



Exercise 3. [ Page 11 ] 




1. 

24. 

CO 

8. 4. 

4. 

720. 

5. 

3}. 

6. 

4. 

7. 1. 

8. 40. 

9. 

f. 

10. 

f. 

11. 

0. 

12. 50. 

13. 1. 

14. 

75. 

15. 

100. 

16. 

200. 

17. 1520. 

18. 41-625. 

19. 

22680. 

20. 

84d00a 



Exercise 4. [ Page 14 ] 



<■ 

1. 

4. 

2. 2. 

3. 6. 

4. 

18. 

5. 

8. 

6. 

16. 

7. 32. 

8. 256. 

9. 

11. 

10. 

21. 

11. 

11. 

12. 9. 

13. 3. 

14. 

162. 

15. 

18. 

16. 

9. 

17. 0. 

18. 21. 

19. 

23. 

20. 

1. 

21. 

98. 

22. 50. 

23. 9. 

24. 

42. 

25. 

61. 

26. 

2805. 

27. 7. 

28. 171. 

29. 

2401. 

80. 

192. 

81. 

1029. 

32. 1218. 

33i 48. 

34. 

143. 

35. 

18760. 

36. 

16. 

37..il60. 

38. 78. 

89. 

7. 

40. 

2. 


1—34 
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Exercise 6. [ Pages 17-18 ] 

1. i’8loss=£100. 2. -70. 8. -25. 4. -100. 6. -30. 

6. 4, -3, 5. 7. 15, -10, -20, 30. 8. -16, 10, 20, -30. 

Exercise 6. [ Page 20 ] 

1. -22. 2. -18. 8. -31, -41. 4. -19. 6. -1180. 

6. -222. 7. -2034. 8. 668. 9. -7128. 10. -220416417. 

Exercise 7. [ Pages 21-22 ] 

1. 3. 2. -5. ' 3. -4. 4. -47. 6. -14. 

6. -61. * 7. 16. 8. -8. 9. -32. 10. 1.’ 

Exercise 8. [ Pages 24-25 ] 

1. -ir+v. 2. TO*+n®+p*. 8. c®+a*6-a*. 

4. 2aZK!-3m»^*. . 5. 2a®5-96*c*-2i/. 

6. , -6a!*v-llirys-10a:*y*. 7. 4(o*6c-5*ca+c®a6). 


9f 

-25aj®wn+16w®waj. 9. -Id. 


10. -234, 

11. 

92. 

12. 5. 13. 177. 


14. -4653. 

16. 

-12016. 

16. -6a-t-6-3<!. 


17. 2x~z, 

18. 

2®*+9a;*+7. 

19. — a+26— 8<i. 


20. 2a!*-3y*, 

21. 

153. 22. -125. 

23. 200. 24. 120. 


26. 400. 



Exercise 9. [ Page 27 ] 



1. 

-10. 2. 10. 8. -6. 4. 

-22. 

6. 0. 

6. 

-291. 7. - 

77. 8. 83. 9. 

17. 

10. 177. 



Exercise 10. [ Page 29 ] 


, 

1. 

2fl+36-2c. 

2. —3a +36+ 4c. 

3. 

3a!+2y-3s, 

4. 

2wi*-2w-4. 

5. •“2!K*'+ y ® — «*. 

6. 

3!ij®-2y*-7®y. 

7. 

4fl*-7a6-5*. 

8. 76c-7c*+10xy. 

9. 

-a!®+»»-a!+2, 

10. 

-(a?+2y). 

11. 3a!-4y+6«. 

12. 

6-2»»*-6»». 

13. 

-(3a»5+3a5>). 

14. 3a»6*. 

15. 

3a6*-3a*6. 


Exercise 11. [ Pages 31-32 ] 


1. -4a+85. 2. Ix-iy. 8. -2®. 4. -4a+25, 6. 5a+^, 

8. 26. 7. 6. 8. 8. 9. -2a+76. 10. 0. 


— 
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11. -2®+5y+72. 12. -2c. 13. 16»-16y. 14. 8o-8fc. 

15. lljn-7ji. 16. 6o-66-18c. 17. '6x-Qy-20e. 18. aj-y-13«. 

19. -3a!-y-2. 20. a-116+17c. 21. 2®-12y+202. 

22. 6a-ft+llc, 23. x-3y+2z. 24. lla-25-16o. . 

26. a-(6+c-d)+(-m+n-a:)+y-z. 

26. o— {6+c— (i+7»+(— n+a:— y+2)}. 

27. {a-6-(c-<i+m)}-{-n-(-*+»-2)}. 

28. -{-a-(-6-c)}-{-d-(-m+»)}-{®-(y-2)}. 




Exercise 12. [ Page 33 ] 


1. 

15. • 2. 18. 

8. 36. 4. -32. 

6. -46. 6. -7 

7. 

-24. 8. -35. 9. -45. 10. 36. 

11. 60. 12. 64. 



Exercise 13. [ Pages 34-35 ] 

1. 

64. 2. 47. 

3. -8. 4. - 

393. 6. -111. 

6. 

30. 7. 0. 

8. 1136. 9. - 

•280.. 



Exercise 16. [Page 39] 


14. 


16. 21a®5*c®. 

16. 40«”y«. 

17. 

-166a!‘®y"a«. 

18. llOr'y’^a*®. 

19. -4a!^^y*, 

20. 

-70a“6“. 

21. 48®“y^V. 

22. 24®^y®2’. 



Exercise 16. [ Page 40 ] 


1. 

-lO®’'. 2. 

-20a*6*. 3. 2lOT^n*. 

4. -18a!®y®. 

6. 

6. 

-40»»*n^. 7. 60®*y®2* 

8. -24aj*y*2*. 

9. 

48®®y*a*. 

10. 25a*6®c“. 

11. -24a!®y®a». 

12. 

32o*5»®*y*. 

13. 35a®6®2*. 

14. -60o*®»y». 

16. 

70a!*y*2. 

16. -18o®6®c®. 

17. 63a®®®y*. 

18. 

mx^Ws'. 


20. 112o“«^‘*y®a®. 


Exercise 17. [ Pages 42-43 ] 

1. !cy-2**. 2. -5o*+10a6-16ac. 3. 8a!*»-12a?v*. 

4. 2o*iK!-3a6®e-a6o". 6. -3a!“»*+6®*i^*+3a;»*. 

6. 7o*6*-7a6*+21o*6*-35o»6*. 7. -6a*x+8a‘x^-10a’>x. 

8. -8»»*n+12»»*»*-20j»*»*. 9. a*6®c*-a*6*c*-a*6*o*, 

10. x^yz+xy*z-¥xye^ - xy*z‘ - ®*y»* - x*y*z. 
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11. 12c*d'* - +30c»d^ +24o*d*. 


12. 

-16a''6» 

+12a®6^-10a*6' 

'+8a*6*. 

18. 7®* 

-2®». 

14. a. 

16. 

9®®-25y^ 

i 

16. 

®*+4®®. 


17. a 

>^®6*+4a*6*^ 

18. 

4a^'*6^*+81o*6* 

19. 

3a®y. 20. (i) *■+»* 

+«*- 

3xyz ; (ii) Ot 




Exercise 

18. [Page 46] 



1. 

1 

CD 

2. 

—3®*. 

3. 

4a*®*. 

4. 

3®»y®. 

6. 

2a®6*. 

6. 

- 2p*g*. 

7. 

6®*y*«. 

8. 

-8a®c*. 

9. 

-3m'‘n®p 

. 10. 

3a*c*. 

11. 

-5®*y*. 

12. 

3a^'x'‘y*z’‘. 

13. 

a**. 

14. 

-7®**. 

16. 

-7ot‘*. 

16. 

-7a*^6^®°’- 


Exercise 19. [ Pages 46-47 ] 


1. 

3a - 2b. 2 

. 36^ 

-2a' 

2 

3. 2a»-36*. 


4. 3®*-4®y. 

6. 

32/* -2a;®. 


6. 

n»- 

3>»»+4j»*. 

7. 

a®-2®*+3a*. 

8. 

-3a;® + 2a®- 

5ax, 

9. 

2m* 

n*-3TO*-4n*. 

10. 


11. 

-2a;j/® + 3a?® 

-4y®. 

12. 

i®* 

-|a®-Ja*®. 

13. 

3®a+^^a*-4®*- 

14. 


n^-8p 

0^ 

16. 

6*c*®*i/®-2a®c 

*»*« 

“+3a*6*®®c*. 


Miscellaneous Exercises I 

[ Pages 47-52 ] «- 

I 

1. 10 : 4. 2. 8 . 3. 16 : 2a ; 7o6» ; 16m’‘p^^ 

4. 6. 5. -4. 8. 9. 7, 6,2, -1. -3, -4, -8, -12. 

II 

1. 0,26,46.45. 2. 16. 3. (Va)x(Vo)x(Va)-a, &o. ; 36. 

6. -Ix^y, -660* 6. 16a!*-8a;l/*■^24a:®»*-^tf*-32a:®tf ; 81> 

7. — 23o + 306 + 13c. 8. x—2y+s, 

in 

1. (0 c(a+6)-a!-«-yg ; (ii) (!B.+y)*->a!®+y*+2a:y ; 

(iii) V»»-n+»»*n* < ; (iv) a>b, .’. 3a > 36- ■ 

2. 6, -4, -10. 3. -1000. 6. 66. 

7. -6a* + 60 - 9 ®* +16. ^ 8. a. 
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IV 


-li; 1. 
a* + 6®+c*. 

• 3. 

m. 

6. 9. 6. 3iB+2o+6. 

8. 7x^~y*-2xy, 




V 

2, o, b, a+b. 

4. 

7J. 

6. 606. 7. y. 8. 32. 




VI 

636. 

6. 

60. 

8. 3808. 




VII 


2 ; 0. 4. l+®;3a+6-5o. 5. (i) (o+6){a-6)“a*-6* ; 

(ii) (a+6)*-(a*+6“)=2a6. 6. 0. 7. o+6+o. 

€. 2a- J6+Jc- 

VIII 

2. 2»» ; 2n. 3. mo+»n6+na+ni ; a®+2aj^+6*. 

4 . 0 ; 0 . 6 . 


Exercise 20. [ Pages 53-54 ] 

1. 05® + 8® + 16. 2. 9a® + 12a +4. 3. »® + 4a;i/ + 4i/®. 

4 . 4a;®+28iry + 49|^®. 6 . 9a® + 24a5 + 166®. 6 . 25a® + 70a5 + 496®. 

7. a®y® + 6a5£cy + 96®a;®. 8. a* + 4a®5o + 46®c*. 

'O. 9ic^ + 12a;®i/®+4y^. 10. 16£c*+8fl5®v® + i/®. 

11. a® + 45® + 9c® + 4a5 + 6ac + 126c. 12. a® 5® + 6®c® + c®a® + 2a6®o 

+ 2a®6c + 2a6c®. 13. 4^}® + 9g® + 16r® + 12pq + 16pr + 2iqr. 

14 . aj* + y* + 2* + 2aj®i/® + 2aj®s® + 2y®s®. 16. 4®®+92/® + 16«® 

+ \2xy + IQxz + 24^4?. 16. a* + y ® + z^ + 2a5®t/* + 2 £c® 0 ^ + 2y 

17. oj® + y® + 4a® + 96® + 2xy + ixa + 6a;6 + 4ya + &yb + 12a6, 

18. 9a® + 166® + c® + 4(Z® + 24a6 + 6ac + 12ac2 + 86c + 166(2 + 4c(2. 

19. 4a® + a;®+ 16y® + 9is* + 4aa: + 16ay + 12a;8f + Qxy + 6xz + 2iyz. 

20. 16m®+9w®+9p®+4g® + 24mw+24wip +16wg + 18ni? + 12wg+ 12pg. 

21. 4®®. 22. 4«®. 23. 16a®.' 24. ifa®+4a6+45». 

26. a?®+2a5y+y®. 26. 1. 27. 0. 28. 4. 

29. 9. 30. L 31. 16. 32. 25. 
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Exercise 21. [ Page 65 ] 


1 . 

4. 

6 . 

8. 

10 . 

12 . 

14. 

17. 


21 . 

26. 

80. 


rS_ 


6!r+9. 


2. 4x»-20a:+25. 


8. 9a!*-80a:!tf+25y*. 
5. 64?»*-48»»»+9w*. 
7. p*— 2p*mn+m*n*. 

9 . X*- 4x*e + 4 ®***. 

+ idbcxyz + o®6®c*. 
o*®* - 2o*6*® *»* + b*y^. 


a*®® - 2o6®y + 6*y*. 
p®»i* -2pg»nn+g*n*. 

®*y* - 2®®y* 

9a»-30o*6*+26&*. 11. 

®*y®«® - 2®*y®a!® +®®v*«®. 13. 

a»+45*+4c®-4a6-4a<j+86c. 15. 4®®+9tf®+16a®-12®y-16«» 

+2iyz. 16. 9f»®+16re®+25g®-24«i»-30«tg+40ng. 

o*+96*+25c*-6a®6®-10a®o’+306®c®. 18. ®®+i/**+a®+6® 

-2®y-2®a-2®6+2tfa+2y6+2a6. 19. a’'+4®*+96* 

+16i/*-4a®— 6o6— 8ay+12®6+16®i/+246y. 20. 7921. 

13689. 22. 248004. 23. 986049. 24. 366®. 26. 646®. 

49a». 27. 121a*. Tk28. 266*c®+106c®a+c®a*. 29. 4. 

81. 3L 16. I ! 


82. 25. 


83. 144. 


1. ®®-9. 

6. a®»»®-«* 

9. ®*-l. 

12. o*-6®-26c-c®. 

16. 

17. 

19. a*®* +4. 

23. 4a(5-c). 24. 

27. 8o(36-6c+7d). 28. 9376. 

18. (5®+6)(5®-6). 32 
'84. (2p+9gX2l>-9g). 

86. (6®®+lly®X6®®-lly®). 

88. (12c+5dX12c-6d). 

40. (a4-26+5cXa+2&-5a). 

42. (<*+26“8cXo“26+3c). 


4. a®®®-6®p®. 

8. ®®i/*-®*y®. 
11, o®+2a6+6®-c®. 
»»*+?»®ft®+n*. 14. ®*+4tf*. 

16. 6®y*+c®a®-a®»®+25cpa. 
18. a*-646®-729c*+432fe®o®. 
21. TO*+n*. 22. ®®-l. 

4®y(®®+y®). 26. 4®(^-a+6). 
1069840. 80. 4985645. 

88. (4»»+7mX 4»»-7»). 
86. (a®+86Xffl»~86). 

37. (7+8dX7-8d). 

80. (a+6+cXtt+6~c). 

41. (2®+3a-4&X2x-3a+45). 


48. (a®+96®Xa+36)(a-36). 

44. (x-v+a-bXx-v-a+b). 46. (9®®+25v®X8®+6irX3®-6y). 

46. (7a-6Xo+166). 47. (5»-2yX*+12y). 48. (3a+36-4cX5-2cX. 

49. C2»+6»-2pX2»»+»“8p). , 60. (6»-7y+12aX®-tf+2a). 


Exercise 22. [ Page 57 ] 

2. 25®* -169. 8. ®*-4a®. 

6. ®®y®-y®a®. 7. ®*-4y*a®. 

10 . 

13. 

o*®® - 5®y ® + %cyz - c®a®. 

6*»»® - o*»* - o*p® + 2c®a®np. 

20. o*®®+a*®*+l. 

4a(3c-25). 26. 

29. 

(3a+4cX3a-4c). 
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• Exercise 23. [ Page 59 ] 

• 

1. ®"+9®»+27aj+27. . 2. 8a!*'+12a:*+6»+l. 

3. 27a®+27a“6+9a6® + 6». 4., 64a!*+144a;*»+106a:y*+27»“. 

6. a!*+6a!*y+12a!*i/®+8i/®. 6. a!®i/®+3x®i/®a+3®i/*a*+V*i*» 

7. a®6*+3a*6®c*d+3a*6c*d»+c®d®. 8. a® + 6® + 80® + 3a®6 

+3a6*+6a®c+12a<j*+66*c+126o*+12a6c. 9. 8a!®+27»®+s®+36*®y 

+ 54®y * + 12®®2 + 6*2® + 27 i/®£! + 9ya® + 36 ®i/2. 

10. ®*+3®®»®+’3®®j/*+»». 11. 125m®. 12. ®®+3a;*i/+3®»®+tf®. 

13. 276®, 14. ®®+3ir®+3a!+l. 16. ®®+6®®+12®+8. 

16. 8a». 17. 90. 18. 176. 20. 62. 21. 0. 

22. -1. 23. 0. 24. 10. 


Exercise 24. { Pages 60-61 ] 

1. ®®- 6®“ -I- 12® -8. 2. 8*®-12®®+§®-l. 

3. 8-36a+54a*-27tt®. 4. 27-108a+144a»-64a®. 

6. 8a®-36o®6+54o6*-276®. 6. 125m® -300m*n+240m7i® -64ft®. 

7. 8®®-60®®»+160®j^*-125v®. 8. 8a®-6®-c®-12o®6 

+6a6®-12a®c+6a<j*-36*c— 36c®+12a6c. 9. 8®®-27y®-s® 

— 36®*y-h64®»*— 12®®2+6®2® — 27y®2-9y2®+36®y2. 10. p®. 

-g®-r®-3p*g® + 3p®g* — 3p*r* + 3p®r*-3g*r*-3g*r*+6p“g®r®. 

11. 646®. 12. ®®-3®*p+3®i/®-y®. 13. 8®*. 14. 0. 

16. 343. 16. -505. 17. 27. 18. 36. 19. 140. 


Exercise 26. [ Page 62 ] 

1. ®®+l. 2. 1+8®®. 3. 126p» + l. 4. 343o®+646*. 

6. 512®®+27i/®. 6. a®6®+64c®. 7. a®®® +1256®. 

8. 126a® +7296®. 9. (a+lXf®-a+l). lO. - (®+2)(®»-2®+4). 

11. (2®+l)(4®®-2®+l). 12. (3a+2)(9a»-6a+4). 

13. (2m+4)(4m®-8m+16). 14. (4p+5)(16p*-20p+25). 

16. (2®+6yX4a!*-12®tf +36v®). 16. (3a+7yX9a®-21oy+49y®). 

17. (6a*+yX36a*®®— 6a®y+y*). 

18. I3a6 + 4®yX9a*6* - 12a6®y + 16®®y “). 

19. (9abo + 10®y2X81o®6®c® - 90abcxyz + 100®®y*2*). 

20. (Ila5»®® + 9cv»2®Xl21a*6**® - 99a6»c»»y »2® + 81c*y ®2®). 
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Exercise 26. [ Page 62 ] 

1. 1-8®*. 2. a® -27. 3. 64o*-l. 4. ®*-8vV 

6. 27»t®-8«V. 6. (5<x-lX25a*+5a+l). 

7. (7x-2y’>%49x^+lixy^+4^*). 8. (6fc-5i)(36fc®+30W+25J*). 

9. (1 - 8i;){l + 8fc + 64*:®). 10. {9m - 4an®)(8lOT® + 36wtan ® + 16a®»*). 


Exercise 27. [ Pages 63-64 ] 


1. ®® + 3® +"2. 

2. ®®+ll®+18. 

3. 

a5® + aj-30. 

4., ®»-14a:+33. 

5. a* + 5a -176. 

6. 

m® + 12w-133. 

7. d®-h2p-143. 

8. D®-5p-204. 

9. 

a;® + 5a; -.36. 

10. ®*-15iB+50. 

11. ®®-7®-60. 

12. 

A;®-m-26. 

18. a* + 19a +70. 

14. m®-8m— 84. 

15. 

a;® — 18a; + 65. 

16. ®*+19®+84. 

17. a* -14a +33. 

18. 

a;® -9a; -52. 

19. < m*- 11m -80. 

20. ®®-18®+80. 

21. 

a® - 6a - 72. 

22. m®+6»M-91. 
25. ®*-6®-160. 

23. ®®- 26® +160. 

24. 

a;® -13a; -90. 


Exercise 28. [ Pages 67-68 ] 


1. 4. 2. -5. 

8. -4. 4. 

-5. 

5. — 5. 6. — 60. 

7. 13. 8. 6. 

9. -2. 10. 

-2. 11. 1. 12. 2. 

13. 3. 14. -4, 

15. 0. 16. 7. 

17. -2. 

18. -1. 19. 7. 

20. 3. 21. 5. 

22. 7. 23. -6. 

24. 0. 

25. -8. 26. 9. 

27. -2. 28. 

29. 1. 30. -1. 

31. 12. 

32. 30. 33. 12. 


Exercise 29. [ Pages 69-70 ] 


1. 15 -®. 

2. a; -20. 

3. £c + 25. 4. 25 — y» 

5. ^-2®. 

6. 21. 

7. 100- 

3a;. 8. 4a; - 3y. 

9. xy. 

10. ® hours. 11. 

y 

(a; + 20) years ; (ir - 3) years. 

12. — miles. 

® 

13. ^ 14. 

7® 

^ rupees 

. 15. ®-2, ®-l, 

®, ®+l, ®+2. 

16. 3®. 17. 

2m +3. 

18. 2® -2. 

19. ” days. 

20. 3a5. 21. 

Zab 

16 

22- si' 

23. hours. 

24. 

(a? + 16) years ; (a? +45) years. 


25. 10y+». 26. 10(te+10y+«. 27. lOOs+lOtf+as. 
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Exercise 30. [ Pages 71-72 ] 


1. 

6 ft. and 3 ft.« 

2. 

20. 

3. 

40 and 10. 

4. 

80. 

5. 

12. 

6 . 

60. 

7. 

40. 

8. 

96. 

9. 

42, 43, 44. 

10. 

33. 

11. 

25, 66. 

12. 

15 and.24. 

13. 

36. 

14. 

72. 

15. 

10, 11. 

16. 

£600, £250. 

17. 

£120,;£300. 

18. 

£3. 105. 

19. 

36, 25. 

20. 

30, 10. 


Exercise 31. [ Pages 75-76 ] 

2. Take BE equal to AD ; by guess let-P* be the middle point of 
DE. Then i^'is very approximately the middle, point of the error, 
if any, being indefinitely small. 

7. 2-66, 1-68. 3-79, '2-39, 1-40. 

Exercise 32. [ Pages 78-79 ] 


1. 

units of ] 

Length. 

2. 

7| feet. 

3. 7^ yards. 

4. 3*5 inches. 

5. 

3*6 foot. 


6. 

A fe©t. 


7. 5 yards. 

8. 

65 feet. 


9. 

17 feet. 


10. 28'3 feet. 



Exercise 

34. [Page 84] 


1 . 

(i) (11, 8) ; 

(-9, 11): 

(-6. 

. -6) : (9, 

-10). 



(ii) (2-2, 1-6); (-1-8,2 

r2) : 

(-1. -1 

•2) : (1-8, -2). 


2. 

(3S,2|); ( 

-3, 3f):( - 

-ih 

-2): (3, 

-3J). 

5. 20. 

6. 

13. 

7. 50. 


8. 11: 

-13. 

9. 17-6:36. 

10. 

12:8. 

11. 12*5 units 

of area. 

12. 

16 units of area. 

13. 

1 unit of area. 14, 40 units of 

area : 7, 4*5. 

15. (i) 83 : 

(ii) 78 ; (iii) 

420: (iv) 

72. 


16. 30 sq, cm. ; 5 cm. ; 90®. 

17. 

2*5 cm. 

18. 6,7. 

19 

. 6. 

20. 32 units i 

of area ; 7, 5. 


1 . 

8 . 


Miscellaneous Exercises II 
[ Pages 87-88 ] 

I 


a:® + y ® + 2 ® — 2a;y + 2y« - 22 j:. 
27a!®-93®y-66y®. 


7. TO®+ft®-h9p®-h2wn + 3np4-3p» 
9. 217. 


II 


1. -4, 
6. 7. 


2 . - 1 . 

7. 11. 


3. 3. 

8 . 5 . 


4. 6. 

mwp 

9. |. 10. 1¥t. 
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in 

1. 7. 2. 126. 8. Es. 1500. 

4. £2250 ; £900 : £750 : £300. 6. 40 : 20 : 36. 6. £52 ; £2. 12a. 

Exercise 35. [ Pages 93-95 ] 

1. -5x^~2xy-y^~2x~y-2. 2. 4o®6. 3. -m^n^-mnp 

4. o®6*a!*. 5. a*b*c*. 6. a»6®-5V -HcV-a“6®c®. 

7. o® + 5*-hc®-3a5c, 8. 2(«+y+a). 9. 2(x+y+z). 

10. * x^y+y^z+z*x. 11. a®6+6*c-Hc®a+o6® + 5c®-Hco®. 12. abc^ 

+bca‘ +cab‘ +a‘d+b^d+c^d. 13. -f(a:-^l/+^). 14. -^x+y+z). 

16. 0. 16. 0. 17. 0. 18. 1280. 19. 1280. 20. 0. 

21. (o®-^6®)(w^-^n+p-^(^■^^)-^(ffl®-6®)(TO+n-^3)+q'+A:)+c®(i■^m-^n). 

22. 4(0*®+ fey* -HC2®). , 23. 0. 24. 3(a®+6®+c®-o6- 6c-ca). 

25. (o-H5-h<j)(a:®-HY*+*“)- 

Exercise 36. [ Pages 96-98 ] 

1. 10x'‘~llx*y+10x^y^+Qx*y^—^*. 2. 2m‘nx — ln^xm 

+ 12!B“»»w+7m®n®a:+8»*®®»». 3. lla:*-3a:*j/-50a:*y®-»-15a!*^* 

+26r®y*-19a:y®-H40y*. 4. 5aa!*-8a®a!®-^8y25c®+2y®25c+4y^®5c. 

5. -2-a:®i/®2-f 2a!]/®2® + 2a:®2*y-»-6!C®y®2®-3a:y2*. 6. 4a:*v®2* 

-80a:®i/*2® + 28®®!/®** “ 22x‘y^z* - 102®*!/®*® 155®®»*2®. 

7. -12®»!/*2® - 100®®!/*** + 58®*!/®** + 92®*!/**® + 39®*!/*** 

— 38®*®***. 8. - 4®® -f 5®!/ -?!/*- 8!/*. 9. 6®*-12®®!/®-^2a®6i^^ 

-Ixby* -9xyab. 10 . -2®*■^6®*I/-2®®l/®-^8®!/®+7l/*. 

11. -2®®-H3®‘i/-10®®!/®-4®®!/®-13®!/*-H60y®. 12. a®-^6a6-85®.. 

18. 4®®-8®!/-f!/®-12®-15!/-f9. 14. 2a®-4a»6-t-7a6®-166®. 

15. -12®®i/+7®®!/®-8®®-H7!/-29. 16. 6o®-4a6-65c-l-115®. 

17. -2®*-3y®-6®i/-3®-2. 18. -3a®-116®c-6ac®-56®. 

19. -4®®-22®v®-45y®-ll®*-24®!/-15. 20. Hx+^fyy + ^z. 

21. A®®+Hl/+fSw*. 22. l'2a®c®+30'08c®5y 

+ ‘46c®*. 23. -^a^c^x-Hc^b'^y-b^o^z+lx -6my-6nz^ 

24. (i) r2®4-2‘3»-’6* : (ii) 35®-24'7y-Aj® i 

(iii) 3-4o-H904i*+20w®-H30p. 26. 2{ft<j®+ca*-t-a6*). 26. 0. 

27. 0. 28, ax+by+oz, 29. 2ax+12by-oz. 80. 14®+44y-l-7*. 
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• Exercise 37. [ Page 100 ] . , 

* 

1. 2a*+5a5+3i)*. 2. 2m*-5»»n+3n®. 3. a® + 6*+c“+2a& 

+2ac+2&o. 4. a*+6® +c* — 2a&+2ac— 2ic, 6. a* + 6*+c*~2ffl& 

-2fl(c+26c. 6. 2a»+26® + 3c®-5a&-7ac+5bc. 7. 2a:*+3»*+4«*' 
—6xy—QKz+7yz. 8. 5a!®-2a*-36® + 3xa-2x6+5a6. 9. x^—y^—z*^ 

-x*y-x^z+xy^-y^z+xz‘-z‘y. 10. x‘y‘-y^z^-z‘x^-2yz*x. 

Exercise 38. [Pages 103-106] 

1. 27a® -75a6®+45a®6- 1256®. 2. 4o®- 95®+ 246c -16c®. 

3. a:* + 3a:®+4. 4. a*-2a®5® + 6*. 6. ®®+®* + l. 

6. !B®-®*»*+2!C®i/*+y*, 7. »»®+n®. 8. p*-g®. 

9. a*-26a*6®+25a6* 10. ai®-5a!® + 5a!®-l. 11. ®®-2a®a:®+a®. 

12. a*-3a*5®+3a*6‘-5«, 13. ®®+10a!-‘33. 14. ®“-2!c®+l. 

16. a®+a®6®+a*6*+a®5* + 5®. 16. x^+y^-f^z^-3xyz. 

17. a®+6*+c®-3a5c. 18. 2a®-a®5-14a*5®+13a*5*-43a®6‘ 

+ 23a6®-205*. 19. apx^+(bp-aq)x‘-(op + bq)x+cq. 

20. m«j!®-(«*+mr)a:*+r®. 21. aa!*-(l + a)6a!®+ (c+6®-ac)a!*-c®. 

22. o6a:® - (6* + ac)a;* + {2bc+ad)x^ - (2bd + c®)^:® + 2cdx-d‘, 

23. mpx* — {mq - mr + np)x^+(m$+nq-nr-p$)x‘ + (q-r-n)sx-s^. 

24. alx* + (2W + am)a!®i/ + (5Z + 2hm)xy‘ + bmy^+anx^ + 2hnxy + bny‘. 

25. Z®j)x* + m^px^y + n^px^y' + iPq+2g^p)x^ + (?»®<7 + 2/®j))a:®y 

+n*ga!i/® + {o*p + 2fli®g + Z®r)a:® + {OT®r+2/®g)a!l/+w*rj/® + (2flf®r+.c®g)ir 
+2/®r»+c®r. 26. a!*+lH|;»*V + 3g|Sx»i/® + 2f-|?x®v®+2^!rj/* + i/*. 

27. ;b® + Ifai'y + 3A®*y* + SSir*!/® + 4Jfx®i/* + 

28. ‘621®^* + 3197®’^° + 207®® + -405®* + -3321®® + 2-085®* 

+16-0872®* + 11-07®* +5-8676®® + 29-25®® + 6-96® +45. 29. '399®* 

+7-289a*6+16-71a®5* + 32-867a®5® + 23-789o6*+ 25-26®. 30. 2-3Z®* 

+ (3-16Z + 2-3TO)®*y + (1-17Z + 3-15?» + 2-3re}®»v® + (2-07Z+l-17«> 
+3-16»)®*w® + (2-07»»+l-17n)®i/*+2-07»y®. 31. a®®®-^a6®*jy 

+ (Wflc - 6*)®*i/* + (VS/k6c + ta<Z)®®{/® + (c®-f6d)®i/* + ^dy‘. 
32. 2-26a*m* + (3-9ac-l'446®)»t*«*-(3-846(Z-l-69c®>»®»* - 2-66<Z®n*. 
83. 16a* -816*. 84. 625a*®* - 12966*»*. 85. ®**-i/“. 

86. ®»+49®*»*+625tf". 87. a**®“-6«»®«. 61. -6®*. 
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62. -2y*. 53. 6x^y. 54. 15a:V^. 55. -3o6-*. 56. -ay'K 

• 4 y 

67. 12a®6®c®. 58. Idxyz. 59. -30a^bo-\ 60. 76a^®’*tf-*. 

61. a+2a^b^+b. 62. a-2a^5^+6. 63. 9®^-16y^. 64. a+b. 

65. x-y. 66. a®+aV+5®. 67. ix^-S7x*y^'+9y^. 

68. 69. 70. a-6*. 71. x+y+z-^x^y^z^. 

72. <1®"+®®". 73. a-®-6a-*6+13a-“6®-13(i-®6®+6a-^6*-6*. 

7.4. a:-«-5j;-9i,»+4i/". 75. 4a-‘“+12a''^fe’^+9a-“6-*-256-*. 

76. 6a!»+19a:® + 42£B + 45. 77. 2®* -7®* -24a: +45. 

78. 3a5®+9x* + ll£C^+21a;® +28a; + 12. 79. + 

+p(g + r)x + qr, 80. + -g®* + 7oa;* + 4^®® + 16i®® + 6® + 10. 

Exercise 39. [ Pages 110-111 ] 

1. ®-2.‘ 2. ®“5. 3. 3® + 4. 4. 5®~7. 

5. 2a -36. 6. 7. 2® -3a. 8. ®^-a®+a®.» 

9, a® + 2a6-6®. 10. ® + 3. 11. 2®-!. 12. 2ay-b» 


13. 

am + 3w. 14. 

2®® + 3®2/- 

-4j/®. 



15. 3i/“-®®»+2®*. 

16. 

4m®-6m?i+8w®. 

17. a*-3o®j^- 

y*. 

18 

. 27(2+ a). 19. 2-®. 

20. 

®* + 2a®® + 3a®®® 

+ 2a®® + a*. 

21. 

x‘ 

‘ - 2®*» + 3®®y* - 2®v® + 1^*. 

22. 

x^ + {a + b)x + ab. 

23. ® - c. 

24. 

a- 

^6+ 

c, 25. a6 + ac + 6c. 

26. 

ab+ac-bc. 


27. 

®® 

-{a- 

- 6)® - ab. 

28. 

a® + 6®+c®-a6- 

■ ac - 6c. 

29. 

®® 

+y^ 

+ 1-®!/ + ® + !/. 

30. 

x^+^y^ + dz^ ■{•2xy + Sxz-Qyz. 31. 

®® 


+2® + ®l/-®2; + 2/0 

32. 

2® - 3i/ - 5r. 

33. ab - ac 

-6c + 

c®. 


34. ® + c. 

35. 

®+a. 

36. a® + a6 

-bc- 

c®. 


37. a6-ac + 6c-6®. 

38. 

y^x + 2y^z-\-yx^ ’ 

-2yz^ -x^z- 

-®2J®, 



39. ®®-a® + a®. 

40. 

c+a-6. 

41. 2(a + 6)®. 



42. ® + i^ + 2? + ®t^;3r. 

43. 

16®* -8®®(2v* +a®)+(4»® - a 

3)2^ 

48. 

0*6. 49. ab-^eK 

50. 

-dx^y^z" . 

51. 

3®^-4i/^. 


62. o^-a^6^+6^. 

53. 

a^-a^6^+5^. 





64. 2x^-5x^y^-9y^. 

66. 

a^ + a^6^ + a^6 + 6^ . 



66. 2o-*+3a'^6‘*+56-*. 
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67. '3x~^-5x"^f^+7p'i 58. a“>a®6^+aM+a6+«M+5V 

59. x^+y^+z^-x^p^—y^V^-e^a!^, . 


Exercise 40. [ Page 113 ] 


1 . 

4. 

7. 

10 . 

12 . 

14. 

16. 

18. 


20 . 


25. 


m‘—3mn+2n‘. 2. 

-iax-2x'^, 5. 

2a®+3a6-45®. 8. 

2a!®-3a:-8. 11. 

a* + 2a* + 4a* + 8ffl + 16. 
3®* -4® +5. 16. 

»* + 2®* + 3®* + 2® + 1. 
a*+3a6-56*. 19. 

a*-3a*6-6«. 21. 


a*-3o6+5*. 3. 2x^-3xy-2y’‘. 

3+2®-2®* + ®*. 6 . ®*-2q( + 3. 

a*-2a®+4®*. 9. a*-2a5+26®. 

®* + 3®®+9®+27. 

13. 3-®* +2®*. 

32 + 16® + 8®* + 4®* + 2®* + ®®. 

17. 2a*-3a6+46*. 
®* + 2®®a + 2®a* + a®. 

X* + 2y®® + 3v*®* + 2{/®® + 3/*. 


i+J® + Jf®*+if^®* is the quotient and ff®* is the remainder. 


Exercise 41. [ Page 115 ] 

13. ®*+®*+®+l. 14 ®*-®*j/+®»®-l/*. 

16. ®*+®®+®*+® + l. 16. a5*-®®y + ®*»*-®»®+»*. 

17. ®*+®*+®®+®*+®+l. 18. ®®-®*i/+®®j/*-®*ff®+®»*-i^*. 

19. ®®+®®+®*+®®+®*+®+l. 

20. ®®-®®y+®*y*-®®3/*+®®i^*-®3/®+i/®. 


Exercise 42. [ Pages 118-119 ] 


1. 25®®+90®i/-h81»®. 

3. ®*+ 200® +10000. 

6. a® + 1998a +998001. 

7. 976144. 8. 1024144. 

11. 8»*+60®®+160®+125. 

14. 513152864-216. 15. 

16. (i) (3® + 3i/)* - (® - y)® ; 

{iii) (®+100)®— 2® ; 


2. 256a®-416a5+1695*. 

4. »®+1000y+ 250000. 

6. y®+20002y + 100020001. 

9. 10100-25. 10. 992016. 

12. 1157625. 13. 985074-875. 

(i) 50000032 ; (ii) 2000288. 

(ii) (5®+8y)®-(®+2y)® ; 

(iv) (600)® - 5® ; (v) (2® + 100)® - (-4)®. 
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17. a*-x*. 18. 16a* -81. 19. a*+a*6* + &«. 20. 9999^. 

21. 99999744. 22. 8a»+12a*®+6aa!®+a!». 23. a«->12o*+48a®-64. 

24. a»+64. 25. 8»*-27. 26. ®*-64. 27. 4®* +240® +1676. 

28. 36®* +108® -1076. 29. 36®* -408® +1076. 30. 100a*. 

31. ®*+v*+2®i/. 32. 8000a*. 33. 126a®. 34. 1331a*. 

35. 6®*. 36. (®+2)(®+3). 87. 6(»+8)(i/+6). 

38. (a*+2a6+26*)(a*-2a6+26*). 39. (®+y+3)(®+»+12). 

40. (9a+86+8){a+86-4). 41. (2®+5y)(4®*-10®ff+25v*). 

42. (8a + O® - 4){(8a + 13®)* + 4(8a + 13«) + 16{. 

43. (15a+36+2)(16a+36-2). 44. 6®(®+2y)(®-3y). 45. 226. 

46. 612. 47. 10000. 48. 8099'999996. 49. 92366. 50. 1. 

51. (2+5®+3®®)(2+5®-®*). 52. a*6®(®* + l)*-(a*-K6*)*®*. 

53. (ll®*+28®+10)*-(®*+®+6)*. 54. (49®®+98a®+39a*)*+(6a*)*. 


Exercise 43. [ Pages 126-127 ] 

« , 

1, (i) 121 ; (ii) 49 ; (iii) 4. 3. 144 sq. ft. 4. 16 sq. ft. 

5. 66 sq. yds. 6. 84 sq. yds. 7. 600 sq. yds. 8. 60. 

9. 76. 10. 171 sq. yds. 


Exercise 44. [ Page 128 ] 


1. a(6+c). 2. 

4. 2®y3(®+2y-32). 5. 

6. a®*(y-5a®y*+3®). 7. 

8. 14a»6*(2a»-36*). 9. 

to. 13a'‘6*o®(36*c®-5c*a*-7a*6*). 


a*6®(6+a). 8. ®*y®{y-2®). 

2o*6(2a“-3a6-46*). 

3»®y ®s®(®*y - 4y®a + 7«*®). 
36®»»«(2®*+3y*). 


Exercise 45. 

1. (3a+46)(3a-46). 

3. (6®*+l)(6®*-l). 

5. ®(4®*+3)(4®*-3). 

7. (l+4a*)(l+2a)(l-2a). 

9. (6+®*a)(6-®*a). 

11. (11 +m*){ll -»»*). 

13. (ab+5cd)(,ab-6c(£). 

15. j)*(«*+10)(g*-10). 


[ Pago 128 ] 

2. a(2a+5®)(2a-6®). 

4. (4®*+l)(2®+l)(2®-l). 

6. ®(4®*+9)(2®+3)(2®-3). 
8. ®*(l+9®»)(l+3®)(l-3®). 
10. (8a*+7®*)(8a*-7®*). 

12. (7®*a*+9)(7«*a»-9). 

14. (9»*+8a*K9®*-8a»). 

16. ®*(12»*+6o*)(12®*-6a*). 
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17. 3a»(8a*+9a:*)(8a*-9a;»). 18. 2air(7aa!*+^7aa!*-8). , 

19. 4i»a»(9a!'»a»-l»ll)(9ii:*a*-ll). 20. 5»»“n»(7TO*re"+llX7»»*»“-ll). 

21. (a+36+5c)(o+36-5c). 22. (a+36-5c)(a-36+6c). 23. 4a;v. 

24. (5a+3a!)(a+®). 26. (2a-26+3c-3d)(2a-26-3c+3d). 

26. .(7ir+5i/-32)(7a!-5j/+33). 27. 12(5!C-l)(a!+2). 28. 4a(5-c). 

29. (3a+6-c)(a-76+9c). 30. (14a+21a:-23y)(2a+27®-41y). 

31. -9(a!+aXa!-a)(!C®+o*). 82. 28a(5a-3). 

Exercise 46. L Pages 129-130 ] 

I. (»*-Ha!+lX®®-a:-H). 2. (®®+®+lX®?-»+lX®*- **+!). 

3. (a*■^al^+!^®Xfl®~®c+^c®). 

4. (a ® + (tx a:®X®“ - a® + x’‘){,a* - a®*® -»■ a:*). 

6. (a;®+4a!-t-8X!r®-4a!-f8). 6. (2a;®-^fe-^9X2!B*-6i^!-^9). 

7. 9(®® + 2a;+2Xa:®-2a!-f2). 8. (o®•^2a-^3)(o®-2o■^3). 

9. (a;®+a:-3X®*-*-3). 10. (2a!*-f2!C-H3X2»*-2!r-f3). 

II. (2a:®-^2a:-3X2a5®-2a!-3). 12. (2a!*■^3®+3X2®*-3^c-^3). 

13. (2a®■^6a-3X2a®-5a-3). 14. (2a®-H0a-H26X2a*-10o-t-25). 

15. (3®*-^a!-^4X3a:®-a!-^4). 16. .(3a*-l-a-4X3o®-o-4). 

17. (3®® +3* -4X3*® -3® -4). 18. (3a®-t-6a-H4X3a®-5a+4). 

19. (4®®■^6®a-^6o®X4®®-6a:a+5o®). 

20. (3a*-H7oa:-t-5a!®X3a®-7aa;+6®®). 21. (®®■^4®-^•12X®*-4®+12). 

22. (a®-f6a6-56®Xa®-5a6-66®). 23. (6a®+2a6-fc®X6a®-2a5-5*). 

24. (7m®-l-2win-4ra®X7m®-2jwn-4w®). 

25. (8a*-H2a!B-H9®*X8a®-12a®-f9a!®). 

26. (2&:®-^-14®a-t-49a*X2®®-14a!a■^49a»). 27. (x+y-z^x-y+z). 

28. (2o-H6-3cX2a-5+3c). 29. (3®-l-2y-32X3«-2y+3a). 

30. (a+26— 5cX®~26-l-6c). 31. (4y+3®— 6i!X4y~3®+5a). 

32. (a-25+3o-2<iXa-2fe-3c-H2(i). 33. (®-2y+zX®-«). 

84. (2a!+3a+66-HX2»-l-3a-55-l). 

35. (3®+2y-7a-6)(3a:-2i/-f7z-5). 

36. (4o-H3&-4c-3X4a-36-f4c-3). 

37. (®-7»+6z-2X»-7y-6z-(-2). 

38. (4a!-f-5a+3i/-76X4a!+5a-3j/+76). 

(7*— 4i;'f8z~lX7®“4y~8z+l). 40. (a+6—o— dX®“5+fl**<i). 
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Exercise 47. [.Page 131 ] 

1. (a-26)(a’* + 2a6+46®). 2. a(a-3£c)(a® + 3aa5+9aj®). 

3. (2a; + l)(4a;® - 2aj + lX64a;® - 8a;® + 1). 4. (a - 26)(a® + 2a5 + 45®) 

(a® + 8a®5® + 645®). 5. (3a® + 6a;®)(9a* - 16a®a;® + 26x^). 

6. (m + w)(w-n)(m®-wn+w®)(m®+m?i+%®). 7, (7a; + 8y) 

(49a;® - 56xy + 642/®). 8. (2a3® - l)(2a;® + l)(4a;^ + 2a;® + l)(4a;^ - 2a;® + 1). 

9. (a - 2a;®)(a + 2a;®)(a® + 2aa;® + 4a;^)(a® - 2aa;® + 4a;*). 10. (6a;® - 6a®) 

(25a;® + 30x®a® + 36a®). 11. a5(4a* + 75*)(16a® - 28a*5* + 495®). 

12. a;®2/®(3a;® + 22/®)(3a;® - 22/®)(9a;® - 6a;®!/® + 42/®)(9a;® + 6a;®2/® + 42/®). 
18. (a+5)®(a*-2a®5 + 6a®5®-2a5® + 5*). 14. 2{x-^y)(x-y) 

(4a;* - 14 x® 2 /® + 132/*). ^5 2(a - 5)(a® + a5 + 5®)(4a® - 2a® 5® + 5®). 


Exercise 48. [ Pages 135-136 ] 


1. 

(a; + l)(a; + 2). 

2. 

(a!+2)(a:+3). 

3. 

(a + l)(a+ 3). 

4. 

(a; - 4)(a; - 1). 

6. 

(x + 2)(a! + 5). 

6. 

(a;-3)(a;-4). 

7. 

(a; + 5)(a; + 3). 

8. 

(x-6Xa!+3). 

9. 

(a;-4)(a;“9). 

10. 

(a; + 4)(a;-9). 

11. 

Cx-2Xa;-12). 

12. 

(®-2)(a;-20). 

13. 

(a;+10)(a;-3). 

14. 

(®+8Xa;-6). 

16. 

(a;+18)(a;-2). 

16. 

(a; + 12)(a;-3). 

17. 

(x+14Xx-3). 

18. 

(a; + 18)(a;-“4). 

19. 

(a;-8)(x+5). 

20. 

(x-16Xa! + 5). 

21. 

(a; “ 32)(a; + 3). 

22. 

(a;-14)(a;+4). 

23. 

(x-7Xx + 6). 

24. 

(a;-9)(a;+8). 

26. 

(a; + 10)(a; + 12). 

26. 

(x + 20Xa:-4), 

27. 

(a;-24)(a; + 3). 

28. 

(a; + 12)(a;-7). 

29. 

(x-12Xx-8). 

30. 

(x + 26)(a; — 3). 

31. 

(a;-12)(a; + 6). 

32. 

1 

1 

33. 

ix - 22)(a; - 4). 

34. 

(a;+15)(a;-8). 

35. 

(x — 10)(x + 8). 

36. 

(a;+14)(a;-6). 

37. 

(a-8)(a + 7). 

38. 

(m-15Xm+6). 

39. 

(a+20)(a — 3). 

40. 

(a-9)(a-6). 

41. 

(p-24)(p + 2). 

42. 

(w+9)(w“8). 

43. 

(m + 30Xw^ ““ 3). 

44. 

(a-24Xa-5). 

46. 

{x + 13)(a; — 6). 

46. 

(a-51)(a + 2). 

47. 

(a-15Xa~4). 

48. 

(a; + 16)(a;-4). 

49. 

(a-30)(a+4). 

50. 

(x+16Xa!-7). 

51. 

(a;-7i/)(a;+6y). 

52. 

(a-85)(a'“45). 

53. 

(7»+6»X»»~5»). 

54. 

(a+45)(a-35). 

55. 

(a-65)(a+35). 

56. 

(x-8j/X®+l/). 

67. 

{x+Sy){x-~6y). 

58. 

(p-6gXP“89)* 

59. 

(2)+10a)(2)-8g). 

60. 

(a; + 242/)(a;-4y), 


61. (a+l)(a-l)(a®+6), . 62. (a;®+5)(a;®-3). 
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63. (»+2X®-2)(aj»+7). 64. (a!-l)(!r*+a:+lKaj“+3). 

65. (a-2)(a*+2al-4)(a®-2). 66. (®-l)(a!+3)(a!*+a:+lX«*-3®+9). 

67. (o-lXo+2Xa* + o+lXa®-2a+4). 

68. (a:®+2Xa;»-2Xa:+2X®-2Xx®+4). ' 69. (o+2Xa-2Xo*+4Xa‘=H5). 

70. (a!*+l)(!B*-2Xa!*-a!*+lXa!*+2a!*+4). 71. (a+l)®(a»+2a-2). 

72. (a: + lXa:+2Xa:® + 3a: + l). 73. (a!-l)®(iS+lXa:-3). 

74. (a+lXo-4Xo“-3a + l). 75. (a!+lX®-5Xa:»-4a:+l). 

76. (a: + lXa!-2Xa:+2Xa:-3). 77. (!B-2Xa!-3X!r-lXa!-4). 

78. (a-2Xa+9Xa+2Xa+5). 79. (o-4Xa+10Xa+2Xa+4). 

80. (®+lXa:-9X®+2Xx-10). 81. (2® -OX® + 3). 

82. (3a-5X2a + 3). 83. (4wH-3X2w»-3). 84. (2a!-3tfX3®+8tf). 

85. (5a-36X2a-76). 86. (3m-4nX4m+5n). 87. (2a! + 5j/X6®-v). 

88. (4a + 56X5® -65). 89. .(3®-5yX6a:-7y). 90. (4a:-3y)(3a:+8y). 

Exercise 49. [ Page 138 ] 

1. (®+3)(®+l). 2. (®+5)(®+l). 3. (®+5)(®+3). , 

4. (®-7)(®-3). 5, {®-8)(®+6). 6. (i-9){®+5). 

7. (®-8)(®-4). 8. (®-ll)(®+5). 9. (a+26-c)(o+c). 

10. (®+y)(x-y+2). 11. (®+y+l)(®-y+5). 12. {a+56-c)(a-6+c). 

13. (x - y - zHx - 6y + z). 14. (®-2y-2«)(®-8y+2a). 

15. (a+6-3c)(a-136+3c). 16. (x+12y-3z)(x+3z). 

17. (®+y-5«){®-15y.+5s). 18. (2®+l)(®-3). 

19. (3x + lX®-2). 20. (3®+2){®+4). 21. (4a!-l)(® + 2). 

22. (2®-l)(3®+2). 23. (2a! + l)(3®-4). 24. (3a:-l)(2®+3). 

25. (2® + 3)(4x-5). 26. (2® -5)12® +7). 27. (2®-3)(3® + 4). 

28. (3® + 2X®-6). 29. (2»+5)(®-7). 30. (2®-7)(® + 6). 

31. (3®-5)(® + 6). 32. (3®-2)(4® + 3). 33. (a + 56)(2a-36). 

34. (2®-3y)(3®-2j/). 35. (3OT + 2n)(2»»-5»). 36. {3p-iq^ + 3q). 

37. (2o-66)(4a + 36). 38. {5 ?i»-2wX2to + 3w). 39. (4®-y)(3®+4y). 

40. (8a-46)(5a+36). 41. {2a-6Ka-26). 42. (o-36)(3a+6). 

43. (® + 3y)(3®-y). 44. (a + 4)(4o-l). 45. (a-46)(4a-6). 

46. (®-5X6®+l). 47. (®-5yX5®-y). 48. (®+6X6®+l). 

49. (a+66X6a-6). 60. (a-66)(6a+6). 61. (a-76X7o-6). 

52. (a+76)(7a-6). 63. (a-76X7a+6). 64. (8®-y)(®+8y). 

55. (9®-y)(*-9y). 66. (10®-»X®+10y). 67. (2a+26-lXo+6+2). 

68. (*-y)*(2®®+2i/*+®y). 69. (a+6)*(2a*+26*+a6). 

•60. (®-4yX4a:-»X*“+»*)* 61- (a+2X»-2X2»*+3). 

1—36 
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62. (2a+36X2ffl-36)(2a® + 6“). 63. (3a+46X3®~45Xa* + 26*). 

64. (a:-2X2j:-lX®® + 2x + 4X4iB* + 2aj + l). 

66. (2a* + 6*X2a* - 6®Xa“ + 25*)(a* - 26®). 

Miscellaneous Exercises III 

[ Pages 145-149 ] 

I 

1. (i) »®(a; - 2«) -y^xz-¥ y{xz* - a:® - 2a*) + (®®a - xz *) ; 

(ii) (icy® - x^y) + a(a!® - a:v® - 2j/*) + z^xy -z\x+ 2y). 

2. 94. 4, a:*+®®tf +aj®tf*+a:i;®+y*. 5. 8o6 ; 128. 

6. 2(i*+v®+z® -tfa-zas-acy). 7. (a+c)*-(6-d)*. 

8. (2j+3y)(2a!+3y-4). 

II 

1. 3[3aa:*+aa!®w+3aa:y* + 7%®]. 2. m(a«i+6Xm*+2). 

3. a:-2a!^+l. 5. a!®-(o+6+c)!r®+(a6+6c+co)a:-oi«>. 

6. a;*-Cp-l)a;®+(3-p+l)a:®-(p-l)a: + l. 7. o*+o*6* + 6*. 

8. (a-6X&“c): (6+2a + 3c)(6-2o-3c). 

III 

1. 2)a;*+gaj*+r®+s. 2. —36®. 3. 392. 4. 16. 

5. x’-xy--xz+yz. 6. (4a-l)(16o®+8o+3). 

IV 

1. - IV® + 61®wnr - 21®n® - 3l®TO®n® - 4Z*»»®r + 6I»»*» - 2 to*. 

2. 3a®®*+6a®6®®+3a6*a;*+46®®+12. 3. o®-646®. 

.4. (i)a®-3a6c+(6»+c») , (ii) a®{6-c)-a(6®-c®)+(6*c-6c*) ; 

(iii) o*(6 - c) - a(6* - c*) + (6*c - 6c*). 

5. ®* + (a + 6 + c)®® + (a6 + 6c + ca)® + abc ; — 11 ; — 68. 

8. a+264-3c. 

V 

1. 121. 2. i(o®® + 6®*y-c®*v®-(Z®®»®+e®»* -/»*). 

4. 8a®+12a*o+6ac®+c®. 6. 8®® +4®* +12®* -8®® +24® -32. 

7. a^+aH^+o^6^+6^. 8.(i) o®®(a-®)(6o®+l) ; (ii) (®+yz)(tf+z®). 

1. 87659405. 2. -126. 4. .®®+l. 6. (®*-7®+9)®+(6)*. 

6. (a + 6 + c + d){(i — 6 — c + + 6 “ c — d)(a — i + c — d). 
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7. (i) {«-6X«“6+2); (ii) (2o-6X3a+6+3) > 

(iii) (5» + 2vX3b - 2» + 2). 8. (2® - y)o* + (® + y)ax - *“. 

VII 

1. 7. 3. ®^+y^+a^-3®^y^a^. 4, ®+a. 

8. 2®V+2wV+20*®*-®*-v*-a*. 7. (i) (2®-3X3®+6) ; 

(ii) (6® - 5» - 3X7® - 7i/ - 4) : (iii) (® - 3i/»Xlla! - 21»*). 

VIII 

1. l+(a+6)®+f‘^^-^^^i*’“y®*. 2. 65. 4. 2(a+6)®.' 

5. o*-2: a“-3a: a*-4a*+2. 8. (®*-8®v-»*X®*+3®»-tf*). 

1. a*+a*®*+®*. 4. ®®+6*+^+®,' 

6. a*(i-c)-<i(6«-(}*)+6c(6-c). 8. 3. 

X 

1. 2(a+m){c+n)+26i. 2. 16, 5. o’+6+c^-3aMc^. 

6. (3®-7K8®-2). 7. 17. 8. £125 each. 

Exercise 51. [ Page 161 ] 

1- a*6*. 2. 4a*. 3. 3®»*. 4. 5a“»“. 

5. 9TO*n*. 6. 4o®. 7, 12 otp. 8. 15®*y*a*. 

9. 18a*o*. 10. 24c*. 11. 12a*. 12. 16OT®«*iJ®ff». 

13. 18a*6*o*d*. 14. 6. 16. 8®*tf*. 

Exercise 52. [ Page 163 ] 

1. a(a+6). • 2. ®*»®(®+y). 3. 3(z-t3). 

4. 4a*(a*+6c). 5. m®n®(OT-«)*. 6. a®(2aH-3®). 

7. 2a*6®(3a+46). 8. 3®*v*{®-2y). 9. 2o6(o+26). 

10. 16®®o®(®*-a*). 11. 8(®®+a®+o*). 12. 8®a*{®* + a*). 


13. 

6(aH-36}. 

14. 

4®(®-5). 

15. 

®v(® + 6»). 16, 

a*®*(a+2®). 

17. 

2®+3. 

18. 

a- 26, 

19. 

®-2. 20. 

18(®+2o). 

21. 

a-b. 

22. 

®+2. 

23. 

4a6{3o+6). 24. 

®*+6®+6. 




Exercise 

53. 

[ Page 156 ] 

It 

^'1. 

a*6*. 

2. 

a®6*c. 

3. 

30®*y*. 4. 

28»»*n®p. 

5. 

24*®»®a*. 

6. 

140a*6*o*. 

7. 

120a®6®o». 8. 

180**y®a*a*. 
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' 9. ffl'i'Ca*-**). 10. 24(®’*-»T. 
12. a^(a-x)(a + 3x)(a-2x), 

14. 12a^x’‘{x*-a’Kx‘-ax+a*). 

16. (a:-3)U + 6Xa; + 4)(a:+7). 

18. (8a*+276’)(8a®-276*). 

20. (2x-3«)®(9x*-a®). 

22. 6(3a-a:)®(o*-4a:®). 

24. {x~2y){x-iyYx-3y){x + 5y). 

26. (l-4a:®Xl + 2a:+4a:®)(l + 2a:-4®®). 


11. (a!-l)(®-2XaJ-3). 

13. a*(a-2Xo+2Xa+4). 

16. 48{®-2Ha!+6Xa5+6). 

17. 3a*(4a*-96*Xa®-fc*)- 
19. 12a:®(4a:»-25i/®)(2x-i/>- 
21. 2x(4a:*+81). 

23. (2a!-l)»(4a!“-lX® + 3). 
25. (a: +2X2®- 1X3® +1). 

27. (®®-3A9®‘'-lX9**-l)i- 




Exercise 

54. 

1. 

1 

26‘ 

o 3® 
iy 

3. 

6. 

bxy 

, 2d* 

3a' 

8. 

11. 

2a;r-3a 

2a; 

a + 46 

13. 

16. 

05-2 

a;-3 

® + 4 

18. 

21. 

i! . 

05 + 71/' 

22 1-2®’ 
i‘+3a» 

23. 

26. 

® 7®, 
jc + a 

27. 

a; + 7a 

28. 

31. 

a;-a 

AA 3<z + 56 
3c- 1’ 

33. 



Exercise 

65. 


[ Pages 168-159 ] 


2a. 

dx’ 

4. 

3x0 

6y^* 

. 2d 

3a6' 

6m 

9. 

x-a^ 

X 

“®+3r 

3a 

a; + 4a* 

14. 

2x® 

x‘-'-2a^' 

15 4® , 

a - 46^ 
a- 6b 

19. 

a+6 

1-5® 

a;® -13 
a;®-4’ 

24. 

3ax_^ 

a-3x 

25 2®±3 

3® +4 

lOiC^ 

} i 1 

29. 

2x-5a^ 
3x - 7a’ 

2 — 3ax' 

“■ i-to 

^+ 3a 
3x + 2a 

34. 

2a -b 
a*-l’ 

jjjr a — 6 — C' 

a+6::'c‘ 


[Pages 160-161]' 


1. 


5. 

7 . 


2a(j/ 3bcf 4bde 
ibd/ ibdf’ \bdj 

Ibx^b IQxybc &y*ca . 

6(te*y®" OOc-’v®’ 60®V' ^ 

®®(a - 26) aj/®(a + 26) 
o(a®-46»V a{i®-46*)’ 

2a(a+6) ~^M®'L^) 4c(a-6) 

'■- 6*‘ ~a®- 6'““' a® -6® ■ 

3c*a*y(a+®) 4a®6*s „ 

o»'6»c»(a“-®*T a®6®c»(a»-®*y ^ 


12a6c* iSatc’ i2a6o*‘ 
® gfcfa ~ 6) c(a - 6) 

a(a®-6*j* aia^-b^y 

a ^ c-a 

a(a— by a{a - 6)* 
o 2h^c^x(a-x) 
a^b^cHa^^^y 
aM2a; + 3y) feV2a;"3 i/) 

xy(ix^ - 9y “) xy(ix^ - 9y®y 
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__3(*+3) 4(3!+1) a*—ih* 

"• »“+^»-5®-6’ ir*+8a6»’ a*+8a6“- 

,yi + 3o6 + 96*) 6 (a~36) c 

r* a» -W ' * a* -'276*' 

a®(a-6+(5) 6*(a-6-c) afcc 

“• a6(S*+6»-c»-^6)’ a6{a®+'6*-c*-^fe)* a6(a»+6*-c*-^6)' 
IB _ (c-a)*_ (o-6)» _(6-c>”_ . 

‘®* (a-b)(b-oXe-a)' (a-6)(fc-c)(c-aj’ (i"-i)(i-c)(e-oJ 


Exercise 66. [ Pages 163-164 ] 



«•+«.» 

2. 

0. 3. 1. 

. 4ab 

le 

air * 

4. -a_-p- 

5. 

a+i> 

2(a-by 

6. 

12!gy 

4®* -9®®’ 

_ a®-2ai>-fc" 

ro"+i>no-6)’ 

8. 

2a“ 

a^-b*' 

9. 

1 

(a — bXb—c) 

®®-4®+'3' 

11. 

2 ■ 

i® + 10a!+16‘ 

12. 

6xp 

8®^ + ^y®‘ 

M* a®-i)® 

14. 

0. 

15. 

Mvl. 

x*-p* 

-64a®® 
a* -16®*’ 

17. 

a;® 

6(®®-9)' 

18. 

2b 

i-i6a»6»‘ 

19 - ■ ■ 

®*-16a* 

20. 

8a^i» 

a®-6«' 

21. 

108®.* 

81®*-y*‘ 

„„ 9a®(®+a) 

®*-81a* 

28. 

.4ai', . 

(a-b)‘‘ 

24. 

6®® -12 , 

®* — &* + 4’ 

25 - 

4®*-6a*®*+o- 

26. 

— 48a® _ 

!c*-iOa®a5®+9a*' 

27. 

2® 

x*-l 

28- (®-aX^-6)’ 

29. 

_j__4 

a!®-6a5+6* 

80. 

4 

®®+14a®+i3a* 

81. .Jv 

x + 3 

82. 


12®* 

®®-64* 

or 66ax^ 

i6a;»-666ia®* 


1 . 

«. 

41 . 


1 

3' 

x+2 

— t 

X 

1 . 


Exercise 57. [ Pages 165-166 ] 


7. 3. 

12 . 1 . 


8. xpz. 


8 . 

18. 


a*-i 

a 

q^±b\ 

a 


4. 

9. 

14. 


x*y*z^ 

9a*6V*’ 

a*-^4<r* 

- • 


5. 

10 . 

16. 


8w»y ’ 

. ®* -l 

6 ' 

®±2 

i+3’ 
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.16. 

X 

17. 


18. 

^^+2+—*. 19 

20. 

1. 

21. 

a + 6-c^ 
a + 6 + 0 

22. 

1. 



Exercise 68. [ Pages 167-168 ] 


1. 

5aa;^ 

66y* 

2. 

6. 

m-n ^ 
w + 2n* 

• 6. 

9. 

ir« + V’. 

2x1/ 

10. 

13. 

xy. 

14. ab. 


- abiin-bY ■ 


(a+b)* 

b ' 

A X “ 7 

« k' 

X — 0 

4. 

% 

a-b. 

(m-nY. 

7. 1. 

8. 

1. 

x‘-ex+12 

x*-10x+2l' 

11 ^ . 

• p’ + 3* 

12. 

ID 

1 

16. 2x. 

16. 1. 

17. 

xy 

x« + y” 


20. a* -6*. 

21. 

a-b. 




Exercise 

69. 

t Pages 

171-172 ] 



. 1 . 

2. 

2. 2. 

3. 

-5. 

4. 

1. 

6. 

2. 

6. 

i 

7. 3. 

8. 

-5. 

9. 

6. 

10. 

0+6. 

11. 

2a. 

12. i(a+b). 


13. 

0+6. 


14. 

m-n. 

16. 

a+b. 

16. l(a-l-&). 


• 17. 

2a*. 

a+6 


18. 

i2«*. 

0+36' 

19. 

c+d. 

20. i(o+6+c). 

21. 

-i{o+6+c). 

22. 

ab. 

23. 

1 

ab' 

24. 13. 

26. 

16. 

26. 

20. 

27. 

-3. 

28. 

8. 

29. 10. 

30. 

9. 

31. 

9. 

32. 

6- 

33. 

8. 

34. 5. 

36. 

7. 

36. 

8a 

25" 

37. 

24. 

38. 

18. 

39. 

40. 

66. 

41. 

4i. 

42. 

6. 

43. 

101. 

-- ac + 6® 

**’ 6»+o-’ 

46. 

-m. 

46. 

8. 

47. 

11. 

48. 

2. 

49. 25a 4- 245. 

60. 

2ab ^ 
a+b' 

61. 

72. 

62. 

, 7i. 



Exercise 60. [Page 173] 




1. 

27. 

, 2. 6. 

3. 

20. 

4. 

2. 


6. la 

6.1 

|6. 

7. 5 

8. 

. 6 . 

9. 

7. 

10. 5. 
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, Exercise 61. [ Pages 174-175 ] 

1. 2* i. 3. 4. 405. 6. 8. 

6. 3. 7. lOf. 8. a*-H6»+c®. 9. Uab-^bc+ca). 

10 . 0 . 11 . a^ + b^+o^-3abe.- 12 . 0 . 

Exercise 62. [ Pages 178-180 ] 

1. 90x180:100 x 230. 2. 15 ft., 12 ft. 3. £33. 4. 50,30. 

5. 20 men, 16 women. 6. .4, 84 miles and B, 70 miles in 56^ourB. 

7. 28 days. 8. £2. 15s. 9. 24 ft. 10. JVorM ter & days, 

11. 4 days. 12. £52 ; 52s. 13. il, £162; B’disT'OTiiM. 

14. 34 sheep ; £70. 15. 98§ miles from London ; 10| hours. 

16. 44. 17. 32. 18. 72. 19. 23. 

20. 5, 8, 2, 24. 21. 19, 5, 4, 32. 22. 22, 31, 9, 54. 


4. ,a: = 4\ 
y=7/ 
7. *=401 
v-iej 


Exercise 64. [Page 184] 


®=3 1 

2. 

®=2 1 

3. 

*=7 1 

4. 

*31 

5. 

ir=4 

y-2 / 


y=3 / 


y=2 J 


y-7 / 


y = 4 

*=13 \ 

7. 

*=6 1 

8. 

*-5 1 

9. 

* = 2i 1 

10. 

a;«6 

y- 3 / 


y=5 J 


y = 5 J 


y=ii/ 


!/“2 


4. *-2 1 
y~3 I 

8 . *- -2 1 
y- 3 / 
12. ®= 3 \ 
»--l / 
16. *-5 1 
y-11 J 

19. ff-f 1 


Exercise 66. [ Pages 186-187 ] 


1. 

iB“3 

2. 

*=4 ■) 

3. * 1 




y-1 i 

y J 

6. 

a?*4 

6. 

®=6 1 

7. *=2 1 




y-4 J 

y=i J 

9. 

a;«5 

10. 

*=1 1 

11. *=11 


y = 2 


y=3 / 

y-2 / 

13. 

a:-l 

14. 

*— -5 

15. *• ' 2 




y- 2 

y. > 1 

17. 

fcc-c 

cut 

-c» 

18. *-7 1 

*“5o-a*’ 



y=9 1 


1. *"2 1 

y-3 J 

- ao+b* 
®* ^’’a^+b' 
8. ®=8 1 
y=5 J 


Exercise 63. [ Page 182 ] 


y=2 J 

ah-c 
‘'=a* + 6- 

9. *=6 1 


*=6 1 
y=4 j 


3. ®=7 
y=6 

6 . *=2 1 
y=3 J 
10 . *=6 1 
y=8 / 
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20. 

iE“3 1 




22. a 


23. 

®-10\ 

• 

»»2 ; 



I/=3/ 

P 

-4 / 


y- 6J 

24. 



25. 

*=2 1 

26. 

a® 

-6» 

a* -6* 


y-iol 



ff-3 / 

ajss-. 

am 

-hn an-hm 

27. 

V 

“f- 


28. z 

“j. V’“i- 


29. X' 

-4, tf-2. 

30. 

1 

/-18. 










Exercise 66. 

[Pages 191-193] 



1. 

t 

2. .7. 

9. 

3. 6. 

2. 4. 

60, 16. 

5. 

24, 15. 

, 6. 

A. 

7. f. 


8. i. 

9. Rs. 

15 : Rs. 

24. 10. 

3, 5. 

11. 

6 miles 

and 3 

miles 

per hour. 

12. 

8; 16. 

13. 

2Q days. 

14. 

480 sq. 

yds. 


15. 

Tea 2s. 8d. 

and coffee Is. 6^^. per lb. 

16. 

3 miles, 

, milea per hour. 



17. 22 and 26. 


18. Rs, 500 ; B, Rs. 400 : 0, Rs. 200. 19. 76. 20. 66. 

21. 21, 40. 22. A horse, £24 ; a cow, £12. 23. 6s., 3s. 

24. A, 24 days ; B, 48'days. 25. ^5. 26. 16 miles. 27. 72. 

28. 76s.^ 36s. • 29. 34 sheep ; £70. 30. 27. 

Exercise 67. [Page 199] 

7. (l)6a!-5y=0; (2) 8ir+7y»36 ; (3) a!+y+2-=0 ; 

(4) 21*-5y+124=0 ; (5) 5x+9y+55°0. 

Exercise 68. [ Pages 201-202 ] 


1. 3,-3. 

2. 

a, — a. 3. 14,-14. 

4. 2J,-2i. 

5. 5,-5. 

6. 3,-3. 

7. 

5,-5. . 8. 2a, -2a. 

9. a,- a. 

10. 6,-6. 

11. 1,-1. 

12. 

2,-2. 13. 6 yds. 

14. 9 yds. 15. 5 ft. each. 



Exercise 69. [ Page 203 ] 

f 

1. 2,4. 

2. 

6,-4. 3. 1,-4. 

4. 4,-13. 

5e 3, — 

6. i,-f. 

7. 

1,-1. 8. 2, i 

9. 2, -A. 

10. a, h. 

11. 19,21. 

12. 

16,-6. 13. 3, 13. 

14. 40 years. 

15. Rs. 75. 


Miscellaneous Exercises IV 
[ Pages 204-207 ] 

• I 

1. 12 a*; 720a*5Va;V. 2. (®-3)*, (®-3X4i»-H); *-3. 

3. (a-l!))(6-c)(6-2a-3cX2a+t+3c). 

4. (a+y-lX®*+»*~®y+®+y'' !)• 6. a5* + 2. 
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7. 

1 . 

4. 

1 . 

5. 

7. 

2 . 

6 . 

1 . 

4. 

1 . 

7. 

1. 

5. 

1 . 

4. 

7. 

10. 

15. 

17. 

19. 


u ^ O U • ® 

■a*-a6+6»' ' ah-bd-ao^ 


®-3. 2. (*-«)(*+ 6X®*+®)* 


3. (i) i®*»* : • (ii) 8. 


a* + 6* _ 6(®-3) „ o o fc*+o*-«* . o*+a*-6* 

'Vfta • 5. gJjj.gj- 7. 9. 8. 6.-- • »= ofc 


(a-6)(®+(i), 2. *•-!. 3. «+3. 4, (®+oX®-6)(«+6). 

_8 ft _ 2(6-1) 2(a-l) 

a,*_16- 0- ®"^6_(a+6)’ ^'“M-la+bS 

£2800 and £1200. 8. 3.-3. 

IV 

*• ®»-i®+2’ '*• m*~-m+l 

345. ' 7. if. 8. 8,-8. 

V 

®®-(a+6)®+ffl6. 2. 280®* -123®* -37® +6. 3. 1. 

.l« »• 

VI 

®-2. 2. a6c(®-a)(®-6)(®-c). 4. 0. 6. 2. 

12s. 8. 4,-4. 

VII 


®*+ 6 . 

o* + fe“. 
' 2a& 


2. (a-6X6-cXc-a). 
7. ®=.10, »-15. 


®*— 4®+3 


8. 4,-4. 


Exercise 70. [ Page 209 ] 

®»+6®*+ll®+6. 2. ®“ + 14®*+59®+70. 8. ®*-®*-24®-36. 
®®-®*- 70® -200. 5. ®»-4®*-29®-24. 6. ®»+®*-46®+80. 
®»-37®+84. 8. ®®- 6®* -37® +210. 9. ®*- 23®* +167® -386. 
®*- 18®* +99® -162. 11. ®»- 13®* -8® +240. 12. ®"+25®* 
+199®+495. 18. ®»-52®+96. 14. ®»- 23®* + 151® -273.* 

®» + 13®*-144. 16. ®» -7®* -138® +1080. 

®"- 3®* -73® +315. 18. ®»+ 35®* +396® +1440. 

®“- 148® -672. 20. ®»- 31®* +290® -800. 
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. Exercise 71. [ Pages 210>211 ] 

1. a!* + v® + «* + 2ajy-2a:«-2»s. 2. ®*+i/*+*®-2a:i/ + 2®2-2y», 

8 . a:®+y®+z*-2a;y-2!rs+2ys. 4. a!®+»*+s*+2ary-2a;«-2ys. 

5. ®*+y®+s®-2a:i/-2xz + 2i/«. 6. a*+a!®+y* + 2*-2o® + 2<»y 

--2a2-2!ry + 2a:2-2y2. 7. a*+a!* + v* + 2®-2aa: — 2ay-2a2+2a;y 

+2r2+2y2. 8. TO®+n*+p®+g®+r*+2»»n+2wip+2»?ig+2TOr+2np 

+2ng+2wr+2pg+2pr+2gr. '9. p®+g®+r®+a!*+y*-2pg+2pr 

-2p®-2py— 2gr+2gx+2gi/ — 2ra5 — 2ri/+2®y. 10. a® + 6®+c® 

‘+a!® + p®+2®-2a6 + 2ac-2ffla!+2ai/ + 2a2 - &e+2bx-2by - 2bz-2cx + 
2cy + 2 c 2 — 2a:p — 2*2 + 2p2. 11. a®+4*®+9i/® + 162® — 4a®.— 6ap 

- 802 +12*y+ 16*2 +24y2. 12. 4o® + 6®+4c*+d*-4o6+8ac-4a<l 

-46<j+26i-4cd. 13. 49. 14. 9. 15. 0. 16. 144. 17. 1636. 

18. 1. 19. 63. 20. 0. 21. 47. 22. 69. 

Exercise 72. [ Pages 213-214 ] 

» • 

1. ®‘-H5**+10**+10*®+6*+l. 2. ®*+6**+16**+20*“+15** 

+6*+l. 3. a«+8o’6-i-28a®6®-l-56a®6*-H70a*6*-f56a®6*+28a®6* + 

4. a®+9a«6-l-36o’6®+84o*fe® + 126o‘6*+126o*6*+84o*6* 
+36a»6’+9a6« + 6». 6 . ®»-5**i/ + 10 *“3/®-10 **»»-h5*i/*-v*- 

6 . m® - 7»»®» + 21»t*n® - 36»»*n® + 35 ot*»* — 2lOT®n®+ 7 ot»®— n®» 

7. *®-^8*» + 24*»+32*+16. 8. *®-HO**+40*®-l-80®®-h80*+32. 

9. *® -h 8*® +28*® +56*® +70** +66*® + 28*®+ 8* -H. 10. »*+12** 

+64*® + 108* +81. 11. *®-5»*+10*®-10*®+5*-l. 

12. 64 -1922 + 2402® -1602* + 602*- 122® + »®. 13. 16®* - 32*® + 24*» 

-8*+l. 14. **-9*®v+36®®y®-84*®p® + 126**1/* -126**v®+84*®i/* 

-36*®!/® +9*1/®-!/®. 16. 243**-810** + 1080*®-720*® + 240**-32, 

16. l-8o+28a®-56a® + 70a*-56a® + 28a®-8a® + o®. 17. l-7o 

+21o®-35c®+35c*-21c®+7c®-c®. 18. 1-18* +135*® -640*® 

+ 1215®* -1468*® +729*®. 19. l-14*+84**-280*®+660**-672»® 

+448*®-128*®. 20. 256a® -1024®®a+1792*®a®- 1792**0® +1120**0* 
-448*®o®+112*®o®-16*o®+o®. 21. *^®-10*®a+46*®o®-120*®o® 

+ 210»®o* - 262**0® + 210**0® - 120*®o® + 45*®o® - 10*o® + o®^®. 22. 243»® 
-810**o+1080*®o®-720**o®+240*o*-32o*. 28. 10**+20**+2! 

24. 2*® +30** +30*® +2, 26. 14®®o+70**o®+42a*a*+2o®. 

26. 16. 27. 32. 28. 64. 29. 128. 80. 256. 31. 30. 

82. 3. 38. 0. 34. 16. 86. 0. 
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. Exercise 73. [Page 215] , 

1. ®"+v*— «* + 3iry^. 2. p®— 8g*-r“-6jJ3r. 

8. 8!B®-27»®-a®-18®v«, 4. o®-86® + 27+18a5. 

6. 27a®-1256®-64-180o6. 6. {®-y-l)(**+V*+l+*l/+»“ p)- 

7. (®-y+2X®*+p*+4+®tf— 2a!+2j/), 

8. (®— 2y-3«X®*+4y*+9a®+2a!y+3®a-6i/a). 9. 0. 

10. 0. 11. 0. 16. 0. 17. 392000. 

Exercise 74. [ Pago 216 ] 

3. 8[c-fcX®“5Xa-c). 4. (y-z^x-eXy-x). 5. 0. 6. 0, 

Exercise 75. [ Page 218 ] 

1. 2x^y + 3x*z + 12y + 4^*® + 9z‘x + 18a*y + 12!rya. 

2. 64x®y + 320®®£: + 5^ ®a + 8 v*® + 200^*® + 25yz’ + SOxyz. 

8. 2a®6 + 3a*c + 126*c + iab‘ + 9ac* + 185c* + 12a5c. 

4. 9®®v+90®*a+10v*a + 3®i/* + 3003®®+100«*tf +90®v^. ' 

5. 2(®® + y* + z‘) + 7(x*y + ®*a + y*z+y*x+z‘x + z‘y) + 16xyz. 

6. ' 2a*6 - 3a®c - 125®o - 4a6® - 9ao* + 185c® + 12a5c. 

7. 4a5c. 8. 4a5c. 9 . 0. 10. 27a5c. 

Exercise 76. [ Pages 219-220 ] 

4. 0. 8. 84o5c. 9. 6xyz. 10. 3(i/ + 0-®X2®-2i/ + «X® + l/-2«). 

11. 3(2®'+3i/+3zX3®+2i/+3sX3®+3v+2j). 12. 2667. 13. 16800. 

14. 1280. 15. 1331. 

Exercise 77. [ Page 223 ] ’ 

1 . (x’‘+y‘+z*+yz+zx-xyXx+y~z). 

2. (p- 2 g-rXp® + 4g®+r® + 2l»^-^lw— 2gr). 

8. (2x-3y- zX4®* + 9i/® -H z* t 3yz -H 2z® + 6®v). 

4 . {a-h25+lXa*+45®tl-25-a-2a5). 

5 . (2o -H 35 - 4X4a* + 95* -H6 + 125 -h 8a - 6a5). 

g. x‘+y‘+i+2y-iv+xy. 7. (®*-®+2X®*+®*- ®*+2«+4). 

8. 2(z-»X3®*+V*+** + y«“3z®-3®y). 

9. (o*-K3a+6Xa*-3a®-f4a*-16o+25). 10. ®-6w+8. 

11. a®+5*-Hc*-a5+ac+5c. 12. x*+y‘ + l+xv+x-y. 

13. x*+iy*+9z*+2xy-3zx+6yz. 14. 2a-85-c. 

16. (2a-5X7a*+8a5-l-45*). 
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Exercise 78. [ Page 227 ] 

1. (6-c)(a-c)(a-fc)(a® + 6*+c* + 5o+ac+a6). 2. 

(a + c){a - c)(a + b)[a - b), 3. {b - c){a - cXa - b){a^ + fc® + c® + a*6 + a*o 

+ b^a +i)®c + c*a + c®5 •»- afcc). 4. - (6 - cXc aXa - b){a^ + 6* + c® + ho 

+ ca + a6). 5. (6-cXa-cXa-6Xic+<5<»+<^&)* 6. (i/ + i5X^+»X®+y)« 

7. (y-a:X«“®X®“VXy^? + «a? + ®y). 8. 6(y-»X^-fl;X«*"y)^ 

{x^ + y^ + z^-yz-zx- xy), 9. - (y - ;BfX« “ a?Xa? “ v). 

10. “(6-cXc-aXa-^>). 11. -(fe-cXc-aXflt-5)- 

1.2, (<z+6 + cX6c + ca+a6). 13. 3(2a;-f/ + 0X®“’«X® + y)- 

14. - (6 - cXc - o)[cL - b){b^ + + c®X^* + ca + a®X^i’“ + afc + fc®). 

16. “ (y - ^sX^af - x)(x - t/Xl/ + aX^ + ®Xic + vXv®«* + ® *1/ *)• 

16. 3(2a + 6 + c)(a + 26 + cX<x + 6 + 2c). 17. (y + 2; - a;)(2f + a; - yXx +y-z). 
18. -(y-z){z-x){x-y), 19. -(y-zXz-x){x-y)ix+y + z + 3). 

20. (y - z)(z - x){x - i/)(£C + 1/ + 21). 

21 . {ax + by-b cz){by + cz ^ax)(oz + ax- by){ax -bby- cz), 

22. (a; + 2^ + 32f)(2^ + 82; - a?)(32f + a; - 2y){a; + 2y - 3z). 

23. 4200. 24. 249. 25. 1950. 

Exercise 79 [ Pages 233-234 ] 


1. (a;+l)(a;® + l). 2. (aj+l)®(a? 1). 3. (a; + l)(a; - 1)*. 

4. (a6 + c)(ac + 6). 5. (a;-a)(a;+6)(a;® 6a; + 6®). 6. {ax + byXbx’bay). 
7. {x-z){x-by + z), 8. (a;+a)(6-c). 9. (a;®-a6X2a-36). 


10. (£i“ 6X<x + 6 + c). 

12 . {ax - by){ax + 6j/ + cz), 

14. (4a? - 5a){ix + 6a + 36). 

16. (m - n)(m® - mn + n®). 

18. {x + y){x-y)^, 

20. (a;-6)(a?®-12a; + 25). 

22. (a;-y)(a;-i/-l). 

24. (a;® + a®)(a;-a)®. 

26. (a + 26X<i + 6 + c). 

28. (w - 2n)(m — Bn-b 2p). 

30. (a? + 4a)(2a; — 3a + 46). 

32. (3a;+p)(a?*-3y + 2). 

34. (a; - 2p + 32rX® + 2p - 32? + 4). 
36. (a + 6)(a - 6)(a? + a)(a; - aX2a;® 
38. (a; + a){x - aX<» + 6)®. 


11. (2a-36)(2a + 36+4c). 

13. (a;® - yz){x^ •byz+ p®). 

16. (a+6Xa® + a6+6®). 

17. (a-6)(a+6)®. 

19. (a+2)(a® + 3a+4). 

21. (2a-36X4a + 36)(a+36). 

23. (2a-6)(2a-6-3). 

25. (a» + 26®)(a-6)(a-26). 

27. (a?-3y)(a?-p+2?). 

29. (a -36)(a- 76+ 6c). 

31. (a-46)(a-26+3). 

33. (a — 6-‘c)(a+6+c+l). 

35. (3a; -iy- 22?)(3a; - 4i/ + 22? - 6). 

3a®). 37. (2a?-36Xa?®+aa?-6). 

39. (a-l)»(2a®-a+2). 
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40, .(a-lXa*-6a+lXa*+3a + l), 41. (2a!+2y+«X®+2l/+2at)j 

42. (a;-y-aX2a:*+3j/+4 43. (a*+l)*(a*-7a* + l). 

44. (2iC+y-3«X2a:-3i/ + 3a). 46. (a:-aXa:®+a»+o*X®*~«®+®*)* 

46. (®+lXa:+2X»+4). 

Exercise 80. [ Pages 236-237 ] 

1. (a; + lXa: + 3Ka: + 4). 2. (a: + 2Xa:-l-3Xa:-H4). 3. (a:-lXir-2Xa;-3). 
4. (a5-2Ka; + <ilXa: + 4). 5. (a - IKx® - 3x - 2). 6. {x-HXa:“+4a:-6). 
7. (x-2Xx® -4x-h5). 8. (x-2Xx+2X®“-3x-5). 

9. (x-lXx+2Xx“-4x-l-5). 10. (x + lXa:-3Xa:’-3x-2). 

11. (x-2Xx-H3X®*'-H4x- 6). 12. (x + 2Xa!-4Xa:“-5x-H7), 

13. (x-6Xx®-2x-h3). 14. (x-h3Xx*- 3x-^4). 15. (x-h2Xx-4)*. 

16. (x-2X2x* + x-f2). 17. (x + 2yX®“~2xv-5v®). 

18. (a+36Xa’‘ + a6-36®). 19. (a-26X5a* + 7a6-H46»). 

20. (2x-lX4x* + 2x-f3). 21. (x-lXx+3X2x-H). 

22. (x+l)*(x-2). 23. (o-6)t2o*+o6 + 6“). 

24. (x-lX3x’'-Hlx+3). 26. (x+3j/Xa!*-3xv+3j/»)‘. 

26. {x+a-bXx-a+2b), 27. jx®-t-(a+6)“i/®Hx-l-{a-6)vH'C~(«“^)»K 
28. ^a*+(x-^i/)®6®Ha®+(x-y)*6®}. 29. (a+2x-yXa-x+2y). 

30. (x+2a+6X®~a+26). 31. {x+3y-s)ix+y+z). 

32. (2a+6-3cX2a-36+3c). 33. (x“-h4x-3Xx* + 2x+3). 

34. (a»-Ha6-6*Xa*-5a6+6*). 35. (2x®-4x-3X2i!®-6x + 3). 

36. (x-l)®(x®-H). 37. (a®-H3o-5Xa»-3a+5). 

33. (a-6xXa-6x-cx®). 39. {x^y’‘+xy-s + l){x’‘y^-xy+z+l). 

40. \{y-¥z)x—y-^z\\i^y-z)x-¥y¥z\. 

41. {(a+6)x-H(a-6)j/H{o“6)®+(o+6M' 

42. (?!®-2x-lXa!*-2x-4). 43. (a®-3a+6Xa*-3o+l). 

44. (2x*-+ 3x-3X2x® + 3x-4). 46. (x*-xy-h®*X®*-4xy-fy*). 

46. (x*-2x-H4Xx*-3x-t-4). 47. (o®-2a6-h26»Xa*-5a6-h26*). 

48. (x»-3x+5X®®+7x+5). 49. (a-6)®Co®+6o6+6»). 

60. (x*-f4x + 10Xx®+4x-2). 61". (x®-3x-5Xx®-3x-17). 

52. (x-lXx+8Xx“+7x+30). 63. (x-3X2x-l-3X2x*-3x-»-7). 

54. 0. 65. 0. 56. 0. 57. 300. 68. 6. 

Exercise 82. [ Pages 256-257 ] 

1. 179. 2. 3. 3. 6-6. 4. -8!. 5. ~(ad-bc). 

17. a-0, or, li. 


16. 5a*-lla+16-0. 
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18. 2m, where r is any positive integer. 

+ 42. **-*‘y+xV 

44 a!i*-a!“/«+*io * , f +® l'+®*»®+*V+®V+a:y»+p«. 

*i. X X y +x y*-®V+a:V-a:V®+a!V*-»^* 

45. 4,. ,.12..., 4, „ ^ j 


1 . 2 ®-!. 

6 . 3a— 1 . 


9 . 42 ®®+®+!). 

12 . ®®+ 2 a®+ 3 a*. 
15. 2 — 3 ® + 6 ®®. 

18. 2(a®+5a+2). 

21 . ®® + 6 ®+l. 

24. 2(®*-2a®+2a®), 
27. 4a* + 2a -5. 


Exercise 83. [ Pages 262-263 ] , 

2. 3®-2. 3. 2®+5a. 4 . ®(3®+4). 

7. ® +®+l. 8 , /p* _ ^ 


6 . 2a -.U 


10. ®® + 3®+l. 

18. ®® + 3a®+5a«. 
16. l + 4®-7®». 

19. ®®+3®-2. 

22 . ®® + 2 ®+ 4 . 

26. 3®* + 2 ®y+ 4 y®. 
28. ®® + 2 ® + 3 . 


11. e* + 4®+l. 

14. 2a* -3a® +7®®. 
17. ®®(2®* + 3®a+4a*). 
20 . ®*-3®-»-6. 
23. ®»+3®-H5. 
26. ®*-h 2 ®+ 3 . 


1. ®®-5®+6. 

4. 3®*— 5®*+7. 
7. 3®*+5®-l. 
10 . 3®*-2®+1. 

1. ®+4. 

• 6 . 3a-26. 


9. 


Exercise 84. [Page 265] 

2. 2®* -17®+ 12. 

6 . 6 ®® - 11 ® + 4 . 

8. 6a:*~3a?-l. 

11 . ®®+®+ 2 . 12 . ®®+ 3 ®- 2 . 

Exercise 85. [Page 267] 

2 a:-l. 3 . 2 ®- 3 . 

6 . 3a-66. 7 . 3 a ,_4 


®»+3®+4. 

6 . 2®*+16®— 8. 
2®®+3®-l. 


4. 2 ®®+l. 
8 . 2 ®® - 3 . 


Exercise 86 . [ Pace 

1 . 9a;‘+30®»-17®»-76®+32. 2 18** + q . , 00 . 

S. 48.>-64.‘-12lte. + 16(te.4a7»-86 1 « . 

+«to480. 6. lll.‘-14..!94*V463.4ie5’ 

+ 25®*+34®*+16®® + 18®+8. 7 04 ’ s „ 

4a7.-ia a 

Exercise 87. [Page270] 

4. 16*®+40»®+2(te®+38®*-20®‘-3Ste®-16®«^+JJ®**'^^®^*“^- 
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3x-2y f 

B+5v‘ * 

a;® + 3ofr+7a* ^ 
^“-Sox+Sa* 
2(^-5a6+76») 
3(<i®+6a6+76*) 
4a:(2x® — 3y^)^ 
6y(3se‘-2y‘) 
2+x-2y_ 

4(y + z) 


Exercise 88. [ Pages 272-273 ] 

«+3 o 0+36 

®+5‘ “• o-46‘ 

f l+^-3x® » (a!-l)* 

l-^+3x»‘ '• ®*-3x+l' 
..A 2®+3 


3(3®®+4®+6) 

4(2®*-l^3®+4)‘ 

16. 2(o + 6 + c). 


®“-o«+6*, 
*• ®“+o®-6* 

o ®® + 3ar+6 
•1' **• ®* + 3®-5' 

1 1 3 ®^- or - 2^ 

3i® + o®-^‘' 

2o».-6* 

17. l+xyz. 

20 - 7®-2tf 

5®»-3®v+2tf* 


108®* 

81®* -y*’ 

6® ® -12 
®*-5®*+4 
2 ® 

®*-T 

4 

®* + i4a®+i3a* 
4®* 

1 +®*+®* 

3 

(®+o)(®+4o)' 

1 

(*+2)®' 


Exercise 89. [ Pages 276-277 ] 

„ 9a®(®+a). a 

®*-81o* 0 

“• 4®*-5o»®»+o* ®- ® 

ft , Q 

“• (x-dXx-b) a 

.>8 >*• »• 

•| 4 12®* ^ . g 

®*-64 16 

(i+o'xf+'ti)' (o 

(®-3)(®^)(®-'5) o- 


4a6 

(0-6)*' . 
4^* 

®*-10a*®*+9fl*’ 

.4 

®® — fe+5 


9Ra®* 

16®®-666io»‘ 

^-11 

(o-i)(o-2j(o-3T 

1 

0 - 1 * 


23. 0. 


(®-o)(i-6)(i-cK®-d) 
Exercise 90. [ Pages 279-280 ] 


-®*y*«®., 


, ad f4-ae 
bdf+bi'¥cf 

L 17. i. 


8. 0-6. 9. 


. (6+c + o)® - 1 + 0 ® 

^• 260 ■ 1 + 0 • 

1 4 A ®*+®®y®+v* 

3(®-2)' " ®yl®^ ’ 


12 . ®®. 


3(®-2) ®y(®-^ 

18. o*+6*. 14. m. 15. 4a^« 


18. f. 19. 1. 


20. o. 
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Exercise 91. [ Pages 288*291 ] 


21. 

0. 

24. 

3. 25. 

a\ 

a* 

-10a®6-6a6“- 

+i()a*6-H6a6®- 

-b* 

-h*' 

26. 

1. 27. 

a-b^ 
a + K 

28. 

o! 

29. 

®*-»-2. 

30. 

1. 31. 


32. 1. 

34. 

0. 






a 

-6 





85. 

3. 

86. 

a; + y + )Er. 

37. 

a^ + b‘+c\ 

38. 

a+ 

b+c. 

39. 

0. 

42. 

0. 


43. 1. 


44. 2. 

45. 

1. 


46. 

0. 

47. 

1 _ 
xyz 


48. 

{x- 

1 

“ a){x - b){x - c) 

49. 


05 

a)(o3 - b)(x - 


60. 

(®- 

•o)(®- 

5 

5)(®-c)’ 

x’^-^hx-¥k 
(x - a)(x - b)lx - 

■cy 


66. ®“. 




Miscellaneous Exercises V 
[ Pages 291-295 ] 

• I 

1. (i) (a:® -H 20® 95)* - 16 ; (ii) («* + 5® + 5)» - 16. 

2. 3(^-f®Xv+2a+®)(3-f2®-i/). 3. 18(a®i“+6*c®+oV). 7. 0. 

II 

1. 0. 4. 0. 6. 6. 2a-h35+c. 

7. 18®*-45®®-H37®»-19®-h 6. 8. (a-fc)(5-c)(a-c). 

III 

1. ®®+10®*-^40®-t•^+|^-^|f• 3. 0. 5. 2®-l: 

XXX 

(ic “ 3X203 — l)(3a; — 2). 6. 03®— 2® + 3, 7. a6 + ic+cft. 


1. 242. 2. (o-6)(2a-fc)(a+6)(a-H26)(o®-»-6*). 3. 2528000. 

5* 7. (®-5yK®-3i/)(®+2»){®+7tf) ; 

(®-3»)(®-H2^X®+7y). 8. 0. 

V 

8. 1. 6. (i) (3o»-4a6-H36*)(2a’'+17a5-H26®); 

(ii) (8®*-7®+3)(4®*-3®-h4) ; (iii) (a®*-H6®-HoX5®*+c®+fc). 

7. (i)«-a; (ii) ®-»-*. 

VI 

4 . (®+y)*-l-**. 6. 3(*•-^»*■^a“). 6. (i) ®*+(2»»-*3)®-6»» ; 

(ii) *-3. 7. 2»*-3®-H; 2®»-3®*-7»*+28®*-36®*+20»-4. 
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VII 

1. a;« + ari, + i,»-l. 2. 4. (i) a + 6 ; («) 

5. (5a: + 2i/)*+4(2a! — 51/)* ; p=5, g—2. ■ 6. (2® — l)(3a: — 1)‘; 

(®-2)(2®-lX3®-l)(2®+l). 7. -42. 

VIII 

4. (a + 6 + c + d)(a + 6-c-£i)(a-i-c + ti)(a-5+c-d). 6. — 1. 

6. 0. 8. ®*+l : {®“+l)®(®®-l). 


Exercise 92. [ Pages 298-299 ] 


1. 

-54. 

2 

, a® + a6 + 6® 
'• a-Hi 

3. 

■5+c). 

4. 

a’‘ + h‘- 
2(a + 5 

fc* 
+ 0)' 

5. 

2. 

6. 

3. 7. 4. 

8. 6. 

9. 14. 

10. 

4. 

11. 

4. 

12. 

7. 

13. 

1. 14. 4. 

15. 2. 16. 4|. 

17. 

3. 

18. 

2. 

19. 

f. 


20. 2i 

21. 264. 

22. . 13. 



23. 

554. 

24. 

-41. 


26. 

26. 

27. 15. 



28*. 

14. 

29. 



on a5(a -H i 
‘*®' a* + 6»- 

-ac-bo 

SI. t'?’ 

-‘ab + b^)c+ab 
ab(c+l) 

32. 

nb-am 

m-n 

33. 34. 

6+c-2a a 

o*-6“ 

+ b 

35. 

3ci* 






Exercise 

93. [ Pages 

301-302 3 





1. 

i. 

2. 

-3, 3. 

4. 

2. 6. 

1. 


6. 

2. 

7. 

4. 

8. 

-V. 9. 

2. 10. 

4. 11. 

4. 


12. 

1*. 

13. 

4. 

14. 

S. 15. 

44. 16. 

6. 17. 

7. 


18. 

44. 

19. 

-4. 

20. 

, 1. 21. 

22. 

34. 





« 

V'* 

Exercise 94. [ Page 304 ] 





1. 

24. 


2. -b. 

3. -i. 

4. 2. 



5. 

7. 

6. 

a^ + b 
a + b 

2 

- ab 
a+b 

j, ab(o+d)- 
ab- 

•Qd{a'\‘b) 

’cd 

9. 

2. 

10. 

3 

2a*’ 

11. 

4. 


a+b 

13. 3. 

14. 2. 


16. 

ab 

a-b 

16. 

25. 


17. 3. 

18. 2(a* + 6") 
a — b 

19. 6. 


20. 

4(a 

-b). 




Exercise 

96. [ Pages 311-314 ] 





1. 

16A minutes past 3. 2. 

27^ minutes 

past 5. 

3. (i) minutes 


past 7 ; (ii) 21i^ and 54j4: minutes past 7 ; (iii) 3^ minutes past 7. 
. 1—36 
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4. (i) at 5 A minutes past 7; (ii) at 16x*r minutes past 6. 5. miles. 

6 . 8 miles from the starting place of the faster walker ; 6 hours. 
8 . 3 G minutes. 9. 3J and 4^ miles per hour. 10. 160. 11. £ 6 . 
12. 300. 13. Greyhound, 960 ; hare. 1200. 14. 180. 15. 20 shillings : 
5 shillings. 16. 40. 17. 76 lbs. of gold and 30 lbs. of silver. 18. 4 hours 
and 6 hours. 19. 42 years. 20. 6 J oz. from the 1st bar, 13 J oz, from 
the 2 nd. 21 . £450. 85 . id, ; £156. 13s. id, 22. 11 pice ; each man of 
the 1st set 6 pice, of the 2nd set 5 pice, of the 3rd set 4 pice, and of the 
4th set 4 pice. 23. 189. 24. 25 oz, ; 8s. per oz, 25. 7s. ; 11s. 8d. 


26. 

2080. 

27. 

id. each ; 612. 28. 12. 29. 

. 654. 

30. 

1504. 

81. 

80. 

32. 

736. 33. 4550. . 







Exercise 96. [ Pages 318-319 ] 




1. 

»*=!, 

l/ = 2. 

, 2. x = 2. 

y’=3. 

3. 

a* = 3, 

y = 4. 

4. 

a? = 4, 

2/ =*5. 

5. a:=5, 

y=6. 

6. 

a?=6, 

y=7. 

7. 

a?-7, 

2/ = 8. 

8. a:=8, 

V=9. 

9. 

a;=4, ’ 

^ = 2. 

10. 

a; =*5, 

2/“3. 

11. a:=7, 

j/“4. 

12. 

a;=5, 

l/=8. 

13. 

a;«8. 

1/ = 12. 

14. 

1/ = 14. 

16. 

a?=8, 

1/ = 18. 

16. 

a;=8, 

y = 9. 

17. a;=12. 

y=16. 

18. 

a? =21, 

y = 12. 

19. 

a; =21, 

2/ = 24. 

20. a:=18. 

y-28. 

21. 

a? =99, 

y=15. 

22. 

a; =10, 

2/ =8. 

23. ® = 3, 

y=7. 

24. 

a;=4, 

l/=7. 

26. 

a: = 3. 

2/ = 5, 


26. ar-l, 

y=2, 

2 = 3. 


27. 

a; = 2, 

j/= - 3 , 2 = 1 . 

28. a; =3, 

y=4, 

2 = 2. 


29. 

a;=2. 

y“6, 

2 = 4, 

00 

p 

II 

»=3, 

2 = 6. 


31. 

a; = 2, 

V“3, 

2 = 4. 

32* X — 3, 

y“6, 

2 = 9. 


33. 

a;=4, 

1/ = 10, 

2 = 14. 

34. £6=8,. y-12, 

2 = 20. 


85. 

a;=3, 

V-4, 

2 = 5. 








Exercise 97. [ Pages 322-323 ] 




1. 

a;=l, 

V-2, 

2 = 3. 

2. 05-2, 

y-3, 

2 = 4. 


3. 

aj=2. 

^=3, 

2 = 4. 

4. a:>=2, 

v=3, 

2 = 4. 


5. 

£n=3, 

y-2. 

2 = 1. 

P 

il 

tf*=2, 

2 = 1. 


7. 

a;“4, 

y=3, 

2 = 2. 

8. a;=4, 

tf“6, 

2 = 6. 


9. 

a: = 7, 

1/-5, 

2 = 3. 

10. a;-!, 

l/= “2, 2=3. 


11. 

a? *3, 

y-2, 

2 = 6. 

12. aj=3, 




13. 

a: =10, 

J/-20, 

2 = 6. 

14. a? =2, 

j/=-3 

, 2 = 4. 


15. 

a;=5, 

y-6. 

2 = 7. 

16. ®=2, 

y=4, 

2=6. 
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17. 

»“2, y=5, ,2=10. 

18. a3=i/ = 2=12. 

19. 

a:-”6, y=12, s—8. 

20. y=^, 2=i. 

21. 

a:=7, i/ = 10, z=9. 

22. 33 = 1, |/=-2, 2f = 3. 

23. 

6» + c*-a* 
lie 

+ a»?-6= 

^ 2ac ’ ^ 2ab 

24. 

a:=l, y=2, S“3. 

25. 03= “28, 2/ = 10, z-9. 


1. 


4. 

6 . 

9. 

11 . 


12 . 


13. 


14. 

15. 


16. 

17. 


19. 


a: = 


a 
2 ' 

.A f 

b + c-a 

a; = 5, i/*3, z^l, 
03 = 4 , 2 /* 5 . 2 = 7 , 


Exercise 98. [ Pages 325-326 ] 
h c ^ 9 

2 a+5-c 




^ ^ 2a5g _ 2a&c 
ab+ac’-bc ^ be + ab — ac* 


.c(a2 + 5*) 


2 

a - 5 + c’ 

ac + bc'-ab' 


"2a6 

7. 03 = 12, |/ = 10, 2=8. 8. 03=13, i/=8, 2=9, 


10 . T = j,^q(25-«). 


<!-5 


6-a 


(a-6X«-c) 

_ _1 _ 1 
®“(5-c)(a-c)’ ^~(a-b)(.c-by 
_ a®6c rt5“c 

‘““■(ft-aXc-a)' (6-aX6-c)' 


_ 4^9. - 

{b - a)(5 - c) * ^ (c - 6)(c - a j 


(c - a)(5 - a) 
abc^ 

’'(c-b)(c-a) 


x^abo, y=a6 + 6(3 + ca, 2 = a + 5 + (3. 
x^b-'C^ y^G-a, z^a-h, 

CL^{b\,c^ “"6201)^“ 53(01^3 "" C2Cti) + C 3 (cti 52 ""Ct26i) = 0. 
a = 6. 18* w=4, 03 = 12, i/ = 5, 2 = 7. 

03 = 5, i/ = 4, 2=3, w=2, i = l. 20. 03 = a6, 2/ = 6c, 2=ac. 


Exercise 99. [ Pages 333-335 ] 

1. 375. 2. 50 lbs. ; 28s. per lb. 3. A, 14s. ; B, 19s. 4. 20, 30, 60. 

5 . 3s. 6d, 4s. 2d. 6. days. 7. ^ Rs. 980 ; 

B, Ks. 1540 ; C, Rs. 2380. 8. 8 hours. 9. 720 miles. 

10. 4 and 3 gallons. 11. 253. 12. 3 half-orowns ; 8s. ; 9 six-pences. 
13. 20 persons ; 6s. 14. Each of the equal cocks in 32 hours, and the 
other in 24. 15. 8s. and 5s. respectively. 16. 75 and 25 quarts. 

17. 6 qrs. of wheat ; 10 qrs. of barley. 18. 45 and 22^ miles per hoar. 
19. 20 bushels of rye, and 52 of wheat. 20. 21 guineas and 21 crowna 
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at first ; 9 guineas and 12 crowns left, 21. , 2J miles per hour. 

22. A, 6 ; 6 minutes. 23. 10 and 12 miles per hour. 

24. miles per hour, 25. 100 miles. 

a^c 

Exercise 100. [ Page 341 ] 

1. ir = 5, 2/=4. 2. £C=*7, -5. 3. a;=8, y=6. 

4. a;=9, i/=*ll. 5. x = 10,y — 13, 6. [Take ten 

times the side of a small square as the unit of length.] a;=l‘2. 7. a?=«7. 
8. a; = 7. 9. 9. 10. 4. 11. (-6.4); (8,2); (6,8); 

area =40 units. 12. (5, 4). 13. (i) (3, 0) ; (0, 3) ; (-3, 0) ; 

(0.-3) ; area = 18 units. (ii) (1. 5) ; (12.5); (12,10); (1. 10); 

area = 65 sq. units, (iii) (3, 0) ; (8, 0) ; (0, 6) ; (0. 12) ; area=40‘5 units. 

14. (i) (0, 0). (5. 0), (0, 6) ; area = 15 units ; (ii) (2. 1), (2, 4), (6. 1) ; 

area = 4*5 units ; (iii) (4, 6), (-4, 2), (2. -4) ; area. =36 units. 

15. x = l\ 16. «= 71 17. 91 

1/ = 1) -61 l/ = llf 

Exercise 101. [ Pages 347-348 ] 

1. 13 as. 3 pies ; 2 seers 11 chattaks. 2. Be. 1. 9as. 6p. ; 19. 

3. 3i hours ; 19 miles. 4. 8f feet ; 4^ cubits. 5. 2^ hours after A 
starts ; 7i miles from the place of starting, 6. 4 hours after starting ; 
12 miles from A. 7. Be. 1. 3as. ; 39, 8. 6. 11. At 4-30 P. M. 

13i miles from B, 12. Bs. 434. 13. 16*4 minutes passed 3. 14. Bs. 3265 ; 
Bs. 113. 7as. 15. 6 hours 59*4 minutes ; 10'8 miles from Calcutta. 


Exercise 102. [ Page 351 ] 


1. 

Va\ 

2. 

1 

Vi®' 

3. 

3Va!*. 

4. 

3 

V®*' Ja 

5. 

8 

6. 

Va* 

3 Vi*' 

7. 

1 

2Vi‘ 

8. 


9. 


10. 


11. 


12. 

1 

ll 


14. 

J, 

15. 

xK 

16. 

o^. 

17. 

i. 

18. 

4. 

19. 

27. 

20. 

32. 

21. 


22. 

36. 

23. 

xV- 

24. 

81. 

25. 

36. 

26. 

a;~". 
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Exercise 103. 

[ Page 354 ] 


a-". 

’2. ahK 

3. a6*. 

4. a-*5‘* 

a^b^. 

6. x'%*. 

7. ®A 


y- 

10. ix^a^. 

11. Aa:-*a-» 

12. aWc’, 

a-H^o^. 

14. ah'KK 

15. 0*6*. 



1 . 

4. 

6 . 

8 . 

10 . 

13. 

16. 

17. 

18. 
21 . 
23. 


Exercise 104. [ Pages 357-359 ] 

2. a-276. 3. l + a®6-“+>6-*. 


X — 2x^ + 1. 

x^+ 6xz^ — iy+ 9a^. 

a-H - 1 + + a* 

a“"-9&*’‘ + 12&”c»’-4c®’’. 

3 .1 1 .a 

*—n'!r. * — H, x — X 

14. a+ah^-b. 16. e®“-l + x-®'. 

ix - ‘ix^y'^ + 2*^2^ + y ‘ + y~^z^ + 2^. 

f -V I a # a a 
a® + aj"a®-ic®a ® +a^. 


5. x'^ + x-^y'^+y‘^. 

7 . x- 2a^y^^ + y-\rz, 
9. a«-64?>^ 

12 . 2 + 4 a;-^ + 2 ^c-^ 


y + ^'i^ + x. 


x^ + ^x^- 1 . 
a?^+a;V+a". 


19 . x^ -y^ 20 . 

22 . x^ - 2 x%~^ + xy’^ + 2 x^y^ - 2 x^y ^ H 

24 . x^- 4 ®^ + 4 x + 2 x^ - 4 tx^ + x^. 


25. 


a^x'^-^-a^x'^+a ^j 3 ^ + a ^x^. 


26. 


11 o- 2 a; + 36 ic^y^ 
ja jb £C- 27 i/ 


28. 

_ . 

a**+3aa5+a5** 


29. 

1. 30. 

x^y^- 

-i i 

~x ^y^ 



31. 1. 

32. 

a»+^ 

a(a+6) 

33. 

2. 

34. 

Kr«- 

36. 


y* 
5 , 

/\ 16 25 / 

37. 

(?)“■ 



38. 

(?r 

39. 

1. 







Exercise 105. [ Page 36i ] 




1. 

3. 2. 

5. 

3. 

2. 

4. 

6. 6. 

6. 

?±9. 

a+c 

7. li. 

8. 

2i. 9. 

2. 

10. 

3. 

11. -4. 

12. 0. 

13. 

x = 

'4. 

y-2. 

14. 

*•- -2, 

V-- 

■3. 


16. !b-2. 

»“3. 

16. 


1. 

V-3. 

17. 

a:-2, 

1^.- - 

■1. 


18. ®-l, 

»-4. 

19. 

x^ 

■1, 

y“2. 
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k 1 


20. 

-J, 


4. 21. a:-=(?) 

a-b / ^ \a-b 

' i'" fc •• 

22. 


28. 

£t; = l, ^“2 and 2 = 3. 


29. cc= -IJ, -9J and 

1 

II 

30. 


“ia. 









Exercise 106. 

[ Page 362 ] 



1. 



2. 

5/a. 

3. 796. 

4. 

71280. 

5. 

VcC'b. 


6. 

“7®““t/. 

7. ‘7a*«5*. 






Exercise 107. 

[ Page 363 ] 



1. 

372. 

2, 

. 475. 

3. 5= 

72. 4. 274. 

5. 

■375. 

6. 

75/4. 

7. 

5V3. 

8. a 

* Mb. 9. ®* 7a. 

10. 

-875. 

11. 

- 4a/j V3/>. 


12. ba^x%l4.ax. 






Exercise 108. 

[ Page 363 ] 



1. 

773. 

2. 

772.' 

3. 875. 

4. 272. 5. 72. 

6. 

576. 

7. 

vt 

8. 

373. 

9. 675. 

10. 0. 11. 0. 

12. 

1772. 

13. 

(7® + y) 7^. 


14. (®*- 

-23/* + 33*)7a. 

15. 

4aV2i. 


Exercise 109. L Page 364 ] 

1. 737andt/4. __ 2. ^^56 and 3. ^iySand^^^. 

4. >V27aDd^^. 5. and “^216. 6. The latter. 

7. The former. 8. The former. 9. ^4, V6, J2. 

10. t'lO, V3, ' ^5. 

Exercise 110. [ Pages 365-366 ] 

1. 5^2. 2. 4^/3. 3. 9. 4. 3VT0. 5. 30. C. 5. 7. 3aa:V6a:. 

8. V«64. .9. 10. 4^. 11. 9V§. 12. 

13. 14. 15. ^*/1024. 16. 40^/3. 17. 288^/2. 

18. 480V3. 19, <mahxVx- 20, 2s/|. 21. J. 22. Vi- 

23. 5/5. 24. -577. 25. 1-341. 26. 3-535. 27. 26 832. 

Exercise 111. [ Pages 366-367 ] 

1. ajb-¥bja. 2. a~b. 3. ^-lOJa. 4. 16a:-9y. 

5. 6a:-54. 6. 6+ >/l0. 7. 7-h4V6. 8. 6-6*/6. 

9. 2-t-6V2. 10. 5-i-35/l2-t-35/l8. 11. 

12. 182-l■80^/3. 13. 83+12^,/36. 14. 2a*-2 Vo*^'46\ 

15. 29®* -21v® +20 v'®* -V*. 
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Exercise 112. [ Pages 368-369 ] 


23-3721 , 

10 ’ 

5+276. 

3. 24 + 1772. 

4. 

9+27I6. 

a. « + 6. 

X 

a;® — 7®* — 1. 

, 2+72-76 

/. -. 

8. 

9828. 

9. 6-464. 10. 5-414. 

11. 3-650. 

12. 6-854. 13. 

•504. 

14. 2a;. 

15. 76(1+72). 16. 

2+ 73. 

17. Kn/^0+273- 

-372). 

18. 198. 


19. 20. 2a;®. 21. ^6+^4 22. 2V2+Vl3 + ^. 

* Exercise 113. [ Pages 372-373 ] 

1. ^/3-l. 2. 2-l-^/3. 3. 3-V2. '4. ^/5-t• V3. 5. 3-^/5. 

6. 5+V3. 7. 4-76. 8. 3+272. 9. 6+75. 10. 5-273. 

11. 277+73. 12. 376-277. 13. 2 7n+73. 14. 7i-74. 

15. 75-74. 16. 72(72-1). 17. 72(73-1). 18. 73(72+1). 

19. 75(73+72). 20. 72._ 21^ 1, or. 473 ^2. *22. h. 

23. a;+ Ja^-x^. 24. 7®+5+ Ja-b. 25. 7®+4®+ 74®. 

26. 7® + 2+ 7®~3. 27. 7®+3/+7«'. 


Exercise 114. [ Pages 375-376 ] 


1. 

9. 

2. 

3. 3. 

16. 

4. 

i. 

5. 


6. 25. 

7. 

8. 

8. 

25. 

9. 

2. 

10. 


11. 

(5 -a)® 

' 26 ■ 

12. 

5. 

13. 9. 

14. 

7. 

15. 

6 . 

16. 

6. 

17. 

3. 

18. 

I. 

19. 

81. 

20. 

a;=81. 

21. 


“\+5V 










a 


a\c 

-i. 

/ 

22. 

6. 

» 

23. 

17a 

8 ■ 

24. 

4a 

5- 

25. 

36. 

26. 

2a*-2a6 + 6® 
"2(5 -a)' 

27. 

4. 

28. 

4f. 

29. 

44. 

30. 


31. 

ah^ 

a^ — h' 

2 32. 

1 

A- 

33. 

1. 

or, • 

-1. 

34. 

2a 

■75' 

35. 

41a* 

405' 

36. 7. 

37 

. 6. 

38. 

4a 

39. 

. 6 . 

40. 

4. 


Exercise 115. [Page 380] 

1. 2a;« + 3j/. 2. a:®-2a:+3. 3. a;®-a: + l. 4. 2a:*-3a;+4. 

5. 2a;» + 2aa;+46®. 6. 3a:*-^ + 3tf®. 7. a;*-a: + i. 

8. 7ii;*-f-+3. 9. + 10. f + 

z o; z a; a 



568 AIiOBBRA MADE EAST 


11. 

a 

26 

_j_26 

a 

12. 

3a _ 1, ^ 

X 5 ^3a' 

13. 

2®»- 

-2®y®-y*. 

14. 

7a?, 

y 

^ 7x 

15. 

® _ 1 _ y _ 
y 2 ® ' 

16. 

2® 

■7y 


17. 

a?- 

xKi. 

18. £ 

B*-2a:^-®^. 

19. 

ax~ 

^ + l+a-*®. 

20. 



21. 

3®^ 5 % , 2 i 

2' ■ 3^+ 6® J'- 

22. 

ar- 

2a*. 

23. 

a°”^‘+3a"-5c“-*. * 








Exercise 

116. [Page 383] 




1. 

bxy 

-4. 

2. 

7a®* -36*. 

3. 

7o*6 

'*+9a*6“. 

4. 

x^y 

2 

x^y^ 

" 5 * 

5. 

6a6 c® 

2 3’ 

6. 

a+6+c. 

7. 

a- 

6 + c. 

8. 

2a - 6 - 3c. 

9. 

a* +26* -3c®. 

10. 

2a^ 

i 

'-36* + 5c^ 

11. 

3 2 

12. 

aj~i 

^-1. 

® 

13. 

X^‘ 

H+ V 

X* 

14. 

-?+l+^. 

6 a 

15. 

X _ 

y 

1 + ». 
72^® 

16. 

3aj 

a 

-1+ 

17. 

.«+>• 

18. 

a • 

-a 

# 

19. 

a- 

b’^-C'^d, 

20. 

a* +6*. 

21. 

a“~ 

6® + c*-^^^ 

22. 


23. 

2a(6+c) + 26c. 







Exercise 

117. [Page 386] 





le a? +9. 

2. 3a; -8. 3. 

4a 

-36. 4 

. a;®-3a; + 2. 

6. 2a;®+a:-3. 

6. 1-3®* +2®*. 

7. 2®* 

-3ca; + c®. 


Exercise 118. 

[ Pages 389-390 ] 

1 

1. The latter. 

2. The latter. 

3. 

The former. 

4. The former. 

6. The latter. 

6. a ‘ d. 

7. 

1 : 4. 

8. 1 : 1. 

9. 75 : 8. 

10. 28 : 27. 

11. 

5 : 7. 

12. 3 : 4. 

13e 63 and 72. 

14. 85 and 51. 

15. 

28 and 35. 

16. 42 and 54. 

17. -15. 

18. 35. 

19. 

-17. 

20. 

c — a 

28. 76 : 75. 

24. 1772 : 1771. 

25. 

B. 



Exercise 119. [ Page 391 ] 

1. 4. 2. 18. 3. 37^. 4. 36. 6. 20. 

6. 60. 7. 20. 8. 6. 9. 14. 10. 18. 
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1 . 


4 . 


10 . 


26. 

1 . 

5. 

8. 

10 . 

11 . 

12 . 

13. 

15. 

16. 
18. 
20 . 


*=9, 1^-6. 

® s 

3 • ®* 

J2ab-b^. 


Exercise 120. [ Page 395 ] 


2. 

a;= 

25, 1^=9. 

3. 

«— 56,y— 30. 

6. 

f. 


8. 

h 9. 2J, 

11. 

a|l 

166® \ 
(*+i)*/' 

16. 

2. 


0 . 


Exercise 122. [ Pages 400-401 ] 


Exercise 123. [Page 406] 

2. 3. wV=»»V. 4. a«i®-6d+c-0. 

Ib^ — amb + a^n—0, 6. {bn—cm){a'in—bl)={cl—an)‘. 7. afe^l. 
35p3=6. 9. (6iC2-cii>2)(ai6a-5iaa)®=(cia2-aiCs)*. 

(6iCa - Ci 62 )®(ai 62 - iioia) = (ciffla - aiCa)*. 

(iiCa - Cx 62 )®(aii 2 - = (ciOa - aiCa)*. 

(an^ — bn+cmYajn’‘ — an + b)‘=ic+amn)^. 

(c^ + Zab){b^ -2ab — ac)={3a^—2ao+bo)^. 14. a® -I- 6® =-»»*+»»*. 

(a6i + ici)® + (ai6 + &ic)® = (cci - aai)®. 

a^n+bH=abm. 17. a6+5c+ca+2a6o— 1. 

o+5+c+a6c=0. 19. a® + 6®+c®=a6c+4. 

cZ®(a + 6 + c) + a5c=0. 21. a:® + tf®+3®-H2a;j/s=’l. 


Exercise 124. * [ Page 408 ] 

4. x=a,y=b. 5. a:=l, y=l. 6. X’^y^a. 

7. a:=l, 9— 1, s=0. 8. x^a, y=b. 


1. 8. 2. 7. 

8. TT*. 9. Ui. 

1 . 1 |. 2 . 

®- (a+W 


Exercise 126. [ Page 410 ] 
3. 6. 4. 6. 33. 

10. 11. 16:16. 

Miscellaoeous Exercises VI 
[ Pages 421-432 ] 

I 

0. 3. 55(^4“ 5). 


6. 2. 7. -J. 


4. 2a:®-4xy + 5v* 
8. 5+V6. 


II 

1. 21. ' 2. 4®*-6®-l. ^ 3. 12. 

5. x®-3a:+2. 6, i. 


4. 


7 . 


3V2 
'5 ■ 
11 . 
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1 . 

4. 

1 . 

7. 

1 . 

3. 

1. 

5. 

1 . 

2 . 

3. 
7. 

1 . 

4 . 

1 . 

3. 

7. 

2 . 

3. 

«. 


I-®** 


3. (a + •“ 3c)(a fc + 3c). 


5. (®-lX®-2)(®-3). 6. 7. h 


^2* 2. 3. (i) (® + l)®(®-l) ; 

(iii) (a + l)(a-l)(6 + l)(6-l), 5. (64®®-729)(3® + 2). 6. 

x^a^b, y==ab‘. 

V 

1. 2. a®(6 - c) + bHc - a) + c®(a - 6) «■ - (6 - c)(c - o)(a - 6). 

9(o» + 3), . X . . 4^/y „ 34^/5-18. - ^ o „ , 

^a® + 27) ® ‘ ®* ' 11 ®=3.» = 1- 

■ VI 

1 A T O _Q . Ctr^ A ..Q , 1 \ _ 7. 


1. 2. a;® + 

i5XI^“4iC“0 C 1 1 ^7 O K *7 

3®® + 4®'+24' ®' »-3. 1-5, z-7. 

VII 

<lx^y-^-Zx*y. 2. ae*+e*+a+l. 4. -—^^.5. 7. 7. 80,128. 

ax-^oy 

VIII 

(i) (6 + c - a)(6 + c - 5a) ; . (ii) (» + 2y + a){x - a). 

&-i,+“aF+o-.r 5. -6. 6. 2,--3.- + 4.-. 

*=74, » = 34,z=H. 

IX 


6 . - 6 , 


6. 2a:®-3®-» + 4®-*. 


3. (a-6 + l)(a® + 6® + l + ffl6-a + 6). 


-20. 2. 3. (a-6 + l)(a® + 6® + l + a6 

6. 6, a;*16, i/ = 4. 7. 27^^ minutes past 8. 

X 

9a® + 4&® + 9c® - 65c + 9ca + 6a5. 2, oj® + 2® + 3. 


{(a + 5 )£c + (a ~ 5)i/H(^i * 5)® + (a + 5)i/l. 4. 6* 8. 

20 days. 

XI 

(i) (a + 6-c-d)(a“6 + c-d) ; (ip {x’¥y-z){x-y-\ 

4. ®-»- 2 -l. 5. ®”-5a:»+7i/*. 

a 03/ « 

480 at 16 a shilling ; 90 at 18. 7. 1. 


(ip (a; + i/- 0 )(aj-i/ + « + l). 



ANSWERS 


XII 

3. (i) (£c-6)(aj+^“2a) ; 


(ii) (x’¥a){x+h+c)^ 



3a!- 

-1. 

5. 20. 6. 10. 

7. 13 V3. 




XIII 

. 

3. 

0. 

4. 0. 

5. 30. 6. 

1. 7. 46V3. 




XIV ' 


3. 

47. 

4. a + 6. 

5. a;— i(2a + 6 + c), 2/ ** J(a + 2& + c), 2f== J(a + 6 + 2c). 

6. 

5 days. 

7. (a!® + 5aa!+5a“)®-rt*. 




q 2a; + 3 

a;® + a; + l 

XV 

• 

l! 

4. 

• 4. 2a:-36. 5. ^ • 6. 

n 

4. 7. 54 gallons. 




XVI 


1. 

a:®+2a: + 3. 

2. 1. 

4. aj«24, 2^*14. 


5, (a;y + ai)(ay® + 6*ic). 6 . + 2a6 + 2ac+26c. 

8. In the 1st, the wine is i of the whole, in the second, 

XVII • ^ 

1, oj'^ + aj + l. 2. .cc = 16, 1/-26. 3. n{nA). 6. 72. 

ir^-2a; + 3 




XVIII 


2. ^ . 3. (i) (7cc - l)(2a; - 5) ; (ii) 2(a-c)(l-ac) ; (iii) %n,^n{m+n\ 

4. 1920. 5, a+6+c. 7. a;-2, y=4, 2;“6, 


4a 

3‘ 

x/6-2. 


XIX 

3 . ac-hc-h^ + a^, 

8. a® + 6®+c® ~3a6c=0. 


4, mg : npt 


ahc -(a® + f?*+c* + a5+ac + tc). 6. a;=c, or, 

^ ^ miles an hour ; 3i miles. 

XXI 

(a-6)(a+36“2c). 6. a;** -a; + 3. 7. (ac'-a'c)®“{6a'-6'a)®(6'c-"6c0. 

XXII 

1020 yards. 7. ic**& + c, y=a + c, ^--a + fc. 

a® + 6® + c® - 3a6c -*0. 
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2. (3a:-l)(7a!-2X4a:-l). 


XXIII 

* ab + be+ca 

XXIV 


1. a:“a, v — 6, «=c. 2. 54,81,108. 

XXV 


8 .* 


•a* 5® 


1 . 


a® ^6® 


1 

(a -6)*' 


7. {i) abe+^gh-af^ -bg^ -eh^=0 ; (ii) 5c+ca+a6+2a6c=l. 

» 1 4. 1 j. 1. 1 4. 1 4. 1 \ 

. ‘ a b c \a ^6 c /(a®^i®^c®) 

Exercise 127- [ Pages 435-436 ] 

1. ±7. 2. ±f. 3. ±2. 4. ±9. 5. ±2. 6. 

aVa®-4. „ . „ . 2 


7. 


*2Va®-i' 


9. 


11. ±VI. 12. +sj^. 13. 14. ±h 

‘ ‘ Exercise 128. [ Page 438 ] 


• 10. ± 


- 2 
2a 

V5' 


1. -1,-12. 2. 15,-14. 3. a, 3a. 4. b,2a-b. 


5. I' 6. y. 7. i(5a+35); J(2a+76). 8. +{2a+56): K6a-5). 


9. 

iia+b), 

-4(a-h6). 10. 29,-10. 11. 1,-K 

a — 0 

• 12 . a, -b. 

13. 

a 3a 

2 ' 4“ 

AM A 0 -IK A 2a6-ac-fec 

14. 4.8. 15. 0. . 

16. a, g. 

17. 

2,-i. 

18. 2, -JjP. 19. 5, -y. 

20. 4, 



Exercise 129. [ Pages 439-441 ] 


3. 

i.7i. 

4. 3f,2f. 5. 2i,2i. 6. 6i -If 

7. 14. -21 

8. 

•4, 05. 

9. 2±JV3. 11. 9,8. 12. f,f 

13. S, *. 

14. 

29, -10. 

15. 10, -29. 17. 2, -3. 

19. 4.0‘. 

20. 

10, -f. 

21. 24, 8f. . 22. 4, 4*. 

23. 3. 

24. 

6.3*. 

26. 1, -4?. 26. "~-*-^-a. 




Exercise 130. [ Page 442 ] 


1. 

3,2f. 

2. -4, -5. 3. i -f. 4. 1. -h 

5. 24 ,- 1 . 

6. 

6,#. 

7. -1,4. 




Exercise 131. [ Page 443 ] 


1. 

i, -6. 

2. it — 4 . 3. ipff, —8. 

4. i, -34. 

5. 

9M.-11. 6 . 5 .?- 7. a6,-|- 
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Exercise 

132. 

[ Pages 446-447 ] 


1. 

1, 2. 3. 



2. 

1. 4(3+ jm. 4(3- V17). 


3. 

1, -h -3. 



4. 

- 1 , - 2 +^/ 10 , - 2 + Vio. 


5. 

2± ^/3 : %(1± */-3). 


6. 

■4(3± V-7) : 1± J'-t 


7. 

“ 2± kJG ; ~ 

2± s/-6. 


8. 

1; -8; 4(-7± V-7i)- 


9. 

t1±V5: - 

1±2V2. 


10. 

1± V2; l+v'S. 


11. 

i(3± V-ii) 

; «3± J5). 


12. 

1 : i± V2 : i(-l± ^/^7). 


13. 

1,-1, ± V- 

1. 


14. 

1,6. -1,-6. ,16. 2 

: 3, 

16. 

2 ; 3. 17. 

0 ; 1 ; 2. 

18. 

1 ; 

-1: 4(l± V-3): 4(-l± V- 

-3). 

19. 

2; -2. 

20. 2:i; 

i(54 

: jm. 21. 2 : i ; J(9± J- 

M). 

22. 

1;2;«3±V-1). 23. 

4; - 

-6 ; 

-1+4 V2. 24. 2;5:-4;. 

-J. 


Exercise 133. [ Page 448 ] 

1. Beal, irrational and unequal. 2. Imaginary. 

3. Beal, rational and unequal. 4. Beal, rs^tional and equal. 

5, Beal, irrational and unequal. 6. Imaginary. • j 

7. Imaginary. 8- Beal, irrational and unequal. 

9. Beal, irrational and unequal. 10. 8. 11. ±12. 

Exercise 134. [ Pages 453-455 ] 

1. 2C^-4a; + 3«0. 2. a5’*+2aj-35=0. 3. 3a;®-10ar + 3«0. 

4. (i) a;^-6a; + 4-0 ; (ii) a;®“4aa;+4a®-5«0. 

5. (i) sum = 5, product = 6 ; (ii) sum- -9, product- -13 ; 

(iii) sum— product — -5 ; (iv) sum- product — -f ; 

(v) sum - - product—^. 

6. (ii) a;*-p®aj + 2q(p^-2q)— 0 ; (iii) q®®** -p®gaj + 2(p^ -2q)— 0 ; 

(Iv) qa;® +p(g + l)a; + (q + l)®— 0. 

10. (i) 91®® +8a; + 3— 0 ; (ii) c®® + 5®+a— 0. 

13. a-12, 5-31. c-181. 14. A;-l. 15. A;-a-2. 

Exercise 135. [Pages 462-464] 

1. 16 ; £5. 2. 18. 3. 3 inches. 

4. -4’s capital— £5 ; B*s capital — £120. 5. 5 miles per hour. 

6. 12. 5 : ^2' 120 : B, 80. 9. 7, 2. 

10. Es. 90. 11* Small wheel 4 feet ; large wheel 13 feet. 

12. 4 pence. 13. 56. 14 . 20 and 30 miles per hour. 15. £60, or, £40. 

16. 12,16,18. 17. 26 and 38 feet. 18. 26,13,6. 

19. 40 and 45 miles per hour. 20. 256 sq. yds. 21. 14, 10, 2. 22. 6400. 

23. il, 10 miles per hour ; B, 12 miles per hour. 24. ~ » 

a 
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25. The sides were 30 yds. and 19 yds., and the height 4 yds. 

26. 100 shares at £15 each. 27. 16, 12, 10, 7. 29. 626. 

30. 324 square feet. 





Exercise 

136. 

[ Pages 472-473 ] 



8. 

!t = 8 1 


=6 1 

9. 

a!=4 

1. x^-Z 1 10. 

x’=5 \ 

. a;=6 1. 


f/=G j 

f* y~ 

■8 r 


y=3 

J’ i/=-4 r 

y‘1 I 

’ »=6 f 

11. 

a!= -! 

2, or. 

6. 



12. -2; 8. 



14. 

a:=8. 

- 

4,y=c 

) ; l/=- 

-3. 

15. (5,0); (0,5). 






Exercise 

137. 

[ Pages 490-491 ] 



16. 

(01: 



(iO 4 ; 


(iiO -7: 

' 

(iv) 2‘5, 

17. 

(i) 4 : 



(iO 4; 


(iii) 21 ; 


(iv) 1'5. 

18. 

II II 

1 

Ii II 

I- 


20. a!= 4 
y= -2 

1 and 

1 

U 11 

21. 

1 : 3. 


22. 

1; -1 

f. 

23. 1 ; 2-5. 

24. 

. 1 ; -f 

25. 

(0 *■ 

= 1-2 

j and 

- 


. (ii) x=-& ] 

and 



y- 

* 6 

- 

- 6 1 

y’= -1 1 

l/-=-5 J ’ 


(iu) a:«=0 \ 

j/=0 / 

and 

x*=l 
y — 2 


II ii 
oo 

and 

11 Ii 


Exercise 138. [ Page 493 ] 


1. (i) 16, 40, 2« - 6 : (ii) 15, 39, 2« - 7 ; (iii) - - 2« ; 

/. > -19 67 25 - 4w , V 

(iv) ; (v) 47, 119, 6n- 19. 

2. 29th, 46th, (3n-10)tk, 3. 6. 4. 98. 

5. -48, -44, -40 ; 20th term— 28. 6. Isi term »= 13 ; 16th term** -38. 

7. 1st term=2, com. diff. = 3. 8. 

p-q 

Exercise 139. [ Pages 496-496 ] 


1. 

325. 

2. 

900. 

3. 

504. 4. 

88. 

5. 

15 

"22 

6. 


8. 

52i 

9. 

0. 

10. 

25452. 

11. 

Un 

-1). 

12. 

_w 
<1 + 6 

|w<i 

W + 1 

' 2 ‘ 

h} 

13. 

720. 

14. 

n. 

15. 

n(a + 6)® - 

n{n 

-l)o5. 16. 

899. 


17. 704. 

18. 


-2y)n’¥x\, 19. 

4080. 


20. 

21n-6n 

"2 

S 







Exercise 140. 

[Pages 497-498] 





1. 

3. 

2. 

9. 

3. 7. 

4. 13, 

. or. 

7. 

5. Last term 1 

3, or, 

-1; 

number of 

terms 10, 

or. 12 

. 6. 18, 

or. 

19. 

7. n*. 

8. 

i.f 

1 ii h < 

&c. ; 

1470 


9. 

1. 3, 

6, 7, &c. ; n’*. 


10. 

2. 


11. 

4, or 

10. 
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• , Exercise 141. [ Page 499 ] 

1. (i) 6^ : (ii) 8 : (iii) m ; (iv) a*+a:®. 2. (i) 9J, 10| ; (ii) f, 7i. 3. 207, 
297,387. 4. -2, -6, -10. -14. 5. 1, -IJ. &o., -39. 6. 14. 

Exercise 142. [ Page 502 ] 

1. |(6n® + 3»-l). 2. «(»+1 Xw+2)(3»+6). ^ ”(4«* + 6»t-l). 

4. m*(2w*-1). 5. ^ «(»+lX2w + l\ 

^ n(n + l)(n+_2Xn_t3). ” (9«»+46«>» + 81«-34). 

(i) “ 2 even) ; (ii) ^ (if n is odd). 

10. (i) -— n is even) ; (ii) ^ (if w is odd). 

Exercise 143. [ Pages 500-507 ] 

1. 2. 9, 13, 17, 21, 25. 3* 13 ; 6. 4. 70 

”(«+.lX«+2) 6^ -^(2ji®-l-3re + 7). 7. “ (2«® + 9»i-l-l). 

D D 


*• « 3(*r5) ^ »• 8. >2. 16. 20. 10.3,6,7. 

II. 1, 3, 5. 7. 12. 3, 6, 7, 9, 11, 13. 16. 16. 19. ”l”± JX”*?). 

20. - l)7i.(2n - 1) yards. 21. 16. 22. 6. 

Exercise 144. [ Page 509 ] 

1. 8748. ■ 2. 3. 65536. 4. -243/ 

0»-3 

5. ±0„-3* + or, according as n is even or odd. 

6. -lit. 7. *.Tfe. 8. (0 6,12,24,48 ; 

(ii) 27, 9, 3, 1. i or, -27. 9. -3, 1, - J ; 

1 . 

(iii) V. -27.18, -12 9. 


11 . 

1 . 

6 . 


{ fl \ liQ 

j>th term— Jmn and gth term — to I ^ I • 

Exercise 145. [ Page 510 ] 

265720. 2. 601?. 3. -682. 4. ifi- 

1 5 " + 2 ** 

r4 5”^“^ • + or, - , according as n is even or odd. 


5. «(l-n2«0. 
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Exercise 146. [ Page 512 ] 

1. 1. 2. I, 3. 4. f. 5. lOi. 6. 

7. }1. 8. 9. i(4+3V2). 10. A. 


Exercise 147. [ Page 514 ] 

1. 6.12. 2. il.i 3. -1, 4. Y, 8. 12. 18, 27. 

Exercise 148. [ Pages 516-518 ] 


1. 

. T 358 1 

36 ’ 55 ■ 1665 • 7 

9 1+® 

• (1-®)*- 

3. 

2® 

4. 

(l + 6a5).3x 

5. 

o(l-a")_wa"+^ 
(1-a)* 1-a' 

ft 1-® 

(l+i)*- 

7. 

1. 


8. 

A W + 2 

4-^.x- 

9. 

2“-‘(2n-l) : 2*(2»- 

-3)+3. 

10. 

5"+^-5- 
16 xS"'* 

4n 


11. 



12. 

n- 


ii) 

I- 

13. 

2"+i-2-n. 

14. 2(2‘ 

-1- 

4n). 

15 

. 4(4’'-l+15»), 

18. 

2| 5| 8| or, 26, 5, * 

16. 19. 4, 8, 

16. 


20 

. i 

,4,20. 

24. 

^2»+*-2"+^+2. 


so. 

(1- 


or) 



1 . 05 - 3 ^* 0 . 


6 . y-2 


(»+ i)- 


9. ^=3+2®-®*. 


Exercise 149. [ Pages 526-528 ] 
2. 14. 3. 2i 4. 1. 

7. 12®®-25®i/+12y®=>0. 


5. 2705*^-4^® = 

8. 2/=2o5 + ^a* 

«4/ 

12. 45 mohes. 


13. £26.55. 

17. 960 cubic ins. 

20. 1’2426 ins. nearly. 
23. 3f days. 

26. . Value of diamond 


15. 45 sq.ft. 16. 346i sq. ft. 

18. If ft. 19. 10 ins. 

21. -01875 ins. 22. 1610 ft. ; 305-9 ft. ' 
24. 224f days nearly. 25. 9 : 4. 


£incn^ 


£crfl 


value of ruby «= « 

(m+l)a 


29. when the rate is 12 miles 

an hour ; and the cost per mile is £^ and for the journey is £9. 75. 6d. 
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1934 


1 . 


2 . 


Factorize : (i) a’{b+c) + 6*(c+a)+c*(a-fb)+2a6c ; 

(ii) 30a;* + 97251/ -28y* ; (iii) (6a;+ay)* + (aa 5 -by)*. 


(o) Simplify 


(a - 6)(a - c) ■ ('5 - c)(b - a) (c - a)(^ - 6) ’ 


(6) Solve 32/+4a; = 3a;2/, ^ ® -7. 

X y 

3. At an election there were two candidates A and B. of the electors voted 
for A who was elected by a majority of 200 over B, while 1 of the electors did not 
vote at all. How many electors were there altogether ? 


4. A walks at the rate of 4 miles an hour and rests for eighteen minutes at 
the end of every hour. Two hours later B runs at the rate of 6 miles an hoar. 
Find graphically when and where they will meet. Find the equation of the 
inclined portion of the graph between the first and second haltage. 

Or, Draw the graphs of the following straight lines : 

(i) 4a;-p«10 ; (ii) 2a;— 1/=4 ; (iii) ®-3 ; (iv) y=^2. 

Solve graphically the first two simultaneous equations. 

Draw a straight lino which cut ofi intercepts of 3 and 4 oa the axes of js and y 
respectively and find its equation. ( The same units are taken in all cases. ) 


1936 


1. Factorize : (i) (2a;-3^)® + (3y-z)* + (s-2a;)* ; 

(ii) a*(6-c)4-6*(c-a)+c*(a-6) ; (iii) ®*-^a+ ^ ja;+l. 


2. Solve: (i) - ^ n'-n ^ ^ ■“q ^ K (“) 

2a;-7 9a: -15 8a; — 34 3a; — 5 ^ ’ x y 


2 + 1 = 11 . 
y X 


3. Tin appears to lose one-seventh of its weight when weighed in water. 
Lead appears to lose one- twelfth of its weight under the same conditions. An alloy 
of tin and lead, which weighs 270 lbs. in air, appears to weigh only 240 lbs. when 
weighed in water. How much of each metal does it contain ? 


4. Explain clearly what you understand by the graph of an equation. Draw 
the graph of the equation measure its intercept between the two axes. 


1936 

1. Factorize : 

(i) a;^+4 (ii) aa;*+(a*+l)a;+a ; (iii) a*(b-(;) + 6*(c-a)-l-c*(a-6). 

8 9 7 . 

2. Solve (i) 2® — 1”^8®-2 a;H-l ’ (ii) x+6y^be (1) 

7»+z=*62/ (#) 

5a;+62/-4z=»24 (8) 

3. A certain number between 10 and 100 is eight times the sum of its digits 
and if 45 be subtracted from it, the digits will be reversed. Find the number. 

4. A can do a piece of work in 6 hours and B in 8 hours. Find by means of 
a graph the time they would take in finishing it working together. 


1—37 
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1937 

1. Solve : (i) x+v=bccv (il) 

2®-3^=12a:y ; 

*2. Factorize: (i) aj* — 28x* + 27 ; (ii) 6®c*(b — c)+c*a*(c--a)+a*6*(a — b) ; 
(iii) a;®+aj'* +a;*+aj*. 

3. A can reap a field in five days less than B, and if they work together they 
can reap it in six days ; find in what time each can reap the field alone. Explain 
the double result. 

4. A train leaves Calcutta at 12 noon and travels 30 miles an hour ; another 
train leaves at 3 P. M. and travete 40 miles an hour. Find graphically when and 
where the second train will overtake the first. 

1988 

t. Factorize: (n) a* -4a;7y+4^* — 1. (6) 8a* - 6* +27c* + 18a6c. 

(c) {x-^y+z)(xy'hyz + zx)-xy 2 , 

2. Solve; (a) 3+?,=- 18 ! 7,+-= 37 I ^+2 = 31, (6) ®,+®"^ = a4. 

''at/ y z z X ' ' 05-1 a 

3. A number of three digits remains unaltered when the digits are reversed. 
The SUQI of the three digits is 17 and the difference between the first two digits is 4 ; 
find the number. 

4. Solve graphically the equations : x==2y+5 and' 3a -42/ =22. 

1939 

1. (a) If ^a-^j =3, find the value of a* + 

(6) Factorize : (i) a* + 46^ ; (ii) a* + 4a* — 11a — 30. 

2. (a) Simplify + 

(b) Find the square root of ^ +^g +a + J. 

[ The question seems to be wrong. ] 

3. (a) Solve „ = 

3— 4a 4a +13 4a+5 

(b) A boat goes upstream 30 miles and downstream 44 miles in 10 hours ; it 
also goes upstream 40 miles and downstream 55 miles in 13 hours. Find the rate 
of the stream and of the boat. 

4. A man walks to a town at the rate of 33 miles per hour, rests there half* 
an-hour, and rides back at the rate of 7J miles per hour. The time occupied is 
4 hours 10 mins. Find graphically how far he has walked. 


BOMBAY 

1938 

1. (a) What should be added to 

a - i[2(a - 3b) - {a - (2b - 3c) - 3{c - d)> - (d - 3a)] 
to obtain 2(a - c) - [(2a + 3c) - {4b - (3b - a) + 4c> - (2c - b)]. 

(b) Find the value of /c in 6x*-36a;* + 48»+k if a* — 3 be a factor of 
the expression. 
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a. Besolve into factors : (o) (x’ - 6* - 36) * + 19x(x* - 6x - 36) - 66x* . 
(6) 4x*-2Ja!-10. (c) (x+l)(x+4)(x+7)(x+10)-360. 

3. SimpUfy (a) 

»- 2 / 2 /+® 2 /*+®* 


, . 92/*-4(2a-®)’* . 16a -(2®- 32/)* 

4(2a + ®)*-9i/*“^(2®+32/)^-16a*'^ (32/+4a)» -4®*’ 

4. (a) The ratio of the present ages of a father and his son is 5:3. Find 
their present ages if four years hence the father will be twice as old as the son was 
four years back. 


(6) If x—y be not equal to zero and 2®+3i/~2t/ +3®* P^^ve t)iat each of 
these ratios is equal to - 1. Also find x \y. 


5. • (a) If ®+ ^ «1 and ?/+ ^ -1, prove that a+ ^ =1. 

(&) The length of a closed rectangular box whose height is 2 ft. exceeds 
the breadth by 1 ft. The difierenoe between the costs of covering the box with sheet 
lead at 8as. and 9as. per sq. ft. is Re. 1. 7as. 6p. Find the remaining dimen- 
sions of the box. 


6. Draw the graph of 7/=®*. [ Plot at least sevsn foinis. ] 

With the same axes and the same units, draw the graph of ®+12. > 

[Units : *5" = 1 for ® and *1''=' 1 for y.] 

Give the co-ordinates of the points of intersection of the two graphs. 

7. (a) A person bought a number of sheep for Bs. 360. He kept 4 sheep to 
himself and realized the capital by selling the rest at a profit of Re. 1 per sheep. 
How many sheep did he buy ? 

(6) Find the H. C. F. of »* — 3®— 70, ®*-39®+70, ®®— 48®+7. 


8. Solve the following equations : 
(i) («.:i2)(®-3)^(®-6)(®-7) . 


(®-5) 


(® - 13) 


(ii) 


(Hi, 66 U _ 23 ^ 

x+y x-y x-^y x-y 




9. (a) For what value of p will 4®* —12®+ 29— + bo a perfect square ? 

® ® 

(6) Find the product of p + l+“i p-l+^i + and p* — 1+^^ 

If p+p + 2 = 0, find the value of the product. 

10. (a) If ® . show that 

' ' ^+22+r p — T — 2q+r P <l t 

(b) If p, <2, r, $ are in continued proportion, show that 

11. (a) One of the questions set at an examination was : 

“If a a ®* 6 a ^ and c « \t show that c « 6,** 

X ctb 

One candidate answered the question as follows : 

'a oc ®^. a=ft®*. 
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Simiterly 6-^ «“iV ® 

Point out the mistake in the above reasoning and give the correct solution. 

(6) If ^ vary directly as x^+xy+y* and inversely as 
show that X* is constant. 

12. P publishes a book on condition that he receives 50% of the net profit 
realised after the sale of the copies, the rest of the profit going to the author. The 
cost of composing is Bs. 2,000 and that of printing and binding each copy is Bs. 2. 
The soiling price of each copy is fixed at Bs. 6 but a discount of 16}% is allowed. 
Find the total cost of x copies of the book and P’s share of the profit after they are 
all sold. 

« Draw a graph showing P’s share of the profit for any number of copies up to 
5000. Bead o£E from the graph the number of copies that should be sold in order 
that P’s share may amount to Bs. 5000. 


1939 


1. (a) When a certain expression is divided by 2a; + 3, the quotient is 
2aB* +X-5 and the remainder is 3a: — 4. Find the remainder when the expression is 
divided by aJ - 2. ^ 

(b) If as’ — 3a; + 1 « 0, find the value of a;* — 7a;’ + 1. 


2. Besolve into factors : 

(i) 32-162(a;-l)^. (ii) {x+y-¥z)(xy-^yz’^zx)-xy 2 , 

(in) 8(2« + 3^+Ga)*-(2x + 3^)*-27(y+22f)* -8(3«+a;)*. 


3. (a) Ifa;-^=j/, express ^ x ) ^ a ) 

in terms of y. 

Hence or otherwise, find the fourth root of the above expression. 


(6) Find the numerical value of k if the expression 9x* — 12x* +kx’ + 4x - 2 
falls short of a perfect square by 3. 

4 . (a) There is a misprint in one (but only one) of the cocfilcients of the 
following simultaneous equations : x + 15y — 33=*0 ; llx-7p + ll = 0. The correct 
answer is x = 3, y = 2. Which equation is wrong ? Find all the possible corrections. 

a(x-a) 6(x-6) c(x-c) 
i - 5)(a - c) ( 6 - fl) (6 - c) (c - a) (c - b) * 

5, (a) If p, g, r, s be in continued proportion, prove that 

fp. 


(b) Simplify 


(i) r-p:q + r’‘r:s. (ii) ^ + + ^)(r+p) = ( 5 -r)*. 


(M If p 


4m + 6n 

“ sr ' 


fiw+SZ 3Z + 4wi 


4m 


5n 


• prove that p =* 2 or — 1 


6. Draw with the same axes and the same unit the graphs of — 3x’ and 
8x«3p+2 for values of x - -2 to x-2, and read off the co-ordinates of the points 
of intersection. Plot at least six points on -3x*, ( Unit = *6" ). 

7. (a) State, giving reasons, whether the following statements are true or 

' false 

(i) If (x+p)(x- 2 /)*x+y, then x-^«0. 

(ii) 3 is not a root of the equation x* — 7x’ + 4x-15-0. 
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• (iii) The H. 0. P. of 4®* -209a;* + 16 and ®*{15»* — 209»*+4) is the same 
as that of 4»* - 209®* +16 and 15®* - 209®* + 4. 

(iv) The ratio of a man's age to that of his younger brother Increases 
with the lapse of time. 

(b) Pind the least integer that must ' be added to each term of the ratio 
30 : 17 to make it less than 11 : 7. 

8. Solve the following equations : 

= 109-971. (ii) 

®+l ®-2 2 


f.y X 3®-4 
(i) -i- .01- 


W = I = + Or. (Iv) x+ I -4J ! y+ ^ 


9. (a) The product of two expressions of the fourth degree is (12®* -35® — 33)*, 
and their L. 0. M. is (12®* —36® — 33)*. Find the expressions and their H. 0. Pi 

' *(&) An aeroplane flying between two towns takes 24 minutes less than its 
usual time when its normal speed is increased by 30 miles per hour, and 24 minutes 
more than its usual time when its normal jlpeed is decreased by 20 miles per hour. 
Find the distance between the two towns and the time usually required by the 
aeroplane to fly from one town to the other. 

10. (<i) If xy+y3 + 3x=Q, prove that ^ ,i + .« ^*.,“0- 

® — 2/a 2^ —a® a — ®2/ 

(b) Reconstruct the following iRultiplication examiple by supplying the 
missing numerical figures (represented by crosses) : 


X®* — 7«*+ x®*+5®— X 
X®*- X®- X 

X®*- x®®+ x®*+25®*- x«* 

- x®®+ x®^- X®*- x®*+22® 

- 24®* + x®*-x®*-x®+x 
x®*-68®®+ x®*+ x®*-97®*- x®+ X 

11. (a) If ®, a be three different quantities such that ®+^=2/+J '• + ' 
prove that ®*y*a* = 1. 

(b) A and B have 1025 articles between them. A transfers to B as many 
as B has : B then transfers to A as many as A then has : A then transfers to B as 
many as B then has : and so on. After four such transfers A has 331 articles more 
than B. Find the number of articles with which each started. 


12. , (a) If 


® 


9 

3-2/ 


and y 


9 

*3-i 


express a in terms of ®, 


(b) The profits of running an omnibus vary as the length of the journey 
when the number of passengers is constant and vary as the excess in the number of 
passengers beyond a certain minimum when the length of the journey is constant. 
In a journey of 16 miles with 19 passengers the profits were Rs. 12, and in a journey 
of 20 miles with 28 passengers the profits were Rs. 30. Find the minimum number 
of passengers whieh can be carried without loss. 


CALCUTTA 

1942 


1 . 


Compulsory Paper 

(i) Factorise, J&ifher, a*+b*-c*-2ab. Or, ®*+®* + 2®*+® + l. 
(il) If a* “b+c, b* -c+o, c* = a+b, show that xi ® 
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2. Either, (i) Find the H. G. F. of 

4* -2 and a:® + 3a;^ -aj* -7a® -5« - 1. 


(ii) Simplify r \f~ h\' 

if j (8-6)(3-c) (s-c)(5-a) (s-a)(s-6) 

^ _ , ax+a* ba + fc® ca+c* 

Or, (ill) Solve 


fla+a*^ba+fc* ^ca+c* ^ . « 

+ . — + . , +o+6+c = 0. 

h+c c+a a+b 

c 

' d 


#. » Y# ^ ® 1 /2n "t* 3c *i“ 6fi\ ® oce 

(Iv) If J, = ^ . Bhow that 


given 3s*a+b+c 


3. Either, (i) A man who went out between 3 F.M. and 4 P.M. and returned 
between 4 P.M. and 6 P.M. found that the hands of the clock had exactly changed 
places. When did he go out ? 

Or, (ii) A general can arrange his regiment in a hollow square 8 deep ; if he 
had 800 more men he could have arranged them in a hollow square 4 deep with 
the same number of men in the front cow ; find the number of men in the regiment. 

4 . Draw the graph of any one of tl^ following equations : 


(1) * + *-1. (ii) 2iB+3t/=6, and (iii) ie = 7(j/+l). 


Additional Paper 

1. Either, (i) Find tjio sum of the first n terms of a series in a geometrical 
progression. 

(ii) In a geometrical progression the (p + i?)*'* term is m and term 

is n. Find they)** and terms of the series. 

Or, (Hi) Solve, without assuming any formula, the equation oj® -11® = 82062. 

4 4 1 

(iv) Extract the square root of +4®+2 + ^, + +^ 4 * 

2. Draw the graph of i/® = 4®. 

3. (0 Simplify.: + + + 


(ii) If x = 2 + 2^+2^, prove that I* — 6x’ + 6a — 2 = 0. 


1948 


Compulsory Paper 

1. Either, (i) Find the value of (® — 2 /)®, when ®+p = 3 and xy = 2, 

(ii) Find the H. C. F. of ®*+4®® + 4»+8 and ®* + 8®® + 21a + 18.* 

Or, (iii) Express ®®+2®j/— «*— 2f/« as the difference of two squares. 

(iv) lfa+b + c = 0, show that a^ + b^ + c^ = 2(a®b* + b*c® + c®a*). 

*• (‘) Solve 

(it) If show that (a*-6’)(c’-<J’) = (6’ -c*)*. 

0 e a ^ 

3. Either, (i) A man bought an equal number of two kinds of mangoes,, 
one kind at 2a8. each and the other at la. Sp, each. If he had spent his money 
equally in the two kinds he would have had 9 mangoes more. How many of each 
kind did he buy ? 

Or, (ii) A number consists of two digits. The digit in the tons* place is 
3 times the digit in the units' place. If 54 is subtraoted from the number the digits 
are inverted. Find the number. 

4 . Draw the graphs of and 5®+6p»30 and obtain their point of 

interBeotion. ^ 
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• Additional Paper 

1, (i) If = and aj*+2/*— c*, prove that a® + 2c* =* 3ad* . 

(ii) Solve 3*.9*'=27*, 4*.8*'=32*, 2*.6*'.7*«70. 


2. Either ^ (i) Draw the graphs of +2/* « 26 and ?+?*!, and find the 

5 5 

co-ordinates of their points of intersection graphically. 

Or, (ii) Find the square root of 4®^ +20®* 

(hi) Solve 3®* -20® -79 = 0, 

3. Either, (i) Find the ejim of the first n terms of a series in arithmetical 

progression. , 

(ii) Four numbers are in arithmetical progression. Tho sum of the ex- 
tremes is 10, and the product of the means is 24. Find tho numbers. 


Or, (iii) If a : 6 = 6 : c = c : d, prove that (d-a)*=(d— 6)* + (6“c)*H-(c— a)* 
(iv) Simplify ^ 

^ ^ ®+a ® +a* x^+a* ®*-a* 


1944 

Compulsory Paper 

t Either, (a) Factorize ®* + 4®*-12. * » 

(6) Find tho H. C. F. of ®* +3®* —9® + 5 and ®* -19® +30. 

Or, (c) If ® = fl+ ^ and find the value of ®^+^* — 2®*^*. 

(d) If 2s=a + 6 + c, show that 

s* + (s-n)(s- 6) + (s- 6)(s- c) + (s - c)(5 - a) = a6 + 6c+ ca. 

2 (a) Solve (®+2)(*+3)^a+6. 

(6) If * = «. show that (a'‘+b’+c’)(b«+c*+d’)=(o6+6c+cii)*. 

oca 

3. Either, (a) A man who went out for an evening walk between 5 and 6 
returned between 6 and 7 and found that the hands of tho clock had exactly changed 
places. When did he go out ? 

Or, (6) A person bought an article and sold it at a profit of 6 per cent. Had 
he bought it at 4 per cent, less and sold it at Bs. 2. 6a. more, his profit would have 
been 12 per cent. For how much did he buy it ? 

4. Draw the graphs of any two of the following : — 


(a)y=2®; (6) iy«7 ; (c) + 


y 


Additiona] Paper 

1. Either, (a) Find the sum of the first n terms of a series in arithmetical 
progression. 

(6) A man undertakes to pay oil, by monthly instalments, a debt of Bs. 650 
on which no interest is charged. Ho pays Bs. 20 in tho first month and continually 
increases the instalment in every subsequent month by Bs. 10. In what time will 
the debt be cleared up ? 

g 

Or, (c) Solve 1 + ®*^ 


4- 


3 ■ 
4-® 


(d) Ifa, 6, cbe in arithmetical progression, and ®, y, z in geometrloa 


progression, prove that 
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8. Either, (a) Find the sum of the first n terms of the series lx 8+2x3 
+3X4+4X5+ 

(6) Prove that the arithmetic mean of two positive numbers is greater than 
their geometric mean. 

Or, (c) Shewthat {a*-6c)" + (6*-ca)* + (c*-a6)»-3(a»-M(5’-ca)(c’*-a6) 

«(a» + 6»+c»- Saber. 

(d) Find for what value of n will 16a* — 24fl}* +41a* -na+ 16 be a perfect 

square. 

3. Draw the graph of £5+ g “1* 


1945 


Compulsory Paper 

1. Either, (a) If a + 6+c*16 and a* + 6* + c* = 77, find the value of ab+bc + ca. 
(b) If ab+be+eaaO) show that 


"a — r +r5 +^® r = 0. 

a* — be b* — ca e* — ab 
Or, (c) If ^a + ^ j «3, find the value of 

" (d) Find the H. C. F. of 2a’ — a— 1 and 3a* -7a’ + 4. 
3. (a) Factorize a*(b-e) + b’(e-a)+e’(a-b). 


(b) If 


e 

d‘ 


prove that 


a*+<^+b* 

c*+'^+d* 


a’-ab+b* 

c’-cd+d’‘ 


8. Either, (a) The product of two numbers is 18225 and the quotient when 
the larger numltor is divided by the smaller is 81. Find the numbers. 

Or, (b) At what time between 4 and 5 o’clock will the hands of a watch be at 
right angles to one another ? 

4. Draw the graphs of any two of the following equations : — 

(tt) a-p = 3, (b) ® + 1 =1 and (c) 7a-3p=»21. 


Additional Paper 


1. Either, (a) Find the sum of the first n terms of the series 

a+(a+b) + (a+2b)+(a+3b) + * 

(b) If X, y and 2 bo respectively the sums of the first p, q and r terms of 
a series in arithmetical progression, prove that xqr{q — r)+prp(r — p) + zpqip — q) = 0, 

Or, (c) If -“7 + =1, shew that +- ^+~ "0, 

* ' ' y+2 0+a a+p y+e a+a x+i/ 


(« (Jh. ?)%(: . ?)*(! * )(f + !)■ 


2. Eiher, (a) Find the roots of the quadratic equation aa’+ 2ba+c«0. 

(b) The hypotenuse of a right-angled triangle is 13 inches. Find the 
length of each of &e remaining two sides if their sum is 17 inches. 

Or, (c) Express (a — 2a)(a — 6a)(a — 8a)(a — 11a) + 81a* as a perfect square. 

n— I n— 1 /!•*** — 

(d) Prove that (®+p)(®*+p*)(®*+p*) (®’ +p* 

3. Draw the graphs of p«a’ apdp"* 2x^1, and determine where they meet. 
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1946 

Compulsory Paper 

t. EUheTt (fl) Express a*+2a6 — 26c— c* as the difierence of two sqaarep. 

(61 BimDlify : , a+ 6 — fc 

<T. / \ T« j-fc (6-<5)(6-«)^rc-a)(o-4) 

Or, (c) Ifa+6+c=0, show that a* — 6c=a -(a6+6c+ca). 

(d) Factorize (»+l)(a;+2)(a+3)(*+4)-3. 


2. Either, (a) If a+ 6^20, show that + 


(« Solve 

6+c c+a a+h 


a— c 6— c 


-1. 




Or, (c) Find the H. 0. P. of *■ — 1 and a* — 1. 

(<i) If y - J . prove that (a’+c’)(5*+d*)-(a6+c(f)*. 


3. A number consists of two digits ; the digit In the tens' place is twice the 
digit in the units’ place ; if 36 be subtracted from the number the digits are 
inverted ; find the number. 

4 . Draw the graphs of any two of the following equations 

(a) i/-2a=*7 ; (6)|/=5; (c) 

Additional Paper 

1. Either, (a) Solve the quadratic na* + ba+c = 0. 

(6) Apply the aboveformula to find the roots of a‘^ — 2 ij3a — 13=«0. 

_ ^6 the roots free from surds though the part of the roots arising from 
>/6* -4ac is not a surd ? If not, why not ? ^ 

O, (c) Find the square root of^a**fJi^ 

(d) Solve (s/a+3+ ^/a-2«5. 

2. Either, (a) Find the sum of n terms of a series in geometrical progres- 
sion of which the first term is a and the common ratio is r, 

(6) The sum of n terms of an A.P. is 40, the common diilercnce is 2, 
and the last term is 13. Find n, 

m 

Or, (c) Find the meaning of where in and n are integers only. 

(d) If Z, m and n are the pth, q%h. and the rth terms of an A.P., prove 
that l(q - r) -h m(r -p) + n(p - q) * 0, 

3. Either, (a) Draw the graphs of ^=a;*+3fl5, and -2. Hence find the 
roots aj* -I- 3® 4* 2 = 0. 

Or, (6) Provo graphically that the expression »‘'-3® + 4 is positive for all 
real values of ®. 


DACCA 

1940 


t, (a) Find the Highest Common Factor of »*-3®* + 4*-2 and ®*;^2** 
-4»+l and verify your result. 


* + .v-i 1+y 

Or.W Simplify 

»* y 


1 + 




y 

X 
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2. (a) Find tho oo-efificient of x* in the product of • 

(1+0!+®*+®*+®*) and (1-®+®*-®*+®*). 

(6) Find the factors of ®* +(*-l)*+{l--2®)*. 

8.. (a) Explain what is meant by a "root” of an equation and solve the 
following equations, verifying your results : — 

<*> = 3 ; 6«+8j, = 14. 

Or, (6) One customer buys 14 lbs. of tea and 10 lbs. of coffee for £2 3s., and 
another buys 11 lbs. of tea and 15 lbs. of coffee for £2 4s. 6d, Find the prices of 
and coffee per. lb. 

' 4 . SoTve graphically j/-® = 2, 8®— 23y=6 

Additional Paper 

1. (o) Solve the equation . f , = ^ + ?■ + ^ • 

a+o+® a 0 X 

If ax + hy + gz = 0, hx + hy +/2 = 0, and gx+fy+cz-Oy prove that 

ahe + 2fgh -ap- hg^ — ch* =0. ^ 

Or, (5) Simplify + 

2. (a) Establish the formula s = {2a+(n~ l)d} ” » where s is the sum to 

n terms of an A. P. of which a is the first term and d is the common difference. 

(h) The first two terms of an A. P. are Ij and 2i. How many terms of the 
series must be taken to give the sum 171 ? 

Or, (c) Sum the series 1, i, to n terms without assuming any rule. 

What does the sum reduce to when n is infinitely large ? 

id) The sum of the first 4 terms of a G. F. is 40, and the sum of the first 
8 terms is 3280. Find the scries. 

3. (o) Draw the graph of 2 + ® — 2®* and find from it the maximum value of 
the function. 

Or, {h) A regiment of soldiers, when formed into a solid square, has 16 men 
fewer in the ffbnt than when formed into a hollow square 4 deep. Find the 
•* number of men. 


Compulsory Paper 
1941 . 


1. (a) Factorize : (i) p* + 2|j(?+g*— p~g. (ii) p*+4. 

(6) Find the H. C. F. of a* -1 and a’ - 1. 

Or, (c) Find tho simplest value of 

1*62 X r62 X 1-62 + 8-48 X 8*48 x 8*48+30 x r62 x 8*48. 
(d) Find the L. C. M. of a*-l, a* -1, a* -1. 


2. Prove that 


(a-b)* . (h-cf . (c-a)* „ 

{b - c)(c - a) *^(c- a)(a- 6) (a - 6)(V - c) 


3 . 


-.a c V. 4u * (<»+c)® 

If show that 

(a) Solve; W (a,_i)^_8)*3i’ (H) ®+»=8(a-»)=6. 


Or, (b) There are fifteen 24-pounder guns in one fort, and twelve d2-pounder 
guns In another fort. All the 24-pound6rB with one 82-pounder are worth £1,969 ; 
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and lEfll the SS-pounders with one 24-pounder are worth the same sum* Find the 
value of a gun of each sort. 

4. Draw the graph of the equation 14*+10j/ = 35 and find the oo-ordinates of 
the points of intersection of this line with the lines x^O and 

Additional Paper 

1. (a) II x+ ~1 and y+ ^ =1, prove that 2 + - =1. 

P 2 X 

Or, (6) Find the square root of Jsr+o;’. 

(c) Solve a;* - a; = 1806. 

2. (a) Show that the sum of 7t terms of an A, 1\ is equal to n times half the 
sum of the first term and the last term. 

(6) Sum to n terms 1.2 -I- 2.3 + 3.4 + — 

Or, (c) Sum to m terms the series of which the term is 2*^+2r. 

3. (a) Draw the graphs of and a;— 1/+6=0. Hence find the solution 

of the equation as — jc— 6=0. 

Or, (b) What is the price of eggs per dozen if one more for six annas reduces 
the price by one anna per dozen ? 


Compulsory Paper 
1942 

1 (a) Factorize ®*~720. 

(6) Find the H. C. F. of 

a* -6* -c* -26c, 6*-c*-a*-2ca and c* -a’ -6* -2a6. 

Or, (c) Find the simplest value of ; 

3’1416 X 3*1416 X 3*1416 - 3 X 3*1416 x 2*1416 - 2*1416 X 2*1416 X 2*1416, 
(d) Find the L. C. M. of a;’— 3»+2, a;* + 2a:*— 3a; and — 4flc. 

2, (a) Show that if ^ + i + ^ - ‘ . I . • then 
a b c 0+6+C 

a*^b*^c* a* + 6*+c* (a+6+c)* 

Or, (6) If a + J =1, and 6+ ^ =1, then c+ ^ 
oca 

8. (a) Solve: (i) 


(ii) fix-Sjy*!! ; 6x-6p=ll. 

Or, (6) The sum of two numbers is 61, and twice the first number exceeds 
two-thirds of the second by 10. Find the numbers. 

4. (a) Solve graphically ®+3/**0; a— 2^=2, 

Or, (6) Find graphically the value of 9x+4 when z = i. 

Additional Paper 

1. (a) If a; = 2 + 2^+2^, prove that X* -6®’ +6®-2=0. 

Or, (6) If a -2 : »-i : : show that ®+* : j/+z : ^ * +2 : ^ +2. 
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(c) Given that os-l is the H. 0. P. of the two expressions x*+p*+J and 
prove that the L. 0. M. of the two expressions is z* + {pq~’l)x-pq. 

Or, (d) Solve the equation 6aj’+«— 1080«0. 

2. (a) Show that the sum of n terms of the Arithmetic Progression of which 
the first term is a and the common difierenoe d is |2a+(n— X)d | ^ * Deduce from 
this the sum of the first n natural odd numbers. 

Or, (b) Find the sum to n terms of the Geometric Progression of which the 
first term is a and the common ratio r. What does the sum reduce to when r » 1 ? 

(c) Sum to infinity l+3«+6x*+7a5* + , where xlies 

between 1 and - 1. 

3. (a) Solve I graphically the equation x^ + 5x + 3 = 0, correct to the first decimal 
place. 

Or, (6) A boatman rows 42 miles up a river and back again in 14 hours ; he 
finds that he can row 7 miles with the stream in the same time as 3 miles agianst 
it. Find the rate at which the river flows. 


1943 


Compulsory Paper 


1. (a) Factorize any two of the following : 

(i) 125a5'‘j/*-64x"2/». (ii) x*+z^y*+y\ (iii) (x-y)' -(l-ayP. 

(6) Divide 6a* -b* -21c*- I6abc by 2a - 6 - 3c. 

Or. (c) Find the H. 0. F. of ®* + ll«-12 and »‘ + ll»‘+54. 

(d) Find the continued product of a+6+c, 6+c— a, c+a — 6, a + 6~f. 

2. (a) Express (a* + &')(c* +d*) as the sum of two squares. 

(5) Show that (2x — !)• -(® — 2)* — 3(2a5 — 1)(® — 2)(® + l) is a perfect cub#*. 


3. Solve the following equations 
(a) 


x-a a-6 x-c_ 
b+c c+a a+6 


(b) 


\z+2) 


x±2 

x+4 ’ 


Or, (c) A father’s present age is to his son’s present age in the ratio of 7 to 8. 
Ten years ago the father was four times as old as the son. Find their present ages. 

id) Solve x+ 2/^7 ; 2x+3j/**18. 

4. [a) Solve graphically y- Ax \ x+y^b. 

Or, (6) Find graphically the value of x+5 when x^?. 


Additional Paper 

1. (o) II ^(6-c)+ *(c-4)+ ^(a-6)=0. 

V y m 

show that ^ {«-x)+ ^(x-y)«0. 

Or, (6) Extract the square root of ® + ” + n/2^ n/®+ + 

(c) Solve the equation » i + J + A . 

2. (a) Find a formula for the sum to n terms of an A. P. of which the first 
term and the common difference are given. 
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(6) The sums to the first p, g, r termj of an A. P. are a, b, c respectively, ^ 
Prove that | ^ lr-p)+ ^(p-g)^O. 

Or, (c) If a be the first term of a G. P, of n terms, Z the last term, and 2^ Jae the 

product of the terms, show that P=(aZ)^, 

8. Solve graphically the simultaneous equations 

(1) + = (2) 6x+^«13. 


1944 

Compulsory Paper 

1. (fl) Divide x*+y* by x+y and from the result write down the quotient of 
(x+y)* +27g* bya+^+3«. 

Or, (b) Find the factors of : 

(i) 16x*- 40x2/ + 262 /". (n) 4(x2/-a6)" -(x" +p" -a* -6")", 

2. (a) If the value of 4x+7^ ; Ox-f-^y. • 

(6) Find three consecutive numbers whose sum is 114. 

Or, (c) A person sold 6 hens and 2 ducks for Rs. 8 to one buyer and 2 hens and 
3 ducks for Bs. 6<8 at the same rates to another buyer. Find the price of each. 

3. (a) Prove that the product of any two algebraical expressions is o>^ual to> 
the product of their H. C. F. and L. G. M. 

(6) Find the L. 0. M. of 6x" — 6x--6 and 4x*— 2x* — 9, 

Or, (c) Solve graphically 3x-y = 5 ; 4x + 3^*11, 


Additional Paper 


1. (a) solve + 

X* JJ 

• (d) Find the square root of + 


X* y ^ X ■* 


Or, (c) Assign a meaning, with reason, to and to a®. 


2. (a) Find without assuming any formula the sum of the series 4 + 7+10+ 
13 + to 112 terms. 

(b) The first term of a O. P. exceeds the second by 2, and the sum to 
infinity is 50. Find the series. 

Or, (c) Find the sum to n terms of the series 1.2 + 2.3 + 3.4 + 4.5 + 

(d) Show that the sum of the series 1+r+r" + ••• to infinity is if r be 
numerically greater than unity ? 
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3. {a) The sum of the squares of two consecutive odd integers is 290 ; find 
the integers. 

(b) If 

£D'^ 

Gr, (c) Trace the graphs of (i) y = x, (ii) V- ^ determine the points where 
they intersect. 


1945 


i. 


Simplify 


Compulsory Paper 

. . fl» + 2a6-36*_^ 1 

a* -406-21** a»-** * a-7*‘ 


Or, (6) Find the remainder when as*+3a;* + 4a + 12 is divided by »-2. 

2. (o) The figure given represents a square lawn measuring p feet each way, 
In which four square tanks have ^en dug, each measuring q feet each way. (i) Find 
in a (factorised) form suitable for calculation the area of the lawn excluding the 
tanks, (ii) Calculate the area when p«146 and q^^l. 


V 



Or^ (*) 1 have a large number of match boxes. I wish to sot them side by aide 
on a table so that they shall form a rectangle in which the number of rows of boxes 
is the same as the number of boxes in a row. The first time 1 arrange them 
in this way there are 25 boxes short of the number required. 1 try to arrange 
them, therefore, with one box less in a row. This time there are 4 boxes over. 
How many boxes are there 7 

3. (a) The incomes of A and B are in the ratio of 3 to 2 and their expenditures 
are in the ratio of 5 to 3. Each saves Bs. 1,000 a year ; find their yearly incomes. 

Or, (*) ITind the greatest common measure of 

— 6, ®* + 3x — 10, ®*+®®— 6®-2. 

(c) Find the value of olg-a^-ira'i + a^o' 

4. (a) The salary of an officer is increased each year by a fixed sum. After 
5 years of service his salary is raised to Bs. 120 and after 12 years to Bs. 176. Draw 
a graph from which his salary may be read off for any year and determine from it 
(i) his initial salary and (ii) the salary he should receive for his 2lBt year. 

Or, (*) Taking one inch as unit (1) draw the graphs of ®— 2 >b 0, y-l«0 and 
2®+3)y»6 and (2) find the area included between them. 

i 
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MADRAS 

• 1929 

1. Resolve into factors : 

(i) 81a:»-7a;V+2/* ; (ii) a*(b-c)+b^(c-a)-^c*(a-b). . 

2. (i) If X- ^ =1, prove that x ',=4; 

(ii) Divide ®*+a5“‘‘ + 2 by 

3. (a) Solve the equations : 

2)(x 3-65X - 55-32/ = 55-3x- 3*382/ = 6*885. ' 

(6) A man bicycled from one town to another going the first half of the 
distance one and a half miles per hour slower than his usual rate, and the second 
half, two and a half miles per hour faster than his usual rate. His average rate for 
the whole journey was TJ miles an hour. Find the usual rate of bicycling. 

Solve graphically the equation x*+5x + 3 = 0. correct to the first decimal 

place. 


1930 • • 

1. Resolve into factors : 

(i) 6a;‘^-x2/-122/"-4x-ll2/-2 ; (ii) (a»-6*)(6»-c»)-.(6»-c*)(a»-6»). 

o a- V* 7 11 11 

2. (.)S.mplUy 8(x-3)-2(r-l)*-4(.:-l)*-8(*- 1)' 

(ii) Shew that, if a(5-c)aj* + 6(c—a)xy+c(a — &)//* is a perfect square, 
then 5(a+c) = 2ac. 

3. (i) Solve the equations : 

4x-ll 2X-17 3x-22 x-10 


(a) 


x-3 


X — 9 


x-'7 X--9 


(W 




= 0 . 


(ii) A walks a certain course and back again ; R, starting at the same 
time and from the same place, walks at half the pace of A over five-eighths of the 
course and back again. A passes B hjilf a mile from the starting-point. Find the 
length of the course. 

4. Draw the graph of y—x^ — Sxt using a large x unit. Hence solve, as 
accurately as you can, the equation x’ — 3x = 4’5. Check by calculation. 


1. (i) Given that x + 


- 2 . 


1931 

s5, find the value of x* + \* 
x X* 

(ii) Find the values of I and m in order that 

x*-hlx* +wx‘* -12x+9 may be a perfect square. 

(i) Factorize x* — l4:X^y^ + y** 

(o+6)*-c*«>+c)*-o* (c+a)*-6* 

(o+ 6)“ - c’ (6+c)* -a* (c+o)‘ - 6' ~ 


(ii) Simplify 
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12 2 8 

3, (i) Solve the equation = jg + ^ ^ 

(ii) There are two chests of mixed tea ; in one the green is mixed with 
the black in the ratio 2 : 3 ; in the other the ratio is 3 : 7. How many 
must be taken from each chest so as to form a new mixture containing exactly 8 IbSt 
of green tea and 6 lbs. of black tea ? 

4. Draw the graphs of 2 / =3®* and y=2®+10. Hence, find the roots of the 
equation 3®* — 2® — 10 = 0, Verify by calculation. 


1934 

1. (i) If ® = 6+c-2o, i/ = c+o— 26, « = a+b— 2c, find the value of 
+ «* + 2xy + 2yz + 2z®. 

(ii) Besolve into factors 4®*— 35® +24. 

(iii) Find the value of a so that the expression 4®* +4a®® — ® — u may 
contain ®-*3 as a factor, and factorize the expression when ® o' 3 is a factor. 

2. (i) Prove that when m is a positive integer a"* x 6** « (a X 6)*". 

(ii) Simplify (2u®*)*x3(a^b®*)’*+12(a*b®)*. 

(iii) Simplify 

3. Explain the diethod of solving the quadratic equation by the method of 
completing the square. 

Solve by the above method g ‘ — q ~ 6 * 


4. A farm consists of wet lands let at "Rs. 30 per acre and dry lands let at 
Bs. 20 per acre, the total rent being Rs. 940. When the rent of wet lands is reduced 
by Rs. 6 per acre and that of dry lands by Rs. 10 per acre, the total rent is reduced 
by Rs. 290. Obtain the number of acres of land of each kind in the farm by first 
reducing the given data to algebraic equations and solving the equations graphically . 
Verify the result by calculation. 


PATNA 

1931 


1 . iSlfter. (<») Simplify 

Or, (b) Prove that (a* + b’+c*)*=4(a*c* + b*c® + c*a*), ifa+b+c=0. 

7-l0®-ll®*+6»* 

Either, (c) Reduce to its lowest terms the fraction, ‘ 


4>, (d) Show that, if the four quantities, o, b, c, d are proportional, then 
(a+b+c+d)(fl— b — c+d) = (a— b+c— d)(a-+b — c— d). 

2. (a) Solve, by completing the square, the equation 7®* +13® = 2. 

(b) Draw the graph of y + 3® + 2 * 0, for values of ® from ®=0 to®=— 4 
and by the aid of your graph, obtain the value of ®, when ^=8. 

3. Either, (a) Find the square root of ®^ — 4®^+4®+2®^“4®^+® 

Or, (b) Two men, 40 miles apart, walking in opposite directions, meet in 
6^ hours ; but if one of them had doubled his pace, they would have met in |th of 
the time. Find their respective speeds. 
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- « 1931 (Supplementary) 

1. Either, (a) Factorize a*(6-c) + b*(c-fl)+c*(a-fc). 

Or, (6) If a; = rt’ — 6c, 2 / = 6* — ac, « = c® — ah, show that 
ax+hy+cz^{a-\-h-hc){x+y+e). 

Either, (c) Find the H. C. F. of 2x*^Sx^y-y* and 4«*+a;2/*-2/*. 

Or. (d) Simplify ,,_3^+2 +^._Lh.3+^,_6„+6- 

2. Either, {a) Solve, by completing the square, the equation 15a;* — 28 = a. 

Or, (h) Find a value of x so that 16x* — 24a;+ 25a;^ — 20a;^+20, inay be a 
Xterfect square. 

• (c) Plot the graphs on the same axes of (i) 2 / = 3a;+2 ; (ii) 7/+l = 4aj ; from 
a; = 0 to a; = 4 and find from the graphs the value of x and y where they intersect. 

3. Either, [a) If y, show that 

(a* 4-c* +c*)(6* +c2* +f)=-{ab+cd+ej)\ 

Or, (b) A man and a boy can do in 15 days a piece of work which would be 
done in 2 days by 7 men and 9 boys. How long would it tfake one man or one boy 
to do it ? 


1932 

1. Either, (a) Find the continued product of 

a;*+a;4-l, x^+x—l and ®*-2x*+x* + l. 

(6) Find the H. C. F. of 10x*+llx* + 9 and Gx*+6x* + 9. 

( „«n\tn4-n /^n\n+t /«.« \I+n» 

“.) xg.) xg^) . 

(d) Find the L. 0. M. of 

X* - 4ax + 4a* . x(x -y)- 2a{2a-y) and x* - 2 /* + Aay - 4a* . 

2. Either, (a) Find'the value of x* +^* + 2 * + 2 xs(+ 22 /«+ 2 xa, when x=a+6— c, 
V-6+c-a, z = c+a—b. 


\b) If 


c e , . 2a* — 3c*+4c* _o*e 

b~'d~ /' 26* - 3(j‘ + if' b'f 

Or, (c) Solve graphically the equations 3x+ 23 / = 5 and 5x — 22/ = 3, 

(d) Find a so that 4x* + 12x* +25x* +ax + 16 may bo a perfect square* 
8 . Either, (a) Solve, without assuming any formula, the equation 
3 . 2x 


x-6^x— 3 


5. 


Or. ( 6 ) Five years hence father’s ago will be 3 times the son’s age and 5 years 
ago father was 7 times as old as his son. Find their present ages. 


1933 

1* (a) Resolve into factors 

(i) (x*-y*)(a*- 6 *)+ 4 x 2 /a 6 ; f^i) xf/- 2 /* + 62 /- 3 x- 6 . 

*1—38 
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Or, (6) Find the H. C. P. of la* -“12a-8 and 6a;* -24aj® +30x-12. 

(c) Simplify a ^ ,f when ab + 6c+ca=0. 

' a —be b —ca c —ab 

2, (a) Solve, by completing the square, the equation 5a;* — Jx = 3ff — ®. 

4t Oj ^ CL 

(6) Find a so that - a;* -8 + « a; +362/”* “ay be a perfect square. 

J 2/ « y 

Or, (c) Show that 2(a* + 6*+c*) = (n* + b* + c*)*, when a+6+c = 0. 

3. (a) Draw, with the same axes, the graphs of 

(i) y = \ (ii) 2a:+^ = 18 ; and hnd from the graphs the point where 

they intersect. 

Or, (b) A man rows 30 miles down a river in 6 hours and returns in 10 hours. 
Find the rate at which the man rows and also the rate at which the river Bows. 

1934 

1. (a) Resolve into factors : 

(i) «*-32a;* + 4; (ii) + + 2a’^b'^ -a* -c\ 

Or, (b) Find the G. C. M. of 8a;* —24a;* +16 and 2a;* - 50a;* + 120a; — 72. 

(c) If (a+b+c)* =3(ab + bc+cn), prove that f-+^ +^.-*3. 

be ca ab 

Or, (d) Find the value of a so that 

4»+8a;^ +4a;~^ + 4x”* +a”* +a may bo a perfect square. 

2. (a) Solve, by completing the square, the equation 1 2a;* + 66a; — 255 = 0, 

(b) Using the same axes and unit, draw the graphs of 

(1) * 0 ^ I (2) - between a;= + 2 and a;= — 2. 

2 O 

a; 2 4 5a; 

Hence, show how to solve the equation -~= ‘ • 

2 0 

Or, (c) A traveller walks a certain distance. If he had gone 2 miles an hour 
faster, he would have taken 3 hours less time ; but if he had gone 1 mile an hour 
slower, he would have taken 3 hours longer. Find the distance. 

3. (a) If » find the value of 

o- v«; r+p-g jp+g-r 

(g - r)a; + (r - j)) 2 / + (p - g) 2 . 

be ca ab 

Or, (b) Simphfy (li:.a)(c-a)'‘'(^6)(o~^'*’(o^c)(^)' 


1935 


1. (a) Find the L. 0. M. or G. C. M. of 

16»*+54 ; 16a;*+36x* + 81 and 8x*— 24x*+36« — 27. 
Or, (b) If 2s “a+b+c, prove that 

(2as + be) (2bs + ca) (2cs + ab) = (a + b) * ( b + c) * (c + a) * , 


(c) Simplify 
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Or, (d) Find the value of a* + 6* +c* — 3afcc, when a+6+c*=9 and 
ai) + 6c +ca=* 26. 

2. (a) Solve, by completing the square, the equation ^ 

/t\ -rv • do® lO . 

(6/ Draw, with the same axes, the graphs of 
(1) 2®+3i/=7 ; (2) ®-22/=0 ; 

and find from the graphs the point where they intersect. 

Or, (c) Solve the equation ®+n= 2/ +6 ==c+c, a® +62/ +c«»2(a6+ 6c +ca). 

3. (a) Find the square root of ®^ +9®~^+6®^+12®~^+4®^+4. 

Or, (6) A number consists of 6wo digits. The sum of the digits falls short 
of the number by 64 ; if the digits bo reversed, the number exceeds the old number 
by 27 ; fipd the number. 


1936 


1. (a) Find the continued product of a+ 6+ c, 6 + c-o. c+a-6, a + 6— c. 
Or, (6) Factorize (i) (®-l)(®-2)(®“3)(®~4)-120 ; (iij x* -y* +dy^ 

2. (a) Find the H. C. F. of 

3®^ — 7®* + 13®* — 7® + 6 and 2®* — 7® * + 16®* — 17® + 12, 


Or, (6) Simplify* 




3. (a) Solve the following equations : 


(i) ?{2»-ll)-J(*-5)=|-(10-x); (ii) f+^+l=^ + ]| 

Or, (6) Extract the square root of ^'*’^”"4* 

4. ia) If , T * prove that - r . • 

^ ' 6+c c+d n+6 ?/+z— ® «+®— 2/ x+y—9 

(6) Without assuming any formula, solve the equation 

®*+ 106® +2000 = 0. 


»23. 


5. (a) The temperature of a room from 8 A.M. to 4 P. M. is given by the 
following table : 


8 A.M. 

9 

10 

11 

12 

1 P.M. 

2 

3 

4 

66® 

68® 

70® 

72® 

74® 

76® 

78® 

80® 

1 

82® 


Represent the above graphically and read ofi the temperature at 10-30 A.M. 

Or, (6) The sum of the two digits of a number is 10 ; and if 36 be subtracted 
from the number, the digits are reversed. Find the number. 
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1937 (Supplementary) 

1 . (a) Multiply by + b^ — c^. 

Or, (b) Simplify 2-[2-{l-(l- -l+a)}]. 

2. (a) Find the greatest common measure of 

4a;* + 10a; — 6 and 8a;* + 12®* — 128® + 60. 

Or, (b) Find the value of ®* + j/* + 4(® -?/)*, when ® + y = 4 and xy^6, 

3. (a) If a : b : : c : d, prove that 

Or, (b) Find the square root of ®* + 2® + 6 ®®+ \ ® +9 

®® X 

4. (a) Solve the equations ^ + - =1 ; ^ ^ = 

X y * X y 20 

Or, (b) Find the value of ® in the following equation -q®+ * ^ ®. 

13 13® 7 

5. (<i) Find the length of a pole in a tank one-third of which is in mud, and 
one-hfth in water and 14 ft. above the level of the water. 

Or, (b) A man walks at the rate of 3 miles an hour. Construct the. graph oft 
his walking, and find from it the distance walked by him in 5 hours and 45 minutes. 


1938 (Supplementary) • 

1, (fl) Factorize; (i) ®^-2®* + l ; (ii) ab(l+c*)-c(a* + b*). 

Or, (b) Find the L. C. M. of ®*+®- 6 , ®* + 2®~3 and ®*-3®® + 2 ®. 

a. (a) Simplify 

Or, (b) If bc+ca+ab=0, prove that . +,v^ - + £*=0. 

a —be o’— ca c —ab 

3. (rt) Solve 10a!’-69is-45 = 0. 

O'-. ( 6 ) U fc+c-o“c+o- 6 “J-i- 6 -V {b-<^x+(c-a)y+(a-b)r. 

4. (a) Simplify | V3x V27^} ^ Or, ( 6 ) Solve ^ “ 3 = = 6 . 

5. (a) A father’s age is three times that of his son, and in 10 years it will be 
twice as great. How old are they ? 

Or, (b) If one cubit be equal to 1*6 feet, construct a conversion graph for- 
cubits and feet. Head off from the graph the number of feet that are equivalent tO' 
84 cubits. 


1939 

1. (a) Divide a*+ 8 b*-c* + 6 abcby a + 2b-c. 

Or, (b) If a+b + c« 0 , prove that a*-bc=b*-ca«c*-ab. 

2. (a) Find the L. 0. M. of 8 »* +27, 16»* +36®* +81 and 6 ®* + 6 ®— 6 . 
Or, (b) Factorize ; (i) ®*-23®^+l. (ii) ®*-729y*. 
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.8. (a) Simplifji 




Of I {b) If a, bt c are in continued proportion, prove that 
a*+a6 : 6* = 6* + fec : c*. 

4. (a) Simplify jv5xv^x *V2-}”- Or, (6) Solve 

5. (a) Find the fraction which becomes Jwhon 1 is added to its deno- 
eninator and i when 2 is subtracted from its numerator. 

Or, (6) Solve the following equations graphically 3 jj = 17 - 27/, 3]/ = 2a + 6. 


1939 (Supplementary) 

1. (a) Find the continued product of p’+PQ+q* and 

+Q** Or, (6) If a = a* — 6c. p=6* — ca, a = c*— a6, prove that 

aa + 67/ + cj= (a + 6 + c)(a + 7/ + a). 

2. (a) Find the H. 0. F. of a^ — 3a* —2a* + 12a — 8 and a* —7a + 6. 

Or, (6) Factorize: (i) a*(6-c) + 6*(c— a)+c*((X-6) ' (ii) ‘a* + 2a7/-a*— 2a7/, 

3. (a) Simplify a(a*-f.>)(a"-c*j'''6(6’*-a»H6*-o*j'*‘c(c*-o*)(c*-6*)* 

Or, (6) Extract the square root of +^^* + 0® — 6 +7. 

y X y X 

4. (a) 3olva6a;’-91ie+323 = 0. Or, (6) Simplify 

5. (a) One-half of a certain integer exceeds one-third of the next greater 
integer by two. Find the integer. 

Or, (6) Solve the following equations graphically 3a + 4?/ == 25, 4a - Sp = 0, 


PUNJAB 

’ 1929 

1. Assuming that for all values of a 

a* — o*-(a + a)(i3a-l-7), determine a, jS, y. 

Deduce that (q + 6) * = a* i- 2a6 + 6* . 

If Vl 8 + 6>/5* Jx + sj y, find a and 3 /. 

2. (i) Factorize a“ — 19a— 30. 

(ii) Determine the common factors of the expressions : 

6a* -11a* -4a +4 and 10a* -19a* -5a + 6. 

(iii) For what value of a will a* — 12a* + 217a -I- 320 be a perfect square ? 

3. (a) Show that an equation of the first degree in a cannot have more than 
one root, a and y arc connected by the relation 

pap+qa+rp+s^O, where p, g, r, s are real numbers. 
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Given show that x is unique and is, in general, different from y. 
the condition that y xnay bo the same for all values of a; ? 


What is 


4.(i) If? 


show that 


/ + b ^y* +c^s 




ahe 


(ii) Solve the equations 6x — Sy^9 and 3a+52/ = 19. 

Verify the solution by graphs, and measure the angle between the lines repre- 
sented by the equations. 

6. (i) Prove that where m and n are positive integers. 

(ii) Eliminate y from and n—x^, 

(iii) Verify that [(l+ar)®]* = [(l+a)*]’. 


1930 


1. (a) Write down briejly 54*3 x 54*3 x 54*3 x 1 ,000,000. 

ib) Find the value of ^ 

(c) Multiply by the method of detached co-efficients 
4a* —6 + 6a* by 7a+a*— 3. 

2. (a) Solve the equations : Oia+6i^ = Ci 1 

a^x+h^y-c^ J 

(b) Use your result to find the solution of 2a — 3y+6 = 0 1 

4a- y-8*=0 J 


(c) And test the solution graphically* 

3. (a) Simplify 


(5) Simplify 4- two similar terms. 


(c) Find the value of a in 9* = 


3* 


4. (a) Show algebraically that 10” — 1 is always divisible by 9. 

Or, (6) Nino chairs and 6 tables cost Bs. 90 ; while 5 chairs and 4 tables cost 
Rs. 61. Find the price of 6 chairs and 3 tables. 

(c) Eliminate t from the equations v=*tt+/f, s^ut + ift** 


1931 

1. (a) Divide 2a*-f 5a* — t»a + 4 by a* + 2a — 1, and find the value of a for 
which the given divisor would be a factor of the given dividend. 

(6) Extract the square root of a* + 4a* + 10a* + 12a -f 9. 

2. (a) Supply the missing terms in the following identity : 

(p+ )(p+ )(p+ )= +p*(3+2r+3s)+p( )+ » 

fM rrnrn thnt «(«-l)(«-2)(«-3) , n(«-l)(»-2) («+l)n(f»-l){»-2). 

(6) Provo that + j-g^- 


3, Solve the equations : 

(a) a+i/=35, i/ + « = 27, s + a=32. (b) \/2a— 1 = 2. 
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• 4 . (a) Simplify by factors 


X* 0^ +ax + hx-\-ah ^ 

a* +6* x*+a'^x'^+a* * x*+a* 


(b) If 



» prove that 


x*+y^-bz* 
a* + 6»+'c* 


abc 


Or, (c) Eliminate I, m, n from the equations 

mz + ny=l, nx-i-lz=m, ly-^vix^n. 

5. (a) The difference between the length and breadth of a rectangle is 14 ft, 

and its area is 275 sq. ft. 

(1) Find Us semi-perimeter. (2) Find its length and breadth. 

(b) Find the values ot A, B and C in 

'p*-10p + 13=A(p*-6iJ+6)+il(p-l)(2J-2) + C(p-l)(p-3). 


1932 


1. (a) ® ^ = 2;findac. 

a P 

(6) In the cyclic quadrilateral ABCD, = (2x + 13) degrees, 

(2i/ — 18) degrees, /.C = (i/-f 31) degrees, /.jD= (3a;— 29) degrees. 
Find the values of x and y. * » 

2. (a) Simplify (x+ 1)*- (x-1)*. 

(6) Find the square root of 4a;^+8a;* + 8a;* + 4a: + l ; henco find the square 
root of 48841. 

3. (a) (aj+6) is a factor of 2a;* + 9flj®— 8a;-16 ; find the other factor by 
decomposing the given exx^ression, and if possible factorise that factor still further. 

.. . a a^-b* _^{a+b)‘^-4ah 

10 ) bimpiity (rt+d)^-2a6^(a+5)»-3aMa+f^) ’ (a+6)"-3a5' 


4. (a) Jx + fjy * find a; and?/. 


(6) Prove that _i 


y 


X ^+y 


+ 


2xy 


y-x* 

5. Ca) Eliminate 03 from the equations ax-^ ^ =in and ax— 

33 33 

(6) If 3a;* + 9a;’+7a3+2=A(a;+l)* + 7?(a34-l) + C, find the values of A, B, 0. 
dr, (c) Given that 1 cubic foot contains 6*25 gallons, draw a graph to convert 
cubic feet into gallons. Read ofl the number of gallons in 18*5 cubic feet. 


1933 

1. (a) Resolve into factors a;* - 729. 

(5) If 33 - - =c, find the value of a;® - v 

* X X 

12 3 

2. (a) Solve tho equation _ p + ^ 2 ” ^ 

(b) Find the square root of 10— 2<s/5i. 

8. (a) For what value of a will the expression 4a; *-1233® +25®*- 24® + o 
become a perfect square ? 

(6) Find the H. 0. F. of 6®* — 13®* +6®* and 8®* —36®* + 54®* — 27®. 
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Given y, show that x is unique and is, in general, different from y. What is 
the condition that y may bo the same for all values of » ? 


4. (i) If 


X 

a 


y 

b 



(ii) Solve the equations Bx-Sy=9 and 3® +62/*= 19. 

Verify the solution by graphs, and measure the angle between the lines repre« 
sented by the equations. 

5. (i) Prove that (a*")" “a*"", where m and n are positive integers. 

(ii) Eliminate y from and »=**'. 

(iii) Verify that [(1+®)*]* = [(l+®)>]^ 


1930 


1. (a) Write down briefly 54*3 x 54*3 x 54*3 x 1,000,000. 

(b) Find the value of ^ 

(c) Multiply by the method of detached co-efficients 

4®^ — 6 + Gx* by 7®+®*— 3. 

2. (a) Solve the equations : <ii®+&,3y = Ci 1 

aa®4*fea2/ = Ca J 

(5) Use your result to find the solution of 2® — 3y+6 = 0 1 

4 ®— 2/“'8 = 0 j 


(c) And test the solution graphically, 

9 o * V * x ® — 1 ^ ®*+8 , ®*+® 

) imply sc^-f4®*-f 16 * 4* + 2®’‘* + 4® 


(6) Simplify 


1 

a(a-6j(a— c) 


-btwo similar terms. 


(c) Find the value of ® in 9* = 


9 

3*‘ 


4. (a) Show algebraically that 10" — 1 is always divisible by 9. 

Or, (5) Nine chairs and 5 tables cost Bs. 90 ; while 5 chairs and 4 tables cost. 
Rs. 61. Find the price of 6 chairs and 3 tables. 

(c) Eliminate t from the equations t; = u-b/i, s^ui + ift^. 


1931 

1. {a) Divide 2®*-i-6®* — m®-l-4 by ®®-f2® — 1, and find the value of ® for 
which the given divisor would be a factor of the given dividend. 

{b) Extract the square root of ®^ -I- 4®* + 10®* + 12® +9. 

2. (a) Supply the missing terms in the following identity : 

(p+ )(p+ )(p+ )— +p®{q + 2r+35)+jp( )+ » 


(6) Prove that 


n(n-l)(n-2)(n-3) n(n-l)(n-2)_(n+l)»(n-l)(n-2)_ 
i.3.3.4 “ 1.2.3 * 1.2A4 


3, Solve the equations : 

(a) ®+y»=26, y + e*27, s+a«32. 


(ft) ^/2®+3+^/2*-i = 2. 
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• 4 . (a) Simplify by factors 


■ -rt* +ax+hx+ah _^x’^ ^ 
* + 6* x*+a’*x‘^+a* '®*+a* 


(6) If “ = ^ 
X y 


prove that 


3 !*+?/® + 2 * xyz^ 
a® + b*+c*' ahe 


Ot^ (c) Eliminate 2, m, n from the equations 

mz+ny=l^ nx + Z 2 =TO, ly+mx — n. 

5. (a) The difference between the length and breadth of a rectangle is 14 ft. 

and its area is 275 sq. ft. 

(l) Find its semi-perimeter. (2) Find its length and breadth. 

(5) Find the values of A, B and C in 

' p® - lOp + 13= A (j)‘^ - 5i) +6) +73(p - 1)(2) - 2) + C(p - l)(i) -3). 


1 Q^9 

(6) In the cyclic quadrilateral ABCD, ZA = (2a; + 13) degrees, 

Z.B = (22/ -18) degrees, /.C = ( 2 / +31) degrees, Z. B = (3® - 29) degrees. 
Find the values of x and y. * , 

2. (a) Simplify (®+l)'''-(®-l)'‘. 

{b) Find the square root of 4®^+8®® + 8®* + 4®+l ; hence find the square 
root of 48841, 

3. (a) (x+5) is a factor of 2®*+9®*— 8® — 15 ; find the other factor by 
decomposing the given expression, and if possible factorize that factor still further. 

a ^ a*-b* , (a+6)»-4tt6 

(a + 6) ® - 2a6 (a+ 5) » - dab(a + 6) (a + 6) » - 3a6' 

4. (a) js/31-h4 ^/2i= y/x + V?/ J x and y. 

__ J/" 2®?/ 


(6) Simplify 


5. 


(b) Prove that 

- '+ 2 / * X ‘- 2 / y'-x' 

(a) Eliminate x from the equations ax+ ^ =m and a®- ^ =?i. 

* X X 


(b) If 3®*+9®’+7®+2=A(®+l)*+B(® + l) + 0, find the values of A, B, C. 

6r, (c) Given that 1 cubic foot contains 6*26 gallons, draw a graph to convert 
cubic feet into gallons. Bead of! the number of gallons in 18*5 cubic feet. 


193B 

1 . (a) Resolve into factors - 729. 

(b) If X— ^ =c, find the value of ~ « 

X X 

1 Q q 

2. (a) Solve the equation - t+ - a=— • 

^ ®-l ®-2 ®-3 

(6) Find the square root of 10-2s/2I, 

3. (a) For what value of a will the expression 4®^ — 12®* +25®* — 24® +a 
become a perfect square ? 

(6) Find the H, C. F. of 6®* — 13®* +6®* and 8®* — 36®* + 54®* — 27®. 
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(6) Eliminate t from y + ^ =*3*, ^ - i B,y, 
t c t c 

6. (a) Solve the equations 2a; +2/ =18 and 3y = 33 + x. 

(6) Verify the result by moans of a graph. 

1934 

1. (a) What value should a possess so that a;+l may be a factor of the 
expression , 2a;* - nas* - (2<* - 3)x+ 2. 

(6) Factorize : (i) a* +a*+2a+8 ; (ii) 

9 . f » a* 12^ 27^ 6* ... X 1+8 J!’'+9 , 

2. S.mphfy: W (« 9 -3(3-.)+3(9-T-) 

3. (a) Find the II. C. F. of x*— 3x®+2x and x^ — 4x*+6x* — 3x. 

(6) Extract the square root of x® + gX^+^*+^x* +2I'^4V 

4. (a) If a, b, c be in^continued proportion, prove that 

(6) Eliminate t, when v-u+ft and s — ut+^ft'* , 

5. A number consists of two digits whose sum is equal to 8. When 18 la 
added to the number its digits are reversed. Find its number. 


1935 

t. (a) m and n being iwsitive integers and w > n, prove that 
(i) (a"‘)" = a"‘" and (ii) 

(6) Divide x* + 4x® -3x^~16x* + 2x* + x+3 by x*+4x* + 2x + l. 

2. Resolve into factors : 

(i) x®-64; (ii) 2xys+x®(^+«)+2/*(a+x)+s*(x+y) ; (iii) a*— 19fl+30. 

3. (a) Solve for y 

. 1 . / o- i-i ®* 1.1 

c+ *'-^-1+ • (6) Simplify « a a 1+1,7 

y y ^ x’-l X +1 x"*-! X +1 

4. (a) Reduce to its lowest terms the fraction « y . 

x*-x*-4x+4 

(6) Find the value of >/a— ^ , when a = 6+ 2 /s/6, 
sfa 

5. (fl) Draw the graphs of 2x— 33/=6 and 3x+ 22^=9 and road the co- 
ordinates of their point of intersection. 

(6) Find the value’of x* +y*+z* — SxyZt when x+^+s*9 and xy’¥y» 

+ fX=ll. 
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Allahabad, 1934 

t. (i) (a+6)(a+c)(6 + c) ; (ii) (2a; +7^) (15a— 4^^) ; (iii) (a* + 6’)(a*+y*). 
a. (o) 0. (6) a = 3, i/ = 2. 3. 1600. 

4. After 2^- hrs. from starting of B. At 12*^ miles from the starting point. 
Equation is 4a + 3t/ = 12. 

All. 1935 

1. (i) 3(2a — 37/)(32/-a)(3-2a) ; (ii) (a — 6)(a-c)(6 — c) ; 

(iii) (a-aj(a- 2. (i) a = 5 ; (ii) a = i, 

3. Tin 126 lbs., lead 144 lbs. 4. Intercept = 5. 

AIL 1936 

1. (i) (a* + 2a + 2)(a^-2a+2) ; (ii) (aa + l)(a+n) ; 

(iii) — (6— c)(c — a)(a— b)(a+6+c). 2. (i) a—ly ; 

(ii) a = 4, 2/ = 6, 2 = 8. 3. 72. 4. 3 hours 25 minutes. 

All. 1937 

1. (i) a=-.f 1 2. (i) (a®+3a+9)(a“+a + l)(a-3)(a-l). 

y—i-f J (ii) — (6 — c)(tj— n)(a — 6)(a6+ac+5c). 

(ii) — 2J. (iii) a®(a® + l)(a + l). 

3. A, in 10 days and J3, in 16 days. 

4. At 12 in the night, and at the distance of 360 miles from Calcutta. 

All. 1938 

1. (a) (a-2/y+l)(a-22/-l). 

(6) (2a-6+3c)(4a' + 6* + 9c’+2a6-6ac+36c). (c) (a+2/)(a-f2)(3/+2), 

2. (a) a=ir, = 2=1. (b) a = 2, or, -1. 

3. 7^7. 4. a = 12, 7/=l. 

All. 1939 

1. (a) 4 n/ 7. (6) (i) (a* + 2a6+26*)(a»-2a5 + 26») ; (ii) (a+5)(a-3)(a+2). 

2. (a) 0. (5) Wrong. 

3. (a) a = (6) The rate of the boat 8 miles and that of the 

28 

atteam 3 miles pcc hour. 4. 9 i'<s miles. 

Bombay, 1938 

1. (o) o-6+c-d; (6) fc--18. 2. (a) (x+18)(*+3)(a-2)(a!-12) ; 

(6) (x+2)(2*+l)(2a-6). (c) (x’‘ + llx+40)(x* + llx-2). 
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„ . . 4a;*jy’ . Father— 60 

3- (6) 1. *■(<*) Son -36 


-60 IwM 1 s Length =2i!t. 1 
-36 r Breadth=14It. f 


6. (4, 16) and (-3, 9). 

(ii) +3. (iii)a;=-3, i/ = 4. 


7. (a) 40. (&) a + 7. 


sadth^lj 1 
8. (i) 3^. 


(ii) ±3. (iii)a;=-3, i/ = 4. 9. (n) p = 26 ; (6) i>® + l+^8 * 3. 

11. (a) The mistake is in taking 7c* to be the common constant of variation. 
The proper solution is as follows : — 

^ ^ -a . . . 1 . 1 j 1 * . ^ 


a = fea;’ ; b 


7 . A 1 • 

o=* - and c oc - 3 

X ah 


: 1 1 A;'' 1 _ k” 

® ft' o 6 fc-bV* 

12. Total cost (including discount) of x copies = (3® + 2000)-rupees. 

P’s share in the profit=( 2 ® — 1000)‘rupee8. 

P’s share = Rs. 5000, if 4000 copies be sold. 

Bom. 1939 

I. (a) 17 ; (6) 0. 2. (i) 2(3®-l)(6-3®)(9®»-18®+13); 

(ii) (®+2/)(l/"l'f)(2‘l'i®) ; (iii) 6(®+3//+3is)(2®+32/+12;?)(4®+3y+6^). 

3. (o) j/<-8j/*+24j/*-32»+16, i.e., (^-2)* ; s- -2. (6)fc=-2. 

4. (a) The 2nd equation is wrong ; the correct equation is either 

x-^ly +1\ = 0, or, ll®-22y+ll = 0. 

(h) -1. 6. (J. -J), {-:i, -I). 

7. (a) (i) true, if x-{-yj4Q\ (ii) true ; (iii) true ; (iv) true ; (6) 6. 

8. (i) 1*0001; (ii) 1, -2; (iii) ®=-2, y-^. Or, (iv) a=4, y^b. 

9. (a) (4»+3)M3«-11) ; (4® +3) (3® -11)* ; (4®+3)(3®-ll) ; 

(6) 240 miles, 2 hours. 

10, (a) The missing co-eflioients are as follows : — 

Ist lino — 3, 4, 2 respectively ; 2nd line — 5, 11, 8 respectively. 

Hence, find the others. 

II. (6) A had 683 and B had 342 articles. 12. (a) • (6) 10. 


Calcutta, 1942, Compulsory 

1. (i) (a~6+c)(a-6-c). Or, (®®+®+l)(®* + l). 2. (i) ®*-2®— 1* 

(ii) 3. (iii) (a+6+c). 3. (i) 21^^^ mins, past 3 P. M, 

(ii) 2448. 

Additional 

1. (i) or, 5 " according as r > or <1. Book Article, 

r— 1 l—r 

P — 1 9 — 1 

(ii) <!>»«.(“) ” • 292. - 281. (i^) a«+ | +^. 

3. (i) 1. 
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• Cal. 1943, Compulsory 

!• (0 1; (ii) *+3; (iii) (x+j)* — 


2. (i) 


2(<i+6) 


1. (ii) x = l, y=l, * = l. 
(iii) 

, (ii) 2. 4, 6, 8 ; 


a — x 

Cal. 1944, Compulsory 

1. (a) (x’+6)(x»-2) ; • (h) {x^5) ; (c) 16. 

3. (a) 6 — 32^m. (6) Rs. 16G 4a. 

Additional 


3. SO of each kind ; 93. 4.. (0, 6).^ 

Additional 

2. (i) (5,0) and (0, 5) ; (ii) 2a;® + 5 — 

3. (i) 2(a+^). or, ” [2<i+(n- l)&j 

(iv) A. 


n(w+y^ 
“2 ‘‘ 


2. (a) .»»(«+.lHn+2). 


ib) In 10 moiitha. 
(d) 24. 

Cal. 1945, Compulsory 


2. (a) x=-13. 




1. (a) 74. (c) 0. (d) (x-l). 

2. (a) -{b-c)(e-a)(a-b). 3. (o) 1215, 15. (6) SA, 38i',. 

Additional 

1. (a) (d) 4. 2. (a) ± ^ 

. (c) (x’‘-13ttx+31a’)’, 3. (1,1). 


Cal. 1946, Compulsory 

1. (a) (a+6)’'-(6+c)’ : (6) 0. id) (x*+6x+7)(x*+6*+3). 

2. (6) x=a+6+c; (c) x-l. 8. 84. 

Additional 

; (6) 5-732 (Appro.), 3*732 (Appro.). No. Because 

-6=2 (c) x®-2+^* (d) x=6. 2. (a) See Art. 285 (Page 609). 

(6) n=4 or 10, (c) See Art. 190(1) (Page 350). 3. (a) x= —1 ox— 2. 
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Dac. 1940, Compulsory 

1. (a) x-1. (b) 2. W 1. (6) 3»(»-l)(l-9<e). 

3. (a) Any particular value of the unknown quantity for which an equation is 
true, is said to satisfy the equation and is called a root of the equation. 

(i) 2; (ii) x=2, y — i, (b) Tea — 2s., Coffee — Is. 6d. 4. a = li, 

Additional 

1. (a) -a, ~b. (6) 1. 2. (a) Book Article ; 19. (b) 2^1-^). 2 ; 1, 3, 9,~- 

or, -2,6, -18— 3. (a) 2. (6) 676. 

Dac. 1941, Compulsory 

1. (a) (i) (p+q){p+q-l) ; (ii) (2)*+2p+2J(p* -2p+2). (b) a-1. (c) 1000. 
id) (a+l)(n-l)(a' + l)(n*+u+l). 3. (a) (i) ; (ii) * = 4, i/»2. 

(b) 24-pounder— £121, 32-pounder — £154. 4. (0, .]) } (4, 0). 

Additional 

1. w *+Wa+l. (c) 43. -42. 2. (6) 

(c) n'^+n+2^+‘-2. 3. (a) 3, -2, (6) 9as. per doa, 

Dac. 1942, Compulsory 

1. (a) (a;+3)(a! — 3)(a;* +3a;-i-9)(a;’— 3aj-l-9). (6) a+b+c, (c) 1. 

(d) a;(«-l)(®-2)(» + 2)(a;+3). 3, (a) (i) 1; (ii) y«-l# 

(6) 19, 42. 4. (a) a; = l, 2/=-l. (b) 7. 

Additional 

1. (d) ® = “ij* or, 2. (a) n* ; 

(8) ’» or — according as r > or < 1 ; wn ; (c) 

3. (a) “ -7, -4*3 ; (b) 2? miles per hour, 

Dac. 1943, Compulsory 

1. (a) (i) a;*t/*(5»-42/)(26«*+20a;t/+16i/*) ; (ii) (x* +xy-hy^)(x* -xy-¥y*) l 

(iii) (l-t-«)(l-2/)(l + i/)(®-l) ; (b) 4a* + b®+9c*-f 2abH-6ac— 3bc ; 

(c) aj*-2aj+3 ; (d) 2a*b’+2a*c*+2bV-o*-b^-c\ 

2. (oc+b£2)*-l-(ad — be)’. 3. (a) ®=a+b+o ; (b) a=— J; 

(c) Father's age 42 years, son’s ago 18 years ; (d) 

4. (a) ®-l, 2/ = 4; (b) 12. 
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Additional 


1. (6) ^ 2 "*" * W “'O.,or, —6. 2. (a) ^ j^2a + (n— 

8. 05 = 2, 2/=3; ® = 3, i/=-2. 

Dac. 1944, Compulsory 

1. (a) x^ — xy+y^l x^+2xy+y'^ — ‘6xz-^Byz+9z^» 

(6) (i) (ix-6y)(4^x-6y). 

(ii) {x+y’\-a-hh)(x-\-y-a-b){a-b-hx — y)(a—b-x + y), 

M I > ip) 37, 38, 39 ; (c) Hon Re. 1 each and duck Ro. 1 Sas. each» 

3/ (6) (2a;-3)(3a!+2)(2a’ + 2a; + 3). (c) a; = 2, y = l. 


Additional 


1. (a) a; = 4 or 1. 

2. (a) 19096. 

3. (a) 11 and 13. 

1. (a) a* — a6+6*. 

(b) 200. 

(6) (®-2). 


(6) 10, 8, -W &c. 


W 1. 

. ^ 


Dac. 1945. Compulsory 

(b) ‘10. 2. (a) (i) a’-(‘Jb)*. (ii) 18400 sq. ft. 

3, (a) A’b income Bs. GOOO, B’s income Ba, 4000. 

(c) 0. 4. (a) (i) Ba. 80. (ii) Ba. 240. 


Madras, 1929 

1. (i) (3ic*+y*+®!/)(3x'‘+i/*-xj/)(9i*+y'*+6®'7/’) : 

(ii) (6 — + 

2. (ii) x^ + x~^+x^+<c~^‘ 3. (a) (i) ; 5 : (ii) »=i'o, y=-i'« i (*) 7. 

4 . -’7, -4-3. 

Mad. 1930 


1. (i) (3s + 4y+l)(2*-3j/-2) ; (ii) (a-b)(6-c)(c-o)(a6+6c+ca). 

2- 0) (»-^*^l'-'3) *■ 

* = i or, iV (ii)lmile. 4. 4-1 or, -1*1 approx. 

Mad. 1931 


1 . (i)U0: (ii) I=-4, »»=10. a. (i) (®* + 4iB»+y»)(**-4®3y+y*); 

(ji) , s, (i) »=— l, V=i. (ii) 31bs. from the Ist and 

' ^ a+o+c 

6 lbs. from the 2nd. 


4. 2*189 or - 1*622. 



«06 


ALGEBRA MADE EAST 


Mad. 1934 

(Hi) a= —3 ; (x— 3)(2*— 1)(2®+1). 

2. (ii) -2;^, : (Hi) ' 3. x = 6, or, i. 

4. Wet land = 18 acres ; Dry laud = 20 acres. 


1. (i) 0 ; 
2a: 


(ii) (4a; -3) (a: -8) ; 
1 


Patna, 1931 


1. (a) 0 ; 
3. (a) 


-i . 


2 + a;+a; ‘^ * 


2. (a) -2 or. } ; (6) a;=-'^>. 

(&) 2 miles per hour, 4 miles per hour. 


Supplementary Paper 

1. (a) -(a-6)(6-c)(c-a.)(a+& + c) ; (c) ^x-y \ a;»-”lc"+3* 

2. (a) -j, or. t ; W a; = 8; (d) y = ll. 

3. (b) Han, 20 days ; boy, 60 days. 

Pat. 1932 

1. (a) x“— 2x*+x'‘+4x*-l ; (6) 2x+3 ; («) 1 i 

(d) {x-2ay(x+2a-y)(x-2a+y). 2. (a) (i* + 6’ + c*+2o6+2ac+26c. 

(c) x = l, y = l ; (d) a = 24. 3, (a) 4, or, 7 ; 

(6) Father's ago=40 years, son’s ag 0 =lO years. 

Pat. 1933 

1. (o) (i) {(o-6)x+(<i + 6)y}{(a+6)x-(<i-6)7/} ; 

(ii) (a-3)(x-j/+2) ; (6) x-2 ; (c) 0. 2. (a) *(-l± iv/I66) ; 

(6) a=12. 3, (a) (3, 12) ; (6) rate of rowing=4 miles per hour and rate 
of the current 1 mile per hour. „ 

Pat. 1934 

1. (o) (i) (x* +6x+2)(x* — 6x+2) ; 

(ii) (a+6+c)(6+c— o)(c+a — 6)(a+6— c). (6) 2(x— 1). (d) a=4. 

2, (a) *g^ : -V. (f>) 1'2. (c) 36 miles. 3. (a) 0. (6) 1. 

Pat. 1935 

1. (a) G. 0. M.-4x>-6x+9. 

Ii. 0. M.=2(2x-8)(2x+3)(4x* + 6x+9)(4x*-6x+9) ; 

(c) **(»•«•«•> ; (d) 27. 2. (a) x-1, or, 9 ; (6) (2, 1) • 

(c) x“6+c, »=c+o, »”a4h. 3. (a) x^+8x~^+2. (6) 69. 
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Pat. 1936 '' 

1. (a) 2a^b* + 2b^c*+‘ia'‘c‘‘-a*-b*~e*. 

(6) (i) (® + l)(!)! — 6)(x'‘ — 5a+16). (ii) (® — 3 / + l)(®’ +ij/ — »+i/* — 2j/+l). 

2. (o) **-2*+3; (6) 1. 3. (a) (i) ® = 'J ; (ii) * = 40. »-60; 

(6) The square root,= ^ • 

y 2 js 2 

4. (6) X— -80. or, —25. 5. (a) 71'^ ; {b) the number is 73. 

Pat. 1937(S) 

* 

1. (a) a+6-c+3o^b*ci; (6) o-l. 2. (a) •2(2*-l) ; (6) -40. 3. (6) »’ + 3+ 
4,‘(«) » = 4, 3 / = 10 : (6) a=+2i. 5. (a) 30 It, ; (6) 17i miles. 


Pat. 1938(S) 


/ 


2. (a) 


1. (rt) (i) (x — i){x*—x'* — x-l); (ii) (bc — a)(ca — b) ; (6) a;(®— l)(a; — 2)(» + 3). 

n + 5 + c 

(64-c — a)(c4-rt — 6)(a+6-c) 

4. (a) V3 ; (5) a; = 9, 7/ = 13. 5. (a) Father’s age = 30 years ; 

son’s ago = 10 years ; (5) 6 ft. 7*6 inches. 


3. M x^l^or, ; (b) 0. 


Pat. 1939 


1. (a) a*+45‘"+c^-2a6+ac+26c. 2. (a) (3a:-2)(2a; + 3)(4®* -Gx + 9) 

X (4®^ +Ga; + 9) ; (5) (i) (sc® +6»+l)(a5'* -5» + l). 

(ii) (sc + 3 ^) {x - *Sy)(x ^ + 3sc^ + 9//*) (sc® — Sxy +9y*), 

3. (a) 1. 4. (a) 2 ; (b) 2, -4. .5. (a) ; (6) sc = 3, ?y = 4. 

Pat. 1939(S) 

I 

1. (a) p*+p*5*+2“. 2, (o) (x-l)(*-2) ; (6) (i) -(a-6)(6-c){c-a) ; 

{ii) (x+2y+a){x-a). 3. (a) (6) y' “ ” +8* 

4. (a) 6S, 9i ; (6) 1. 5. (a) 14 ; (b) x = Z, y==i. 


Punjab, 1929 


1. (iii) *=15,9 = 3. 
(iii) i: 


1. (a) 5430* ; 


2. (i) (*-5)(»+3)(*+2) : (ii) (*-2)(2a-l) : 

4. (ii)ac = 3; y=2, 5. (ii) n=x"*'. 

Pun. 1930 

(6) 16 ; (c) 6x* + 4x* + 42x* + 5x* - 12x* - 35x + 16# 
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2. 

(a) 

a,bi " baai— 6^ 

a,. 

a. 


(b) X 

1-3, 1/-4 

3. 

(a) 

i: (0 

4 . 

(b) Bs. 57 

: (c) »* 

— tt’ = 2/s» 



Pun. 

1931 




1. 

(a) 

QMOt, = 2* + l, rem.‘=5—inx. 

5 . 

a;= - 1 
m 


(6) X* 

+ 2®+3. 

2. 

(a) 

(p + 2)(p + 2r)(p + 3s) =j)* +p^ (g + 2r + 3s) +p(2qr + Crs + Ssg) + Qqrs. 

3. 

M 

* = 15. 2/=10. s«17 ; (6) 

a: = ^. 

4- (“) a,. 

x+a 

‘ — 6® + 6* * 



(b) 

+2/* + s’ -!-2xt/a — 1 = 0. 5 

. (a) (1) 

36 B. 

(2) 25 ft. 

; 11 ft. 


(b) 

A=2, 7i=-4, 0 = 3. 







Pun. 

1932 




1. 

M 

®=i?+ 9 . (6) a; = 45 ; 

; p=46. 

2. 

(a) 2(5a;* + 10a:*+T). 


(6) 

az’ + Sa + l ; 221. S. (a) (x+0)(2a!- 

3)(x+l). 

(b) “ 

a b 


4 . 

(«) 

05 = 28, j/ = 3. 5. (a) w’ 

- 7t* = 4ai 

(6) 


-2, 0 = 1. 


(c) 

115*625 gallons. 







Pun. 

1933 




1. 

(<») 

(*+3)(x-3)(*’‘+3* + 9)(®’-8a+9) ; 

(6) c> 

+ 3c. 

2. (a) f ; 


(b) 

»J1- ^/3. 3. (a) 16 : 

(6) ®(2x-3). 

4 . (b) 

»*'“P*=4, 

5. 

(a) 

s = 3, <^==1.2. 







Pun. 

1934 




1. 

(a) 

a = 3. (h) (i) (a+2)(a® — a+4) ; 

(ii) (x* + y* 

')(«’ + ?/*)(a + 2/)(*-2/)» 

2. 

(a) 

V23 9(o;’-0) 

3. (a) ®(a5 — 1). 

(6) 

a:-'' + Sa! + |. 

4 . 

(M 

u’’ —u^ s=2/s. 

5. 85. 






Pun. 

1935 




1. 

ib) 

a;*-5a;+3. 

a. (i) (x- 

-2)(x+2)(x’ 

‘ +2x+4)(x 

«-2i + 4).. 


(ii) 

(3/+z)(z+a;)(x + i/). 

(iii) (o 

-3)(o-2)(a 

+ 5). 


3. 

W 

**+**• 

<“> «-+2- 

(b) 2 

^/2. 

5. 

(a) 

(3, 0). (b) 432. 












